
Symplectic manifolds
I

Def Say smooth manifoldM is sy⇒c if have

2-form w on Mj namely a section w of HT'M
such that ① w is closed (doo = O)

② the tangent spaceTpM

is symplectic for all p e M .

Note By the above wht O,giving a non-vanishing
section ofMTM

, namely an onenon .

Def A diffeomorphismf :M→N is a symplectomo-rph.sn
if f- *con = Wm .

.

Reg The group of sel-¥ms is

generally infinite dimensional , in contrast

to situation in algebraic geometry .
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Submanifolds

DefSay a submanifold NcM i#ia if

TpN is Lagrangian in TpM for all p EN .

Similarly define Cco!is⇒ds .

Rein Such N is Lagrangian iff wIn = O
l

and dim N = n = 'sdim M

cotangekbundl.es#
For any manifold N , dim n ,

have

cotangent bundle TN
,
dim 2n

.

Non : projection it : TN → N

point (p ,a) C-TN for ac-TF N

Def : tautomer F onTN has value



- dit*(x) at point Cp , x)

(Recall differential dit gives map of bundles

.

TTN →TN with dualTW→TIN )

Prof w= D8 is symplectic form onTN .

Prod First
,
dw- O using d2=0 .

Now take local coordinates x
,
-xn on N

and take further coordinates y ,
- yn such

that we may write a =Eyidc i .

Then I = -€yidci
and w = Idx in dy i
the canonical symplectic form .

✓

Rein For N = Rn
, get TW ⇐ 1122N

.
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Lagrangian

① fibres TIN CTW

② Zero section Z cTN ,
ZE N

.

③ For l -form x on N , the graph Cx)

Cx) = { Cp , Xp)) I p e N} a TN

is Lagrangian iff x is closed .

Because ⑦ Ip = - I*(x) (pullback of l - form)

and so Wl
,
= D8 I p = - d**(a) = - **(da)

⇒ The torus ↳ { softy i = ai3 in RF for ai>0

.
is a Lagrangian, and compact .



Sympcectomorphisms and Lagrangian
-

Consider a diffeomorphism f : M→N of symplectic

manifolds . Then MxN has a symplectic form

W = Imt Cwm) - Inchon)

where um ,Wn are projections to M ,
N

.

Take the graph Cf) of f

Cf) = Up ,q) I q=f(p) } CM xN

Now IN = fo Im on f
,
so on f have

w = TimCwm)- Ini 5- *fun)

= Im*(um- f-*Gun)) = 0 if f- symplectomorphism

Hence
, beautifully , fsympbctioffffhgsmagrang.TL


