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Abstract. We prove that every de Rham p-adic local system on a smooth projective curve over a p-adic
field is potentially semistable; that is, it becomes semistable after pulling back along a finite cover of the
curve. This establishes a relative version of the classical p-adic monodromy theorem of Berger and André–
Kedlaya–Mebkhout. Along the way, we show that every p-adic differential equation near a type IV point on
a curve becomes trivial after a finite étale extension.
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1. Introduction

1.1. Main result.

Let p be a prime number and let K be a p-adic field, that is, a complete discrete valuation field of mixed
characteristic (0, p) with perfect residue field. Let GalK = Gal(K/K) denote the absolute Galois group.
The main goal of this article is to establish the following relative p-adic monodromy theorem.1

Theorem 1. Let X be a smooth projective curve over K and let L be an étale Zp-local system on X. If L
is de Rham, then L is potentially semistable. That is, after replacing the base field K by a finite extension,
there exists a finite cover f : X ′ → X such that X ′ is a smooth projective curve with semistable reduction
over OK and f∗L is semistable.

Before explaining the terminology, let us place our results into context. Consider a smooth projective curve
S over C and let S = S − {t1, . . . , tr} be a Zariski open subset. Let π : Y → S be a smooth proper map and
denote by Ys the fiber over a point s ∈ S. For a fixed integer i ⩾ 0, the singular cohomology groups Hi(Ys,C)
form a local system on S. The “local monodromy theorem” of Borel–Griffiths–Grothendieck–Katz–Landman
[Gri68, Gri70, Lan66, SGA72, Kat70] asserts that, if we restrict this local system over a small punctured
disk ∆∗ around one of the “missing points” ti and pick a base point s0 ∈ ∆∗, then the monodromy action
of π1(∆∗, s0) on Hi(Ys0 ,C) is quasi-unipotent. More precisely, the automorphism T on Hi(Ys0 ,C) induced
by a generator of π1(∆∗, s0) admits a Jordan decomposition T = U ·D = D · U , where U is unipotent and
D is semisimple of finite order. This result plays a fundamental role in the study of degeneration of Hodge
structures (for example, see [Sch73, Ste76, Cle77, CKS86]). Moreover, it implies, rather strikingly, that all
the eigenvalues of T are roots of unity.

1Theorem 1 is stated in the setting of Zp-local systems. See Theorem 7 below for a version for Qp-local systems.
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Grothendieck’s proof (cf. [SGA72]) in fact implies the following uniform statement. Let X be a smooth
proper variety over K, and let L be an l-adic étale local system on X for a prime l different from p. Then,
there exists a finite étale cover f : X ′ → X such that, for every finite extension K ′/K and every s ∈ X ′(K ′),
the inertia group IK′ acts unipotently on f∗L|s. Unipotence of the inertia action on the l-adic cohomology
of a variety is closely tied to semistable reduction (see, for example, Grothendieck’s semistable reduction
criterion for abelian varieties, as well as [RZ82]). This led Fontaine to conjecture a p-adic analogue: a p-adic
representation GalK is de Rham if and only if it becomes semistable after some finite extension of K (see
[Fon94], and also [Col03]). The conjecture of Fontaine was proved by Berger and André–Kedlaya–Mebkhout
[Ber02, And02, Ked04, Meb02] and later revisited by Colmez and others (see [Col08, FF18, ABLB+25]).

Extending the p-adic local monodromy theorem to the relative geometric setting has long stood as a
major open problem. Our main result provides the first such global generalization. From a more geometric
perspective, our result suggests the following question.

Question 2. For a smooth proper map Y → X of projective varieties over K, up to replacing the base field
K by a finite extension, does there exist a projective alteration X ′ → X, that is, a proper generically finite
étale cover with X ′ projective, such that Y ×X X ′ → X ′ has (fiber-wise) semistable reduction?

The affirmative answer to this question would provide a mixed characteristic analogue of some well-known
conjectures on semistable reductions in algebraic geometry, notably the semistable reduction conjecture of
Abramovich–Karu [AK00, Conjecture 0.2] (also see [KKMSD73] and [ALT20]). This mixed characteristic
analogue has a positive answer when Y is a family of abelian varieties over X, by considering the relative
l-adic Tate module on X with l ̸= p. Setting X to be a point leads to a natural variant: does a smooth
projective variety Y over K always acquire semistable reduction after a finite étale extension? It is a folklore
conjecture that this latter question has a positive answer.

1.2. p-adic local systems.

Let us turn to the notions of de Rham and semistable p-adic local systems. Let X be a smooth rigid analytic
variety over K, viewed as an adic space over Spa(K,OK). In this article, by a p-adic local system on X,
we shall exclusively mean a Zp-local system, that is, a lisse Zp-sheaf on the étale site Xét. One may view a
p-adic local system on X as a geometric family of p-adic Galois representations parameterized by X. Indeed,
for each classical point x ∈ X with residue field κ(x), the restriction of the local system at x gives rise to
(a Zp-lattice inside) a p-adic representation of Galκ(x). The notion of de Rham local systems is defined in
[Sch13] (also see [Fal02, Bri08, LZ17]).

Definition 3 ([Sch13, Definition 8.3]). A p-adic local system L on X is called de Rham if there exists a
filtered vector bundle with integrable connection (D,∇,Fil•) on X in the sense of [Sch13, Definition 7.4],
together with an isomorphism ˆ︁L⊗ˆ︁Zp

OBdR,X ∼= D ⊗OX
OBdR,X

of pro-étale sheaves on X, compatible with filtrations and connections. Here ˆ︁L denotes the lisse ˆ︁Zp-sheaf
on Xproét associated with L. The readers are referred to §6 of op. cit. for the construction of the de Rham
period sheaf OBdR,X as well as the filtration and connection on it.

It is worth pointing out that Scholze’s definition [Sch13, Definition 8.3] naturally extends to Qp-local
systems in the sense of de Jong [DJ95]. In particular, one obtains the notion of de Rham Qp-local systems
(as used in [LZ17]; also see Remark 6 and 8). On the other hand, the notion of semistability is only defined
for Zp-local systems in the literature, and one typically requires a semistable integral model of X to start
with. This is developed in various generalities in [Fal02, Bri08, Tsu08, AI12, DLMS24, GY24]. Let X be a
p-adic formal scheme over OK with semistable reduction and let X be its adic generic fiber. Let Xs denote
the special fiber of X and let Xlog

s denote the log scheme (Xs, αs) where the log structure αs is obtained from
the pullback of the divisorial log structure

α : OX,ét ∩ (OX,ét[1/p])× → OX,ét

on X. The following definition is borrowed from [GY24].
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Definition 4 ([GY24, Definition 4.4]). A Zp-local system L on X is called semistable if there exists a log
F -isocrystal2 (E , φ) over Xlog

s , together with a Frobenius equivariant isomorphism of Bcrys-vector bundlesˆ︁L⊗ˆ︁Zp
Bcrys ∼= Bcrys(E).

Here Bcrys is the horizontal crystalline period sheaf and Bcrys(E) is the sheaf of Bcrys-modules on the pro-étale
site Xproét associated with (E , φ). For the constructions of Bcrys and Bcrys(E), see [GY24, Definition 3.8,
Construction 4.1].
Remark 5. One can similarly define the notion of crystalline Zp-local systems. For this, we further require
the p-adic formal scheme X to be smooth. Then, crystalline local systems are defined in the same way as in
Definition 4, simply omitting all “log” therein (see [GY24, Definition 4.4]).
Remark 6 (Zp-local systems vs Qp-local systems). For rigid analytic spaces, the category of Qp-local systems
studied by de Jong [DJ95] is, in general, strictly larger than the isogeny category of Zp-local systems: a Qp-
local system need not admit a global integral lattice. In particular, de Jong constructs an example of a
Qp-local systems of rank 2 on P1,an

Qp
that is intrinsically analytic, whose geometric monodromy surjects onto

SL2(Qp). Perhaps surprisingly, the proof of our main result extends to these Qp-local systems, yielding an
analogous result even in the absence of a global Zp-lattice.
Theorem 7 (p-adic monodromy for Qp-local systems). Let X be a smooth projective curve over K, and let
L be a Qp-local system on X. If L is de Rham, then, after replacing K by a finite extension if necessary,
there exists a finite cover f : X ′ → X such that f∗L is pointwise semistable, that is, the restriction of f∗L
to every classical point on X ′ is semistable.
Remark 8 (Rigidity). A remarkable theorem of Liu–Zhu [LZ17] asserts that de Rham Qp-local systems are
rigid. That is, if a Qp-local system on a smooth geometrically connected rigid analytic variety is de Rham
at one classical point, then it is already a de Rham local system, and hence is de Rham at every classical
point. Although the most naive analogues of this rigidity phenomenon fail for semistable and crystalline
local systems, it is natural to ask to what extent analogous rigidity results remain valid in these settings. In
the crystalline case, some of the authors (H.D. and Z.Y.) recently established the following rigidity result.
Theorem 9 ([DY25, Theorem 1.1]). Let X be a geometrically connected smooth projective scheme over OK
and let X be its generic fiber. Let L be a p-adic local system on X. If there exists one classical point x0 on
X such that L|x0 is potentially crystalline, then L is potentially crystalline at every classical point on X.

Let us mention that the proof of Theorem 9 crucially relies on the main result of this article.

1.3. Related results.

We make a few more remarks on some relevant works in the literature. There have been several attempts
to generalize the p-adic monodromy theorem to the relative setting; for example, see [Shi22, Ked25, Du26]3
and the introductions thereof. Most of these works are of local nature. Notably, Shimizu [Shi22] shows that,
given a de Rham local system L on a smooth rigid analytic variety X over K, every classical point admits
an affinoid neighborhood U such that L becomes semistable at all classical points on UK′ for some finite
extension K ′/K. In a more recent preprint, Du [Du26] shows that there exist a dense open subset U ⊂ X and
a (generally non-finite) étale cover V → U on which L becomes semistable at all classical points by studying
Newton polygons. In contrast, the main result of this article provides the first general p-adic monodromy
theorem in the global setting. It is certainly worth mentioning that, in the global setting, Shimizu [Shi18]
proves a similar result similar to ours when the local system L has a single Hodge–Tate weight (for a general
class of analytic varieties).

Let us also mention the work of Ohkubo [Ohk13], Morita [Mor14], and Kedlaya [Ked07]. Ohkubo and
Morita extend the classical p-adic monodromy theorem to more general p-adic fields; they treat complete

2By log F -isocrystals, we mean finite locally free isocrystals over the log crystalline site, equipped with a Frobenius structure.
3The proof of [Ked25, Theorem 3.2.6] relies on working with a “relative connection” in order to apply the techniques

developed in [Ked22] and [Ked25, §1–2]. More precisely, the argument requires working with a relative annulus of the form
A ×K X′ over a base X′ together with a vector bundle E equipped with an OX′ -linear connection. However, one cannot expect
such an OX′ -linear connection to exist, because the arithmetic and geometric directions are inseparably intertwined. This
appears to leave a serious gap in the argument in [Ked25, Theorem 3.2.6].
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discretely valued fields with imperfect residue fields. Their results, together with an argument of Guo–Yang
(cf. [GY24, §6–7]), provide what we need for the analysis near type II points (see §5). On the other hand,
Kedlaya establishes a quasi-unipotence result regarding p-adic differential equations over certain “fake Robba
rings”, which make a surprising appearance in our treatment of type III points (see §1.8).

In a different direction, Berger and Colmez [BC08] prove the following result for arithmetic families of
p-adic Galois representations: consider a reduced affinoid Qp-algebra S and a finite locally free S-module V
equipped with a continuous S-linear GalK-action. If for every point x in the maximal spectrum Spm(S), the
fiber Vx is a de Rham GalK-representation with Hodge–Tate weights contained in a fixed interval [a, b], then
all fibers become semistable over a single finite extension K ′/K. It is an interesting problem to combine the
approach in this article with tools developed in [BC08] to establish a p-adic monodromy result for S-valued
local systems.

1.4. Relative p-adic Hodge theory.

Before explaining the proof of Theorem 1, it is instructive to first recall Berger’s proof in the classical
setting [Ber02]. By the works of Fontaine [Fon90] and Cherbonnier–Colmez [CC98], one can attach to a
p-adic GalK-representation V a (φ,ΓK)-module D†

K(V ) (resp. D†
rig,K(V )) over the overconvergent imperfect

period ring B†
K (resp. C†

K
4). When V is de Rham, Berger develops a systematic procedure to remove the

singularities of the differential operator on D†
rig,K(V ) induced by the ΓK-action. This construction yields

a p-adic differential equation (NdR(V ), ∂V ) with a Frobenius structure over the Robba ring C†
K . By the

result of André–Kedlaya–Mebkhout (§3.8), such a p-adic differential equation is necessarily quasi-unipotent.
Consequently, there exists a finite extension L/K such that the equation admits a full basis of horizontal
sections after taking base change to C†

L[log π]. Berger then shows that, after a further finite extension of the
base field, these horizontal sections are contained in the semistable periods of V , thus settling the classical
p-adic monodromy theorem. We refer the reader to §3 for more details.

Extending this strategy to the relative setting requires a theory of relative (φ,Γ)-modules where Γ is a
p-adic Lie group of the form Γ ∼= Γgeom⋊ΓK ,5 together with a relative analogue of the main results of [CC98].
This involves constructing imperfect relative period rings A†

X ,B
†
X ,C

†
X inside their perfect counterparts and

developing a decompletion theory for relative (φ,Γ)-modules.6 At the time of writing, the only reference in
the literature on the required generality is due to Kedlaya–Liu [KL19]. However, to our best knowledge, some
of the assertions and proofs in [KL19, in particular, §5] concerning (weakly) decompleting towers appear to
require further justification. In particular, the general descent of relative (φ,Γ)-modules claimed in [KL19]
remains difficult to verify, as the proposed argument seems to omit several essential details.

In order to have a complete and coherent theory to work with, we develop the required foundations of
relative p-adic Hodge theory in a separate article [DMY26], where we systematically study imperfect relative
period rings and (φ,Γ)-modules over them. The treatment in [DMY26] is inspired by [KL19] but differs
substantially from loc. cit., especially in how imperfect period rings are treated. A central notion introduced
in [DMY26] is that of decompleting data, which is engineered to capture the idea of decompleting towers from
[KL19, Definition 5.2.3]. This allows us to establish a relative analogue of the Fontaine–Cherbonnier–Colmez
equivalence.

Theorem 10 ([DMY26, Theorem 1]). Let B†
Λ and C†

Λ be the imperfect relative period rings for X associated
to a decompleting data Λ. Then there are natural equivalences

D† : LocZp
(X)Q ∼−−→ Mod(φ,Γ),ét

/B†
Λ

D†
rig : LocZp

(X)Q ∼−−→ Mod(φ,Γ),ét
/C†

Λ

from the isogeny category of étale Zp-local systems on X to the category of finite projective étale (φ,Γ)-
modules over B†

Λ (resp. C†
Λ).

4The period ring B†
rig,K from Berger’s article [Ber02] will be denoted as C†

K in this article. Also see Appendix A.
5More precisely, we work with an affinoid rigid analytic variety X over K, equipped with a toric chart to the closed unit

disk (see §4.1 for the setup). In this case, the geometric part Γgeom of Γ is isomorphic to Zd
p with d = dim X.

6The corresponding perfect relative period rings are constructed by Kedlaya and Liu [KL15] using the theory of perfectoid
spaces.
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To generalize the strategy of Berger to the relative setting, another missing ingredient is a relative analogue
of p-adic differential equations. With this objective in mind, we introduce the notion of strongly decompleting
data, which axiomatizes the process of “removing singularities” in [Ber02]. This eventually allows us to
construct relative p-adic differential equations.

Theorem 11 ([DMY26, Theorem 2], crude form). Assume that Λ is in addition strongly decompleting, and
let C†

Λ be the associated imperfect relative period ring. Then there is a natural functor

NdR : LocdR
Zp

(X)Q −→ Mod(φ,Γ)
/C†

Λ

from the isogeny category of de Rham Zp-local systems to the category of finite projective (φ,Γ)-modules over
C†

Λ, where NdR(L) carries not only the arithmetic differential operator arising from the cyclotomic direction,
but also geometric differential operators describing the variation of the local system L over X.

For the reader’s convenience, we review the notions of decompleting and strongly decompleting data in
§4, as well as some explicit examples (see §4.7). These examples turn out to be sufficient for our application
towards the p-adic monodromy theorem.

1.5. Reduction of Theorem 1 to a local statement.

Finally, we explain the proof of our main result, which relies on careful analysis of (various forms of) p-adic
differential equations, together with several delicate arguments in p-adic geometry. A key step is a spread-out
argument (Theorem 9.2), which allows us to reduce Theorem 1 to the following local statement.

Theorem 12. Let X be a smooth rigid analytic curve over K, viewed as an adic space over Spa(K,OK).
Let L be a de Rham local system on X. Let ξ ∈ XCK

be any adic point. Then, there exists a finite extension
L/K, an open neighborhood U of the image of ξ in XL, and a finite étale cover f : V → U defined over L,
such that the pullback f∗(L|U ) is pointwise semistable (i.e., semistable at every classical point in V ).

Granting Theorem 12, we complete the proof of Theorem 1 as follows. By compactness, X admits a cover
by finitely many U ’s as in Theorem 12.7 Our task is to “glue” these local pieces into a global cover of X. To
achieve this, we spread-out each finite étale cover V → U to a global finite cover over X and take the fiber
product of all of them to form a single finite cover over X. This spread-out step is obtained using certain
p-adic approximation techniques and is closely related to a result of Raynaud [Ray94], often viewed as the
p-adic analogue of Runge’s theorem on holomorphic functions on complex Riemann surfaces. This allows us
to obtain a global cover f : X ′ → X, after enlarging K if necessary, such that f∗L is pointwise semistable.
Finally, we appeal to the following pointwise criterion of Guo–Yang [GY24] to conclude.

Theorem 13 ([GY24, Theorem 1.1]). Let X be a p-adic formal scheme over OK with semistable reduction,
and let X be its adic generic fiber. A p-adic local system L on X is semistable if and only if its restriction
to every classical point on X is semistable.

For Theorem 12, our strategy is to perform a case-by-case study based on the type of the point ξ.8 As
mentioned earlier, the case of type I points is settled by [Shi22]; while the case of type II points follows from
[Ohk13, Mor14] by an argument similar to that of [GY24, §6–7]. The remaining cases are points of type III,
IV, and V. For each of these types, we will need a different argument, which we summarize in the remainder
of this introduction.

1.6. Type III points.

By enlarging the base field K if necessary, a type III point ξ ∈ X admits a neighborhood isomorphic to a
closed annulus inside the standard unit disk, where ξ corresponds to a circle of radius σ < 1 with σ /∈ pQ.
In this situation, a system of open neighborhoods of ξ can be chosen to consist of closed annuli {σ1 ⩽ |T | ⩽
σ2} with σ1 < σ < σ2 and σ1, σ2 ∈ pQ. Our strategy is to consider the imperfect relative period rings

7Let us emphasize that it is crucial to consider all adic points on X. In particular, it is not enough to only consider classical
points arising from algebraic geometry (which are certain type I points on the curve), because a union of affinoid neighborhoods
taken over all classical points need not cover the entire X.

8See §2 for a review of the classification of points of type I–V on adic curves.
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C†
[σ1,σ2] associated with these annuli and study the p-adic differential equations NdR,[σ1,σ2] over C†

[σ1,σ2] (cf.
Theorem 11). Thanks to the explicit description of C†

[σ1,σ2] in [DMY26, §11.1], a suitable completed colimit
of these period rings as σ1, σ2 → σ is related to the fake Robba rings studied by Kedlaya in [Ked07, Ked09].
Using the analogue of the André–Kedlaya–Mebkhout quasi-unipotence theorem proved in loc. cit. for these
fake Robba rings, we can achieve unipotence of the differential operators “at the point ξ” after pulling back
to a finite étale cover of a sufficiently “thin” closed annulus. The idea is then to propagate this unipotence
from the point ξ to nearby points. This propagation step relies crucially on the explicit descriptions of
relative period rings associated with closed annuli. In particular, via a monomial change of coordinates,
we show that C†

[σ1,σ2] behaves like the ring of analytic functions on a product of two closed annuli, after
passing to suitable colimits.9 Given this, we can apply the multivariable p-adic Fuchs theorem and conclude
the desired propagation of unipotence. Finally, as in the classical setting (cf. [Ber02]; also see §3.8), the
unipotence of the differential operators allows us to produce enough semistable periods in a neighborhood
of ξ after passing to a finite étale cover.

1.7. Type IV points.

Type IV points are perhaps the most mysterious points on curves. They correspond to nested sequences of
closed disks D1 ⊃ D2 ⊃ · · · with empty intersection, that is, ∩i⩾0Di contains no type I point. As the disks do
not share the same center, it is more difficult to analyze the relative p-adic differential equations NdR(L|Di

)
in a compatible way. The idea is instead to prove the following geometric result on vector bundles with
connection near a type IV point.
Theorem 14 (Theorem 7.2, crude form). Let ξ ∈ X be a type IV point and let (M,∇) be a vector bundle
with connection on a neighborhood of ξ. Then after shrinking the neighborhood and passing to a finite étale
cover, M becomes a trivial connection near ξ.

In other words, Theorem 14 says that all p-adic differential equations near a type IV point can be solved
locally after passing to a finite étale cover. A key observation is that, if a vector bundle with connection near
a type IV point with trivial determinant is irreducible of rank n, then either p|n or n = 1 (cf. Proposition 7.5).
Consequently, we deduce that if a connection near a type IV point remains irreducible after passing to all
possible finite étale covers, then it must be trivial of rank 1. This eventually implies Theorem 14. Applying
this result directly to DdR(L), we deduce that L is horizontal de Rham in the sense of [Shi22], after pulling
back along a finite étale cover. Then, the main result of loc. cit. yields the following (stronger) local p-adic
monodromy theorem around type IV points.
Theorem 15 (Theorem 7.1, crude form). Let X and L be as in Theorem 1 and let ξ ∈ X be a type IV point.
Then, up to replacing K by a finite extension, there exists an affinoid neighborhood U of ξ in X, and a finite
étale cover g : V → U , such that the pullback g∗(L|U ) is horizontal semistable in the sense of [Shi22].

1.8. Type V points.

The only remaining case is that of type V points. Let ξ be a type V point and let ξII denote the associated
type II point. By the discussion above, we may assume that L is already semistable in an open neighborhood
of ξII (but this neighborhood might not contain ξ). With some careful analysis on integral models (see §9.3),
we reduce to the special situation where ξ admits an open neighborhood U isomorphic to a closed annulus
{σ ⩽ |T | ⩽ 1} with finitely many open unit disks removed from the boundary circle {|T | = 1}, such that ξII
is the Shilov point corresponding to the boundary circle and ξ is the type V point corresponding to the open
unit disk centered at 0. We refer to such U as a “Swiss-cheese neighborhood” of ξ. In fact, these Swiss-cheese
neighborhoods form a basis of open neighborhoods of ξ.

Our approach is to study the p-adic differential equations NdR(L) over these neighborhoods. Similar to
the case of type III points, we want to achieve unipotence of the differential operators after passing to finite
étale covers. Since L is assumed to be semistable at the type II point ξII, we already have unipotence there.
The idea is then to propagate this unipotence to a Swiss-cheese neighborhood. This time, however, only

9In fact, we further show that this behavior persists when the annulus is replaced by a certain class of finite étale covers,
which suffices for our applications.
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information about the differential operator in the arithmetic direction can be extracted from ξII. Therefore, we
deal with the arithmetic direction first, before turning to the geometric one (this is one essential difference
between the case of type III points and that of type V points). More precisely, we show that NdR(L) is
arithmetically unipotent on a small enough Swiss-cheese neighborhood U . Then, we make full use of the
explicit description of the relative period rings over such neighborhoods from [DMY26, §11.2] to show that,
after further enlarging K and shrinking U , the arithmetic horizontal sections of NdR(L)[log πK ] looks like
a p-adic differential equation with Frobenius structure over an annulus. Finally, we apply the classical
André–Kedlaya–Mebkhout quasi-unipotence theorem to conclude.

1.9. Notation and convention.

Throughout this article, we follow the conventions on adic geometry in [Hub96] and [Sch12], and we adopt
the following notation unless otherwise specified.

• Let K be a p-adic field with ring of integers OK and residue field k = kK . Let ϖ be a uniformizer
of K. Let K0 = W (k)[1/p]. Let GalK = Gal(K/K) be the absolute Galois group of K.

• Fix an algebraic closure K of K and let CK be its completion. Note that CK is a perfectoid field;
let C♭K denote its tilt. Let OCK

(resp. O♭CK
) denote the ring of integers in CK (resp. C♭K).

• Fix a compatible system of p-power roots {ζpn}n⩾0 of unity and a compatible system of p-power
roots {p1/pn}n⩾0 of p in OCK

. In particular, this gives rise to elements ε = (1, ζp, ζp2 , . . .) and
p♭ = (p, p1/p, p1/p2

, . . .) in O♭CK
. Let π = ε− 1, and let π = [ε]− 1 viewed as an element in W (O♭CK

)
lifting π. Let t = log[ε] = log(π + 1) be “Fontaine’s period” in the de Rham period ring BdR.

• For each n ⩾ 0, let Kn = K(ζpn) and let K∞ =
⋃︁
n⩾0 Kn be the cyclotomic extension. Let ˆ︁K∞

be the p-adic completion of K∞ and let ˆ︁K♭
∞ be its tilt. Let Oˆ︁K∞

(resp. O♭ˆ︁K∞
) denote the ring of

integers in ˆ︁K∞ (resp. ˆ︁K♭
∞).

• Let K ′
0 denote the maximal unramified extension of K0 inside K∞. Let κ = κK denote the residue

field of K ′
0.

• Let eK := [K∞ : (K ′
0)∞] and let cK := p

p−1 ·
1
eK

.
• The standard norm | · | on CK , normalized by |p| = 1

p , induces a norm (still denoted by | · |) on C♭K .
In particular, | · | restricts to a norm on ˆ︁K♭

∞. Note that |π| = |ε− 1| = p− p
p−1 .

• Let v : CK → R∪{+∞} (resp. v : C♭K → R∪{+∞}) denote the valuation given by v(y) := − logp |y|.
We have v(π) = v(ε− 1) = p

p−1 .10

• Let HK = Gal(K/K∞) be the Galois group of K∞, which equals the kernel of the cyclotomic
character χ : GalK → Z×

p .
• Let ΓK = Gal(K∞/K). Note that ΓK ∼= GalK /HK .
• Let DK(α, σ) (resp., DK(α,< σ)) denote the closed disk (resp., open disk) defined over K centered

at α with radius σ. (See Definition 2.5 for precise definitions.)
• For a complete non-archimedean field L and an (open, closed, or half-open) interval I ⊂ R>0 with

end-points in pQ, we denote by AL(I) the annulus over L (viewed as an adic space) centered at 0
with radius |T | ∈ I. When I = [σ, σ] consists of a singleton, the annulus AL[σ, σ] is referred to as
a circle. We write ΓL(I) = O(AL(I)) for the ring of analytic functions on AL(I). Sometimes we
emphasize the coordinate T for the annulus by writing AL(I;T ) and ΓL(I;T ) instead of AL(I) and
ΓL(I).

• Throughout the article, for all the period rings ˜︁Ar
K ,
˜︁Br
K ,
˜︁Cr
K ,
˜︁C[s,r]
K and Ar

K ,Br
K ,Cr

K ,C
[s,r]
K , etc., as

well as their relative counterparts, we always assume r, s ∈ Q in the superscripts.
• Moreover, we adopt the following notation for rings arising in the theory of Robba rings. Suppose
A is a K ′

0-algebra equipped with a norm | · | extending the p-adic norm on K ′
0, and let A◦ be the

10In [Ber02] and [Col08], the valuation v is denoted by vE, the ring O♭
CK

(resp. C♭
K) is denoted by ˜︁E+ (resp. ˜︁E), and the

ring O♭ˆ︁K∞
(resp. ˆ︁K♭

∞) is denoted by ˜︁E+
K (resp. ˜︁EK).
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subring of power-bounded elements. For any r > 0, let

Rint,r
A :=

{︄∑︂
i∈Z

aix
i
⃓⃓⃓
ai ∈ A◦, |ai| · p−ir·cK → 0 as i→ −∞

}︄
and let Rint

A := lim−→r→0+ Rint,r
A . For any 0 < s ⩽ r, let

R
[s,r]
A :=

{︄∑︂
i∈Z

aix
i
⃓⃓⃓
ai ∈ A, |ai| · p−it·cK → 0 as i→ ±∞, for all t ∈ [s, r]

}︄
.

For r > 0, we write Rr
A := lim←−

s→0+

R
[s,r]
A and RA := lim−→

r→0+

Rr
A. We refer to Rint

A (resp. RA) as the

integral Robba ring over A (resp. Robba ring over A). In practice, the variable x will mostly be taken
to be πK , except in §8.5 where we will take the variable to be [T ♭]. Note that when A = K ′

0 and
r, s ∈ Q, we have R

[s,r]
K′

0
= ΓK′

0
([p−r·cK , p−s·cK ];x) and Rr

K′
0

= ΓK′
0
([p−r·cK , 1);x).
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2. Preliminaries on p-adic geometry

In this section, we recall some basic results from p-adic geometry that will be used throughout the article,
including a classification of points on a smooth rigid analytic curve (regarded as an adic space). We adopt
the notation introduced in §1.9. Although this article only concerns the case where K is a p-adic field, all the
results in §2 remain valid for an arbitrary discretely valued non-archimedean field equipped with a nontrivial
valuation.

2.1. Classification of points on closed unit disks.

We start with the classification of points on a closed unit disk over CK . We refer the reader to [Wed19,
Example 7.57] (also see [Sch12, Example 2.20]) for a detailed exposition on this subject. Consider the closed
unit disk centered at 0

DCK
:= Spa (CK⟨T ⟩,OCK

⟨T ⟩) = DCK
(0, 1)

over CK , with coordinate T . For any α ∈ OCK
and any 0 < σ ⩽ 1, let DCK

(α, σ) = {|T − α| ⩽ σ} ⊂ DCK

denote the closed disk of radius r centered at α. Similarly, let DCK
(α,< σ) = {|T − α| < σ} denote the open

disk of radius σ. The points on DCK
fall into the following five types.

Type I. Each α ∈ OCK
gives rise to a continuous valuation xα : CK⟨T ⟩ → R⩾0 sending f ↦→ |f(α)|. Such a

valuation is referred to as a type I point. There is a one-to-one correspondence between OCK
and the type

I points on DCK
.

Type II and III. For each closed disk DCK
(α, σ) with α ∈ OCK

and 0 < σ ⩽ 1, consider the continuous
valuation

xα,σ : CK⟨T ⟩ → R⩾0, f ↦→ sup
β∈OCK

|β−α|⩽σ

|f(β)|.
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Such a point xα,σ is type II if σ ∈
⃓⃓
C×
K

⃓⃓
= pQ; otherwise xα,σ is type III. In the case of type II, the point xα,σ

is called the Gaussian point of the disk DCK
(α, σ).

Type IV. Consider a sequence η of closed disks D1 ⊃ D2 ⊃ · · · in DCK
such that their intersection ∩i∈Z>0Di

contains no type I point. Then η gives rise to a continuous valuation
xη : CK⟨T ⟩ → R⩾0, f ↦→ inf

i∈Z>0
sup

β∈OCK
β∈Di

|f(β)|.

Such a point is called type IV. We often write xη = “∩i∈Z>0Di” and view the intersection of these nested
disks as the type IV point itself.

Type V. These are the points of rank-2 valuations (and thus do not appear in the theory of Berkovich spaces).
Let us start with the type II point xα,r corresponding to the closed disk DCK

(α, σ). For a sign ? ∈ {>,<},
consider the totally ordered abelian group

Γ?σ =
{︄

Γ<σ = R>0 × γZ where γ = σ−, i.e., σ′ < γ < σ for all σ′ < σ

Γ>σ = R>0 × γZ where γ = σ+, i.e., σ < γ < σ′ for all σ′ > σ
.

(When σ = 1, we only allow ? = “<”.) Let β ∈ OCK
such that |β − α| ⩽ σ. In particular, β corresponds

to a type I point xβ in DCK
(α, σ). Notice that every element f ∈ CK⟨T ⟩ can be uniquely written as

f =
∑︁∞
i=0 ai(T − β)i with ai ∈ CK . Consider the continuous rank-2 valuation CK⟨T ⟩ → Γ?σ ∪ {0} sending

f =
∞∑︂
i=0

ai(T − β)i ↦−→ sup
i
|ai|γi.

Such a valuation is referred to as a type V point.11 When ? is “>”, the valuation does not depend on the
choice of xβ ; it only depends on the disk DCK

(α, σ). We denote this type V point by xα,>σ. On the other
hand, when ? is “<”, we denote the corresponding point by xβ,<σ. This point xβ,<σ only depends on the
open disk DCK

(β,< σ) ⊂ DCK
(α, r); it does not depend on the specific choice of xβ in this open disk.

Remark 2.1. Points of type I, III, IV, and V are closed. The closure of a type II point xα,σ precisely consists
of xα,σ and the type V points xβ,<σ and xα,>σ described above; this closure is homeomorphic to P1

k̄
when

0 < σ < 1 (resp., A1
k̄

when σ = 1), with xα,σ being the generic point.

Next, we describe points on the closed unit disk (centered at 0)
DK := Spa(K⟨T ⟩,OK⟨T ⟩) = DK(0, 1)

defined over K. The following lemma and corollary allow us to identify DK as a quotient of DCK
.

Lemma 2.2. Let A be a Banach K-algebra. Let L/K be a finite normal extension and consider the Banach
L-algebra AL := A⊗KL. Let A◦ and A◦

L be the subring of power-bounded elements in A and AL, respectively.
Let π : Spa(AL, A◦

L) → Spa(A,A◦) be the natural map (of sets) induced by the inclusion A → AL sending
a ↦→ a⊗ 1.

(1) If L/K is separable, there is a natural action of Gal(L/K) on Spa(AL, A◦
L) and π induces a home-

omorphism Spa(AL, A◦
L)/Gal(L/K) ∼= Spa(A,A◦), where the left-hand side is equipped with the

quotient topology.
(2) If L/K is purely inseparable, π is a homeomorphism; namely, Spa(AL, A◦

L) ∼= Spa(A,A◦).

Proof. These are likely well-known to experts. For completeness, we include a proof (also see [Ber90, Propo-
sition 1.3.5] for a proof in the setup of Berkovich spectra). For part (1), the natural action of Gal(L/K) on
AL preserves A◦

L and hence induces an action on Spa(AL, A◦
L). Notice that(︂

A
Gal(L/K)
L , (A◦

L)Gal(L/K)
)︂

= (A,A◦).

The desired result follows from [Han16, Theorem 1.2]. For part (2), we construct an inverse of π. By
assumption, we must have char(K) = p > 0 for some prime number p, and there exists an integer m ⩾ 1
such that xpm ∈ A for all x ∈ AL. Let | · |A ∈ Spa(A,A◦); namely, | · |A : A → Γ ∪ {0} is a continuous

11We have excluded the case σ = 1 and ? = “>”. In this case, the valuation does not live in DCK
, but rather lives in the

closure of DCK
in A1,an

CK
.
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valuation such that |x|A ⩽ 1 for all x ∈ A◦. By enlarging Γ if necessary, we may assume that Γ∪{0} contains
pm
√︁
|A|A. Consider a continuous valuation | · |AL

: AL → Γ ∪ {0} given by |x|AL
:= (|xpm |A)

1
pm . Then | · |AL

is a continuous valuation on AL satisfying |x|AL
⩽ 1 for all x ∈ A◦

L. Using the multiplicativity of valuations,
one sees that | · |A ↦→ | · |AL

is indeed the inverse of π. □

Corollary 2.3. Let A be a Banach K-algebra and let ACK
be the completed tensor Aˆ︁⊗KCK . Let A◦

and A◦
CK

be the subring of power-bounded elements in A and ACK
, respectively. Then the natural map

π : Spa(ACK
, A◦

CK
)→ Spa(A,A◦) induces a homeomorphism

Spa(ACK
, A◦

CK
)/GalK ∼= Spa(A,A◦).

Proof. Note that the natural map
Spa(ACK

, A◦
CK

)→ lim←−
L/K

Spa(AL, A◦
L)

is a homeomorphism, where the limit runs through all finite normal extensions L/K inside K. Then the
desired statement follows from the previous lemma. □

Applying Corollary 2.3 to our situation, the natural map π : DCK
→ DK is surjective and induces a

homeomorphism DCK
/GalK ∼= DK ; in particular, the points on DK can be identified as the GalK-orbits of

the points on DCK
.

Definition 2.4. For ⋆ ∈ {I, II, III, IV,V}, we say that a point on DK has type ⋆ if it is the image of a point
on DCK

of type ⋆.

For later use, we also introduce the following notation for closed/open disks over K.

Definition 2.5. For α ∈ OCK
and 0 < σ ⩽ 1, let DK(α, σ) (resp. DK(α,< σ)) denote the image of

DCK
(α, σ) (resp. DCK

(α,< σ)) under the projection π : DCK
→ DK . We still refer to them as closed (resp.

open) disks of radius σ centered at α.

We warn the reader that, even when σ ∈ |K×|, the disk DK(α, σ) is not necessarily isomorphic to DK(0, σ)
as rigid analytic spaces over K; in fact, DK(α, σ) ∼= DK(0, σ) if and only if DCK

(α, σ) contains some xβ with
β ∈ OK .

2.2. Points on smooth curves.

Now, we describe the points on a general smooth curve. Let Y be a smooth rigid analytic curve over K,
viewed as an adic space over Spa(K,OK). By Corollary 2.3, there is a natural surjection π : YCK

→ Y and
the points on Y can be identified as the GalK-orbits of the points on YCK

.

Definition 2.6. For ⋆ ∈ {I, II, III, IV,V}, we say that a point x ∈ YCK
has type ⋆ if for an/any étale map

f : U → DCK
from an open neighborhood U of x in YCK

, the image f(x) ∈ DCK
has type ⋆. We say that a

point on Y has type ⋆ if it is the image of a point on YCK
of type ⋆ under the surjection π : YCK

→ Y .

Note that an étale morphism between smooth rigid analytic curves over K sends a point to a point of the
same type.

Definition 2.7 (K-rational points). Let Y be a smooth rigid analytic curve over K, viewed as an adic space
over Spa(K,OK). Recall that a point on Y corresponds to a GalK-orbit of points on YCK

.
(1) We say that a point on YCK

is K-rational if its GalK-orbit consists of a single element.
(2) We say that a point on Y is K-rational if it is the image of a K-rational point on YCK

. More
generally, we say that a point on Y is K ′-rational for some finite extension K ′/K if it is the image
of a K ′-rational point on YCK

.
(3) We say that a type I point on Y is classical if it is K ′-rational for some finite extension K ′/K.

Classical points are precisely those points on Y that belong to the underlying rigid analytic space.

Remark 2.8. If x is a K-rational point on Y , and K ′/K is a finite extension, then the pre-image of x under
the projection YK′ → Y consists of a single element; thus, it can also be viewed as a K ′-rational point on
YK′ .
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Example 2.9. Consider the closed unit disk DK = DK(0, 1) over K. A type I point on DK is a GalK-orbit
of a type I point xα on DCK

, with α ∈ OCK
. This point is K-rational precisely when α ∈ OK (in which

case the GalK-orbit consists of just xα itself), and it is K ′-rational if it is the GalK-orbit of some xα where
α ∈ OK′ . A point of type II or III, given by the GalK-orbit of xα,σ ∈ DCK

, is K ′-rational if one can choose
α ∈ OK′ . A similar remark holds for type V points given by the GalK-orbit of xα,>σ or xβ,<σ. In particular,
every point of type II, III, or V is K ′-rational for some finite extension K ′/K.
Example 2.10. More generally, for a smooth rigid analytic curve Y over K, every point x ∈ Y of type II,
III, or V is K ′-rational for some finite extension K ′/K. In this case, all points in the pre-image of this x
under the projection YK′ → Y are K ′-rational.

2.3. Stalks and residue fields.

For any point x on a smooth rigid analytic curve Y over K (viewed as an adic space), we write OY,x for the
stalk of the structure sheaf at x, and denote the residue field of OY,x by k(x). The continuous (multiplicative)
valuation corresponding to x extends to a valuation vx on k(x). The completion of k(x) with respect to vx
is denoted by H (x). The field k(x) (resp. H (x)) is referred to as the residue field (resp. completed residue
field) at x.
Example 2.11 (Stalks of non-type I points). For a non-type I point ξ on a smooth rigid analytic curve Y
over K, its stalk OY,ξ is a field and is equal to k(ξ). Hence, the completed stalk agrees with H (ξ). Moreover,
suppose ξ is a type V point and ξII is the unique type II point specializing to ξ, then we have an injection
ι : k(ξ) ↪→ k(ξII) by [Hub96, Lemma 1.1.10]. In fact, ι is a homeomorphism onto its image and ι(k(ξ)) is
dense in k(ξII) (also see [Mor19, Theorem I.1.5.4(b)]). Passing to completions, we obtain an isomorphism
H (ξ) ∼= H (ξII).

The following lemma will be used in the proof of the main theorem.
Lemma 2.12. Let Y be a smooth rigid analytic curve over K, viewed as an adic space. Let ξ ∈ Y be a
type V point and let ξII be the unique type II generalization of ξ. Then the inclusion

ι : OY,ξ = k(ξ) ↪→ OY,ξII = k(ξII)
induces an equivalence between the category of finite extensions of OY,ξ and that of OY,ξII .
Proof. For simplicity, we identify k(ξ) as a subfield of k(ξII) via ι. We first fix the following notation.

• Let v denote the rank-2 (multiplicative) valuation on k(ξ) and let w denote the rank-1 (multiplicative)
valuation on k(ξII).

• Let u := w|k(ξ) denote the restriction of w to k(ξ), which is a nontrivial rank-1 valuation on k(ξ).
• Let k+(ξ) = O+

Y,ξ := {a ∈ OY,ξ | v(a) ⩽ 1}, k+(ξII) = O+
Y,ξII

:= {a ∈ OY,ξII |w(a) ⩽ 1}, and
k+
u (ξ) := {a ∈ OY,ξ |u(a) ⩽ 1} be the corresponding valuation subrings. For simplicity, we write
V = k+(ξ) and W = k+

u (ξ).
Note that W = k(ξ) ∩ k+(ξII) and V ⊂ W . Also note that (W,u) is a rank-1 valuation ring, while (V, v)
is a rank-2 valuation ring. Let p (resp. q) denote the unique height-1 prime in V (resp. in W , that is, the
maximal ideal in W ).

We claim that the non-archimedean valued field (k(ξ), u) is quasi-complete in the sense of [Ber93, Definition
2.3.1]. By [Tem, Theorem 1.9.13], this is equivalent to claiming that (W, q) is a Henselian pair. It follows
from [Mor19, Corollary I.1.4.4] that W = Vp and q = pVp. In fact, since V is a valuation ring, we must
have p = pVp as subsets of k(ξ). Therefore, by Gabber’s criterion (cf. [Sta26, Tag 09XI (5)]), it suffices to
show that (V, p) is Henselian. Next, we observe that p = rad(ϖ). To see this, note that for every prime
ideal q′ ⊊

√
p properly contained in the radical of p, we have ϖn /∈ q for all n, and hence q′ ⊂ (ϖn) for

all n. This forces q′ = (0) by the topological nilpotence of ϖ. Since being a Henselian pair is insensitive
to passing to radicals of the relevant ideal, it suffices to show that (V, (ϖ)) is Henselian, but this is [Mor19,
Proposition III.6.3.7] (also see [Bha17, Proposition 7.5.5]). This finishes the proof of the claim. In fact, the
same argument implies that (k(ξII), w) is also quasi-complete.

Let k(ξ)∧
u denote the completion of k(ξ) with respect to u, and similarly define k(ξ)∧

v and k(ξII)∧
w. Note

that k(ξ)∧
v (resp. k(ξII)∧

w) is precisely the completed residue field H (ξ) (resp. H (ξII)). We have
(2.1) k(ξ)∧

v = k(ξ)∧
u = k(ξII)∧

w = H (ξ) = H (ξII)
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by Example 2.11. Now, by [Ber93, Proposition 2.4.1], taking base change along the inclusion k(ξ) ↪→ k(ξ)∧
u

(resp. k(ξII) ↪→ k(ξII)∧
w) induces an equivalence between finite extensions of k(ξ) and that of k(ξ)∧

u (resp.
finite extensions of k(ξII) and that of k(ξII)∧

w). Combining this with (2.1), we are done. □

2.4. Comparison with Berkovich curves.

Let Y be a smooth affinoid rigid analytic curve over K associated with an affinoid K-algebra A . Let Y Ber

(resp. Y ad) be its associated Berkovich space (resp. adic space). Note that Y Ber is identified as the maximal
Hausdorff quotient of Y ad as a topological space. Let OY Ber denote the structure sheaf of the Berkovich
space. For an open subset12 U ⊂ Y Ber, the global sections are given by Γ(U,OY Ber) = limV⊂U AV , where the
limit is taken over all V ⊂ U that are finite unions of affinoid subdomains (that is, special subsets) in Y , and
AV is the ring of analytic functions on V (see [Ber90, 2.2.6]). Let x be a point on Y Ber, which we also view
as a point on Y ad (it has type I, II, III, or IV). By the Gerritzen–Grauert Theorem (see [BGR84, 7.3.5/3] and
[Ber90, Proposition 2.2.3]), the Berkovich stalk OY Ber,x can be computed as OY Ber,x = colim

x∈U
limV⊂U AV ,

where the colimit is taken over all open neighborhoods U of x (in the canonical topology), and for each such
U the limit is taken over all rational subsets V contained in U . On the other hand, the stalk of the structure
sheaf OY ad of the adic space Y ad is given by OY ad,x = colim

x∈V
AV where the colimit is taken over all rational

subsets V ⊂ Y that contain the point x. Thus, we have a natural inclusion
OY Ber,x ↪→ OY ad,x

of local rings. This inclusion is an isomorphism when x is a type I point but not necessarily an isomorphism
in general. When x has type II, III, or IV, both the Berkovich stalk OY Ber,x and adic stalk OY ad,x are fields
(cf. Example 2.11). The valuation corresponding to x extends to a valuation vx on both stalks, making
them topological fields. We claim that, in this case, the inclusion OY Ber,x ↪→ OY ad,x has a dense image and
thus becomes an isomorphism upon taking completions, which we identify and simply denote by H (x) as in
Example 2.11. To see the claim, let h ∈ Γ(V,OY ad) be an analytic function on a rational subset V containing
x, we want to show that for any ϵ ∈ R>0, there exists an open subset U ⊂ Y Ber (in the canonical topology)
containing V and an analytic function h′ ∈ Γ(U,OY Ber), such that vx(h−h′) < ϵ. Without loss of generality,
we may write

V = Y

(︃
f1, . . . , fn

g

)︃
=
{︂
y ∈ Y

⃓⃓⃓
vy(fi) ⩽ vy(g), ∀i

}︂
where f1, . . . , fn ∈ A generates the unit ideal, g ∈ A, and fn = ϖN for some sufficiently large integer N (see
[Sch12, Remark 2.8]). By the construction of rational subsets, there exists some h′ of the form

h′ =
∑︂

I=(i1,...,in)
finite sum

aI · (f1/g)i1(f2/g)i2 · · · (fn/g)in , aI ∈ A,

such that |h− h′|V < ϵ, where | · |V denotes the spectral norm on V . In particular, vx(h− h′) < ϵ. Since h′

is defined on the Zariski open subset Y \V (g), it is defined on some open subset U ⊂ Y Ber (in the canonical
topology) that contains V . This justifies our claim.

Finally, let us remark that, when x has type III or IV, the inclusion OY Ber,x ↪→ OY ad,x is in fact an
isomorphism since Berkovich neighborhoods are cofinal among adic neighborhoods at a point of type III or
IV (cf. [Ber07, Proposition 2.2.1]).

3. (φ,ΓK)-modules and Galois representations

In this section, we review the classical theory on how to associate overconvergent (φ,ΓK)-modules and
p-adic differential equations to (de Rham) p-adic Galois representations, following [CC98, Ber02, Col08].
We largely follow the notation of Kedlaya–Liu [KL15] on period rings although the content in this section
predates op. cit. Experts familiar with [CC98] and [Ber02] should feel free to skip most of this section.

With much regret, we remind the reader that standard references in the literature use slightly different
notations for period rings. To orient the reader, we compile a list of these conventions in Appendix A.

12This is an open subset in the Hausdorff topology of Y Ber, also referred to as the canonical topology.
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3.1. Perfect period rings.

Let ˜︁A := W (C♭K) and ˜︁A+ := W (O♭CK
), equipped with natural GalK- and Frobenius actions. Let ˜︁AK :=

(˜︁A)HK = W ( ˆ︁K♭
∞) and ˜︁A+

K := (˜︁A+)HK = W (Oˆ︁K♭
∞

) denote the HK-invariants. Every element x ∈ ˜︁A (resp.
x ∈ ˜︁AK) can be uniquely expressed as x =

∑︁∞
n=0 p

n[yn] with yn ∈ C♭K (resp. yn ∈ ˆ︁K♭
∞). We refer the reader

to [Fon94] for the construction of period rings BdR,Bcrys,Bst and their variants.
Definition 3.1 ([Ber02, §2.1], [Col08, §5.2]). (1) For every r > 0, define

˜︁Ar :=
{︄
x =

∞∑︂
n=0

pn[yn] ∈ ˜︁A ⃓⃓⃓ lim
n→∞

v(yn) + n

r
= +∞

}︄
and define ˜︁Ar

K := (˜︁Ar)HK .
(2) For any s ∈ (0, r], we define a norm λs on ˜︁Ar by

λs(x) := sup
n⩾0
{p−n · |yn|s}.

This restricts to a norm λs on ˜︁Ar
K . Note that ˜︁Ar and ˜︁Ar

K are complete with respect to λr.
(3) Define ˜︁A† := lim−→r>0

˜︁Ar and ˜︁A†
K := lim−→r>0

˜︁Ar
K , where the transition maps are natural inclusions.

(4) The period rings ˜︁B, ˜︁B+, ˜︁Br, ˜︁B†, ˜︁BK , ˜︁B+
K , ˜︁Br

K , and ˜︁B†
K are obtained from the corresponding period

rings of type A with p inverted.

One checks that ˜︁A (resp. ˜︁AK) is the p-adic completion of ˜︁A† (resp. ˜︁A†
K).

Definition 3.2 ([Ber02, §2.3, Definition 2.16], [Col08, §5.4]).
(1) For 0 < s ⩽ r, we define ˜︁C[s,r] (resp. ˜︁C[s,r]

K ) to be the completion of ˜︁Br (resp. of ˜︁Br
K) with respect

to max{λs, λr} (or equivalently, completion with respect to the family of norms {λt}t∈[s,r]).
(2) For every r > 0, we define ˜︁Cr (resp. ˜︁Cr

K) to be the Fréchet completion of ˜︁Br (resp. ˜︁Br
K) with

respect to the family of norms {λs}s∈(0,r].
(3) Define ˜︁C† and ˜︁C†

K to be the union ˜︁C† := lim−→r>0
˜︁Cr and ˜︁C†

K := lim−→r>0
˜︁Cr
K .

Remark 3.3. (i) For each r > 0, we have ˜︁Ar
K = (˜︁Ar)HK = ˜︁Ar ∩ ˜︁AK as subrings of ˜︁A. Similarly

we have ˜︁Br
K = (˜︁Br)HK and ˜︁Cr

K = (˜︁Cr)HK , and therefore ˜︁A†
K = (˜︁A†)HK , ˜︁B†

K = (˜︁B†)HK , and˜︁C†
K = (˜︁C†)HK . In particular, our definitions agree with the ones in [Ber02] and [Col08].

(ii) For each r > 0, the natural map ˜︁Cr → lim←−0<s⩽r
˜︁C[s,r] is an isomorphism. A similar isomorphism

holds for ˜︁Cr
K and ˜︁C[s,r]

K .

Remark 3.4 (Frobenius structures). The Frobenius maps on ˜︁A+ and ˜︁A extend to Frobenius maps on ˜︁B+

and ˜︁B, which we denote by φ. Moreover, for 0 < s ⩽ r, we have Frobenius isomorphisms φ : ˜︁Ar ∼−−→ ˜︁Ar/p,

φ : ˜︁Br ∼−−→ ˜︁Br/p, φ : ˜︁Cr ∼−−→ ˜︁Cr/p, φ : ˜︁C[s,r] ∼−−→ ˜︁C[s/p, r/p] extending the Frobenius on ˜︁A+. Passing to
colimits, we obtain Frobenius maps φ on the period rings ˜︁A†, ˜︁B†, and ˜︁C†. Similarly, there are natural
Frobenius structures on ˜︁Ar

K ,
˜︁Br
K , ˜︁Cr

K , ˜︁C[s,r]
K , ˜︁A†

K ,
˜︁B†
K , and ˜︁C†

K .

3.2. Imperfect period rings.

Let E := k((π))sep be the separable closure of k((π)) inside C♭K . Let EK := (E)HK , which is a discretely-valued
field with residue field κK . Let E+

K be its ring of integers. By choosing a uniformizer πK of E+
K , we have

EK
∼= κK((πK)) and E+

K
∼= κK [[πK ]]. (Note that when K = K0, we have EK0

∼= k((π)).) Moreover, the
theory of fields of norms supplies an isomorphism

lim←−
n

OKn
/a ∼−−→ E+

K

where a is the ideal consisting of elements x satisfying |x| ⩽ p− 1
p and the inverse limit is taken over the

Frobenius maps OKn+1/a→ OKn
/a sending x ↦→ xp. By [Col08, Proposition 4.12], EK is a totally ramified

extension of EK′
0

= κK((π)) of degree eK = [K∞ : (K ′
0)∞] as in §1.9; thus, we have |πK | = p

− p
p−1 · 1

eK .
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There are subrings A ⊂ ˜︁A and AK ⊂ ˜︁AK , which are both p-adically complete and satisfy
A/(p) = E, AK/(p) = EK

∼= κK((πK)).

Moreover, A is stable under the φ- and GalK-actions on ˜︁A, and we have AK = (A)HK , which thus carries
an action of ΓK . We omit the constructions here and refer the reader to [Col08, §6.1] for details, noting
only that, for a finite unramified extension L0 = W (k0)[1/p] over K0, the ring AL0 is precisely the p-adic
completion of W (k0)[[π]][1/π] in ˜︁A. We write A+

L0
⊂ AL0 for the subring W (k0)[[π]].

Construction 3.5 ([Col08, §6.2]). We construct a lift πK ∈ AK of πK as follows. Let PK ∈ E+
K′

0
[X] =

κK [[π]][X] be the minimal polynomial of πK over EK′
0
. Choose a monic polynomial PK ∈ A+

K′
0
[X] of the

same degree that reduces to PK modulo p. By Hensel’s Lemma, PK has a unique root πK in AK lifting πK .
Moreover, AK is a free AK′

0
-module with basis {1, πK , . . . , πeK−1

K }.

Using [Col08, Proposition 7.5], one can identify AK with the p-adic completion of OK′
0
[[πK ]][ 1

πK
]. More

explicitly, we have

AK =
{︄∑︂
i∈Z

ciπ
i
K

⃓⃓⃓
ci ∈ OK′

0
and ci → 0 p-adically as i→ −∞

}︄
.

Definition 3.6 (Classical imperfect period rings). (1) For r > 0, define Ar := A ∩ ˜︁Ar and Ar
K :=

AK ∩ ˜︁Ar
K , where the intersection is taken inside ˜︁A and ˜︁AK respectively.

(2) Define A† and A†
K as the unions A† := lim−→r>0 Ar and A†

K := lim−→r>0 Ar
K .

(3) The period rings B,BK , Br, Br
K , B†, and B†

K are obtained from the corresponding period rings of
type A with p inverted.

(4) For every 0 < s ⩽ r, we define C[s,r] (resp. C[s,r]
K ) to be the completion of Br (resp. Br

K) with
respect to max{λs, λr} (or equivalently, completion with respect to the family of norms {λt}t∈[s,r])
inside ˜︁C[s,r] (resp. ˜︁C[s,r]

K ). Note that, for any r′ ∈ [s, r], the norm λr′ extends to C[s,r] and C[s,r]
K .

(5) For every r > 0, we define Cr (resp. Cr
K) to be the Fréchet completion of Br (resp. Br

K) inside ˜︁Cr

(resp. ˜︁Cr
K) with respect to the family of norms {λs}s∈(0,r].

(6) Finally, define C† and C†
K as the unions C† := lim−→r>0 Cr and C†

K := lim−→r>0 Cr
K .

Remark 3.7. (i) Since ˜︁AK is the p-adic completion of ˜︁A†
K , we deduce that AK is the p-adic completion

of A†
K .

(ii) For each r > 0, the natural map Cr → lim←−0<s⩽r C[s,r] is an isomorphism. A similar isomorphism

holds for Cr
K and C[s,r]

K .
(iii) Remark 3.3 continues to hold for imperfect period rings defined above. In particular, we have

A†
K = (A†)HK , B†

K = (B†)HK , and C†
K = (C†)HK .

(iv) Finally, we remind the reader again that the rings C† and C†
K are denoted by B†

rig and B†
rig,K in

[Ber02] and [Col08] (see Appendix A).

Remark 3.8 (Topology). We endow ˜︁Ar
K with the topology induced by the λr-norm and endow ˜︁A†

K with
the inductive limit topology (i.e., the finest topology making ˜︁Ar

K ↪→ ˜︁A†
K continuous for all r > 0). Inverting

p, we obtain natural topologies on ˜︁Br
K and ˜︁B†

K . The ring ˜︁C[s,r]
K is endowed with the topology induced by

max{λr, λs}, which then induces a Fréchet topology on ˜︁Cr
K . Finally, we equip ˜︁C†

K with the inductive limit
topology (i.e., the LF topology). The topologies on the imperfect period rings are defined similarly.

Remark 3.9 ((φ,ΓK)-structures). (i) The Frobenius φ on ˜︁AK (resp. on ˜︁A†
K) preserves AK (resp.

A†
K). For 0 < s ⩽ r, we also have Frobenius maps φ : Ar

K → Ar/p
K , φ : Br

K → Br/p
K , φ : Cr

K →
Cr/p
K , φ : C[s,r]

K → C[s/p, r/p]
K as well as Frobenius maps on B†

K and C†
K . We caution the reader that

φ : Ar
K → Ar/p

K is no longer bijective.
(ii) All period rings ˜︁Ar

K , ˜︁A†
K , ˜︁Br

K , ˜︁B†
K , ˜︁C[s,r]

K , ˜︁Cr
K , ˜︁C†

K , as well as their imperfect counterparts, are
equipped with continuous actions of ΓK , where ΓK is endowed with the profinite topology. The
ΓK-actions commute with the Frobenius actions.
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Notation 3.10. Let t = log(1 + π). This is an element that lies in C†
K but not in B†

K .

Lemma 3.11 ([Col08, Lemme 6.5]). Let

rK =
{︄

(2v(dEK/EK0
))−1 if eK > 1,

1 if eK = 1.

Then for all 0 < r < rK , we have πK ∈ Ar
K and the element u = πK

[πK ] is a unit in the ring of integers of ˜︁Ar
K

(with respect to the norm λr). More precisely, if we write u =
∑︁∞
n=0 p

n[un] with un ∈ ˆ︁K♭
∞, then u0 = 1 and

rv(un) + n > 0 for all n ⩾ 1.

In particular, for 0 < r < rK , we know that λr(πK) = |πK |r = p
− p

p−1 · r
eK .

3.3. Explicit (geometric) descriptions.

There are explicit descriptions of imperfect period rings in terms of double-ended power series subject to
certain convergence conditions.

Proposition 3.12. If 0 < r < rK , there is an isomorphism

Rint,r
K′

0
=
{︄∑︂
i∈Z

cix
i
⃓⃓⃓
ci ∈ OK′

0
, |ci| · p− p

p−1 · ir
eK → 0 as i→ −∞

}︄
∼−−→ Ar

K

sending f ↦→ f(πK). Moreover, the isomorphism preserves the norms on both sides, where the norm on the
left-hand side is supi∈Z

{︂
|ci| · p− p

p−1 · ir
eK

}︂
and the norm on the right-hand side is λr.

Proof. This is [CC98, Proposition II.2.1] (also see [Ber02, Proposition 1.4] and [Col08, Proposition 7.5(i)]).
□

Remark 3.13. We have similar explicit descriptions of Cr
K and C[s,r]

K . For example, for 0 < r < rK , the
isomorphism in Proposition 3.12 induces an isomorphism

Rr
K′

0
=
{︄∑︂
i∈Z

cix
i
⃓⃓⃓
ci ∈ K ′

0, |ci| · p
− p

p−1 · ir′
eK → 0 as i→ ±∞ for any r′ ∈ (0, r]

}︄
∼−−→ Cr

K

sending f ↦→ f(πK). In other words, we can identify Cr
K with the ring of analytic functions ΓK′

0
([δ, 1);πK)

on the half-open annulus AK′
0
([δ, 1);πK) with open outer boundary at radius 1 and closed inner boundary

at radius δ = p
− p

p−1 · r
eK . Likewise, we have an identification C[s,r]

K = ΓK′
0
([δ1, δ2];πK) where δ1 = p

− p
p−1 · r

eK

and δ2 = p
− p

p−1 · s
eK . Consequently, the ring C†

K can be identified with the Robba ring RK′
0

with coefficients
in K ′

0. We refer the reader to [Col08, Proposition 7.5 & 7.6] and [DMY26, Proposition 3.25] for more details.

3.4. The rings C†
log,K , C†

log, and ˜︁C†
log.

To study semistable representations, we also need the “logarithmic variants” of the imperfect period rings.

Definition 3.14. For 0 < s ⩽ r, we define

Cr
log,K := Cr

K [log π], C†
log,K := C†

K [log π] = lim−→
r>0

Cr
log,K

equipped with commuting φ and ΓK-actions extending the ones on C†
K . The Frobenius map φ on log π is

induced from φ(π) = (π+ 1)p−1 and can be written as φ(log π) = p log π+ log(φ(π)/πp). The ΓK-action on
log π is given by γ(log π) = log π + log(γ(π)/π) for γ ∈ ΓK . The rings C†

log and ˜︁C†
log are defined in similar

ways, by adjoining log π to C† and ˜︁C†, respectively.13

13The rings C†
log,K , C†

log, and ˜︁C†
log are denoted by B†

log,K , B†
log, and ˜︁B†

log in [Ber02], respectively.
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3.5. Overconvergent (φ,ΓK)-modules.

For every Qp-representation V of GalK , one can associate a (φ,ΓK)-module D†
K(V ) := (V ⊗Qp B†)HK over

B†
K , as well as (φ,ΓK)-modules over C†

K and C†
log,K given by

D†
rig,K(V ) := D†

K(V )⊗B†
K

C†
K , D†

log,K(V ) := D†
K(V )⊗B†

K
C†

log,K .

Theorem 3.15 ([CC98], [KL15, Theorem 9.5.6]). The functors D†
K and D†

rig,K induce equivalences of
categories

RepQp
(GalK) ∼−−→

{︁
étale (φ,ΓK)-modules over B†

K

}︁
∼−−→

{︁
étale (φ,ΓK)-modules over C†

K

}︁
between the category of finite dimensional continuous GalK-representations over Qp-vector spaces and the
category of (finite free) étale (φ,ΓK)-modules over B†

K (resp. C†
K).14

Remark 3.16. One can also consider (φ,ΓK)-modules over perfect period rings. Indeed, we have equiva-
lences of categories between the category RepZp

(GalK) of continuous GalK-representations over finite free
Zp-modules, that of (φ,ΓK)-modules over ˜︁A†

K , and that of (φ,ΓK)-modules over ˜︁AK . Similarly, we have
equivalences of categories between RepQp

(GalK), the category of étale (φ,ΓK)-modules over ˜︁B†
K , and that

of étale (φ,ΓK)-modules over ˜︁C†
K . For V ∈ RepZp

(GalK) or RepQp
(GalK), let ˜︁Dint

K (V ), ˜︁Dint,†
K (V ), ˜︁D†

K(V ),˜︁D†
rig,K(V ) denote the associated (φ,ΓK)-modules over ˜︁AK , ˜︁A†

K , ˜︁B†
K , ˜︁C†

K , respectively. In particular, ˜︁D†
K(V )

(resp. ˜︁D†
rig,K(V )) is the base change of D†

K(V ) (resp. D†
rig,K(V )) along B†

K → ˜︁B†
K (resp. C†

K → ˜︁C†
K). We

refer the reader to [CC98] and [KL15] for more details.

3.6. Differential modules.

Before proceeding further, let us recall some basic notions on p-adic differential equations. Firstly, a dif-
ferential ring is a commutative ring R equipped with a derivation d : R → R (cf. [Ked22, §5]), that is, an
additive map satisfying the Leibniz rule d(ab) = ad(b) + bd(a) for all a, b ∈ R. A differential module over a
differential ring (R, d) is an R-module M equipped with a differential operator D : M →M compatible with
d, that is, an additive map satisfying D(ax) = aD(x)+d(a)x for all a ∈ R, x ∈M . When R is equipped with
more than one differential operator d1, . . . , dm, we abuse the terminology and say that (M,D1, . . . , Dm) is a
differential module over (R, d1, . . . , dm) if (M,Di) is a differential module over (R, di) for all i = 1, . . .m.

We are primarily interested in the Robba ring C†
K on which the action of the Lie algebra of ΓK induces a

differential operator ∇ defined by ∇ = log(γ)/ log(χ(γ)) for any γ sufficiently close to 1, where χ : ΓK → Z×
p

is the usual cyclotomic character. By [Ber02, Lemme 4.2], one has ∇ = t · ∂ = t · (1 + π) · ddπ , where t is
defined in Notation 3.10 and ∂ = (1+π)· ddπ is a well-defined differential operator on C†

K . Then, a differential
module (M,∂M ) over (C†

K , ∂) can be viewed as a connection

∇M : M →M ⊗C†
K

Ω1
C†

K

where ∇M (x) = ∂M (x) · d log(1 + π) = ∂M (x)
1+π · dπ.15 A finite free differential module over (C†

K , ∂) is known
as a p-adic differential equation in [Ber02].

14Recall that a (φ, ΓK)-module over B†
K is a finite free B†

K -module M with a semilinear Frobenius action φ inducing an
isomorphism φ ⊗ id : M ⊗B†

K
,φ

B†
K

∼−−→ M and a continuous semilinear ΓK -action that commutes with φ. There is a similar

notion over C†
K . Such a (φ, ΓK)-module over (either B†

K or C†
K) is étale if there is a finite free module M0 over A†

K equipped
with a continuous semilinear ΓK -action and a Frobenius semilinear endomorphism φ : M0 → M0 commuting with ΓK , such
that the induced linear map φ ⊗ id : M0 ⊗A†

K
,φ

A†
K

∼−−→ M0 is an isomorphism, and that M is the base change of M0 as a

(φ, ΓK)-module.
15Note that this is a connection extending dx = ∂x

1+π
dπ.
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Remark 3.17. In practice, one may replace (C†
K , ∂) with the differential ring (C†

K ,
d

dπK
) without changing

the underlying theory of p-adic differential equations, as ∂ = u0 · d
dπK

for some nonzero element u0 ∈ B†
K

(hence, a unit in C†
K).

Definition 3.18. Let (M,∂M ) be a finite free differential module over (C†
K , ∂). A Frobenius structure on

M is a φ-semilinear map Φ : M →M such that
(1) Φ induces an isomorphism φ∗(M) ∼−−→ M , i.e., Φ(M) generates M as a C†

K-module;
(2) Φ is compatible with the differential structures; namely, the diagram

M M ⊗C†
K

Ω1
C†

K

M M ⊗C†
K

Ω1
C†

K

∇M

Φ Φ⊗dφ

∇M

commutes. Equivalently, Φ satisfies ∂M ◦ Φ = pΦ ◦ ∂M .

3.7. p-adic differential equations attached to de Rham representations.

Let D†
rig,K(V ) be the étale (φ,ΓK)-module over C†

K associated with some V ∈ RepQp
(GalK). The action

of the Lie algebra of ΓK induces a differential operator ∇V = log(γ)/ log(χ(γ)) on D†
rig,K(V ). To obtain a

differential module over (C†
K , ∂), we consider

∂V = 1
t
∇V = 1

log(1 + π)∇V .

In general, this operator does not preserve D†
rig,K(V ), as it might introduce poles at the vanishing locus

of t. The main technical result of [Ber02] states that, when V is de Rham, these poles can be removed
systematically to produce an actual p-adic differential equation over (C†

K , ∂).
Theorem 3.19 ([Ber02, Théorème 5.10]). Let V be a de Rham representation of GalK of dimension d with
non-negative Hodge–Tate weights.16 Then there exists a unique free C†

K-submodule NdR(V ) ⊂ D†
rig,K(V ) of

rank d that is stable under ∂V . Moreover, NdR(V ) is stable under φ and ΓK-actions,17 and, consequently,
it is a finite free differential module over (C†

K , ∂) with a Frobenius structure. Furthermore, the inclusion
NdR(V ) ⊂ D†

rig,K(V ) induces an isomorphism after inverting t.

Remark 3.20. The construction of NdR(V ) can be interpreted as a functor

NdR : RepdR
Qp

(GalK) −→
{︁

(φ,ΓK)-modules over C†
K

}︁
,

from the category of all de Rham representations of GalK , without any assumption on Hodge-Tate weights.
We refer the reader to [DMY26, §3.4.2] for details.

3.8. The classical p-adic monodromy theorem.

To conclude this section, we recall the proof of the classical p-adic monodromy theorem, which asserts that
every de Rham representation is potentially semistable. The first step is the following result of Berger, which
recognizes the F -isocrystal Dst(V ) from the (φ,ΓK)-module D†

log,K(V ).

Theorem 3.21 ([Ber02, Théorème 3.6]). For V ∈ RepQp
(GalK), we have

Dcrys(V ) =
(︂
D†

rig,K(V )[ 1
t
]
)︂ΓK

and Dst(V ) =
(︂
D†

log,K(V )[ 1
t
]
)︂ΓK

as subspaces of (V ⊗Qp
˜︁C†[ 1

t ])
GalK and (V ⊗Qp

˜︁C†
log[ 1

t ])
GalK respectively.

16For general de Rham representations, one can first twist the representations by powers of cyclotomic character to make
the Hodge-Tate weights non-negative.

17Note that, as a (φ, ΓK)-module, NdR(V ) is not necessarily étale.



18 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO

The second ingredient (perhaps the most important one) is the following quasi-unipotence theorem, in-
dependently proved by André, Kedlaya, and Mebkhout (see [And02, Ked04, Meb02]). To state the theorem,
let us first record the following remark on the theory of Robba rings.

Remark 3.22. Recall that A†
K and C†

K can be identified with Rint
K′

0
and RK′

0
, respectively, and that

A†
K/p = Rint

K′
0
/p = κ((πK)). By the basic theory of Robba rings, any finite separable extension κ1/κ((πK))

can be uniquely lifted to a finite étale extension A†
K = Rint

K′
0
→ Rint′. We then obtain a finite étale extension

C†
K = RK′

0
→ R′ where R′ := RK′

0
⊗Rint

K′
0

Rint′. It turns out R′ is itself a Robba ring with coefficients in

certain finite unramified extension of K ′
0. In what follows, we often use R(κ1) to denote R′ to emphasize

the role of κ1. Note that the differential operator ∂ uniquely extends to R(κ1).

Theorem 3.23 (André, Kedlaya, Mebkhout). Let (M,∂M ) be a differential module over (C†
K , ∂) equipped

with a Frobenius structure. Then there exists a finite separable extension κ1/κ((πK)) with induced finite
étale extension C†

K = RK′
0
→ R(κ1) such that M ⊗C†

K
R(κ1) becomes unipotent, that is, it is a successive

extension of trivial differential modules over (R(κ1), ∂).

Corollary 3.24. Let (M,∂M ) be a differential module over (C†
K , ∂) equipped with a Frobenius structure.

Then there exists a finite extension L/K such that M ⊗C†
K

C†
L becomes unipotent. In particular, (M,∂M )

admits a full basis of solutions in C†
log,L = C†

L[log π].

Now, we are ready to finish the proof.

Theorem 3.25 (The classical p-adic monodromy theorem, [Ber02, Théorème 0.7]). Let V ∈ RepdR
Qp

(GalK).
Then, there exists a finite extension L/K such that V |GalL

is a semistable representation of GalL.

Proof. Without loss of generality, assume that V is a de Rham representation of dimension d with non-
negative Hodge–Tate weights. Let (NdR(V ), ∂V ) be the rank d differential module over (C†

K , ∂) with a
Frobenius structure as in Theorem 3.19 and Remark 3.20. By Corollary 3.24, there exists a finite extension
L/K such that

(NdR(V )⊗C†
K

C†
log,L)∂V =0

has full rank. Therefore, there exists a large enough m such that, after passing to the finite extension
Lm = L(ζpm) over L, the ΓLm

-invariant subspace

(NdR(V )⊗C†
K

C†
log,Lm

)ΓLm

has full rank. By Theorem 3.21 and the fact that NdR(V ) coincides with D†
rig,K(V ) after inverting t, we

conclude that Dst(V |GalLm
) has full rank and thus V |GalLm

is semistable. □

4. Relative period rings and relative (φ,Γ)-modules

The goal of this section is to summarize the results from [DMY26] on imperfect relative period rings and
relative (φ,Γ)-modules over such rings. These generalize the (φ,ΓK)-module theory in the classical setting.
To maintain the flow of the exposition, we present only those definitions and theorems required for this
article and refer the reader to loc. cit. for complete proofs. As this section is somewhat technical, the reader
may wish to skip the technical details on a first reading and return to them later if necessary. This section
is organized as follows.

• In §4.1 and §4.2, we recall the notion of toric tower and perfect relative period rings following [KL15].
• In §4.3 and §4.4, we introduce imperfect relative period rings associated with decompleting data,

as well as the notion of (φ,Γ)-modules over such period rings. We also collect some descent results
under the assumption of decompleting data, including the main descent result in [DMY26] for (φ,Γ)-
modules over C-type period rings. (cf. [DMY26, §5 – 7].)

• In §4.5 and §4.6, we extend Berger’s NdR functor to the relative setting for strongly decompleting
data (cf. [DMY26, §8 – 10]) and discuss the effect of passing to finite étale covers.
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• In §4.7, we provide an explicit description of imperfect period rings in the case of (punctured) annuli
(cf. [DMY26, §11].).

• Finally, in §4.8, we provide a criterion for semistability of p-adic local systems in terms of Γ-invariants
of relative (φ,Γ)-modules.

Although this article only requires the theory of relative (φ,Γ)-modules over a rational subdomain of an
annulus, we present the theory in a more general setting for the sake of completeness.

4.1. Toric chart and toric tower.

Throughout §4, let AX be a reduced affinoid K-algebra and let X = Spa(AX , A+
X) be the associated affinoid

adic space over Spa(K,OK). In particular, A+
X = A◦

X . For any integer d ⩾ 1, let DdK denote the d-dimensional
closed unit polydisk over K; that is, DdK := Spa(K⟨T1, . . . , Td⟩,OK⟨T1, . . . , Td⟩). Recall from [DMY26, §4.1]
that a toric chart of X is an étale morphism

h : X → DdK
of adic spaces that is a composition of rational localizations and finite étale maps, such that the image of h
does not intersect the locus {T1 · · ·Td = 0}. Let us fix such a toric chart h. For each n ⩾ 0, consider

DdK,n := Spa
(︃
Kn⟨T

1
pn

1 , . . . , T
1

pn

d ⟩,OKn⟨T
1

pn

1 , . . . , T
1

pn

d ⟩
)︃
.

This is a d-dimensional closed unit polydisk over Kn, with coordinates T
1

pn

1 , . . . , T
1

pn

d . When the base field
K and dimension d are understood, we often write Dn = DdK,n to simplify the notation. For each n ⩾ 0, let
Xn := X ×Dd

K
Dn. The natural maps ψn : Dn → DdK induced by the inclusion of rings give rise to a tower of

finite étale maps ψ = {ψn : Xn → X} over X, which we refer to as the toric tower over X relative to the
toric chart h. This tower is Galois with Galois group Γ ∼= Γgeom ⋊ ΓK , where Γgeom is the Galois group of

X∞ = lim←−
n⩾0

Xn −→ lim←−
n⩾0

X ×Spa(K,OK ) Spa(Kn,OKn).

In particular, Γgeom acts on K∞ trivially and permutes the p-power roots of Ti’s. On the other hand, ΓK
acts on the p-power roots of unity via the usual cyclotomic character χ and acts trivially on the prescribed
p-power roots T 1/pn

i ’s of Ti.18 Note that Γgeom ∼= Z⊕d
p and ΓK ⊂ Z×

p is an open subgroup; for any σ ∈ ΓK
and τ ∈ Γgeom, we have στσ−1 = τχ(σ). Finally, let us note that the tower X∞ = lim←−nXn → X is an affinoid
perfectoid object in the pro-étale site Xproét of X with associated perfectoid space ˆ︁X∞.
Definition 4.1. (1) For every n ⩾ 0, write Xn = Spa(AX,n, A+

X,n). Each AX,n is equipped with the
spectral norm | · |, which extends to a norm | · | on AX,∞ :=

⋃︁
n⩾0 AX,n.

(2) Let ˆ︁AX,∞ denote the completion of AX,∞ with respect to the norm | · |, and defineˆ︁A+
X,∞ :=

{︂
x ∈ ˆ︁AX,∞ ⃓⃓

|x| ⩽ 1
}︂
.

Then ˆ︁AX,∞ is a perfectoid affinoid Qp-Banach algebra, ( ˆ︁AX,∞, ˆ︁A+
X,∞) is a perfectoid Huber pair,

and we have ˆ︁X∞ = Spa( ˆ︁AX,∞, ˆ︁A+
X,∞).

(3) Denote the tilt of ( ˆ︁AX,∞, ˆ︁A+
X,∞) by

( ˜︁RX , ˜︁R+
X) := ( ˆ︁A♭X,∞, ˆ︁A♭,+X,∞).

We again write | · | for the norm on ˜︁RX induced from the norm | · | on ˆ︁AX,∞.
(4) Define a valuation v : ˜︁RX → R ∪ {+∞} by setting v(y) := − logp |y|, extending the valuation v onˆ︁K♭

∞ ⊂ ˜︁RX defined at the beginning of §3.
(5) Note that ϖ is a pseudouniformizer in A+

X,∞. We fix a tilt ϖ♭ ∈ ˜︁R+
X of ϖ.

Remark 4.2. Throughout the paper, we often need to “extend the base field”, that is, replacing K by a
finite extension L. Whenever we do so, we implicitly replace the toric chart h : X → DdK by its base change
h : XL → DdL. In particular, the group Γ = Γgeom ⋊ ΓK is replaced by Γgeom ⋊ ΓL.

18In fact, a choice of compatible system of p-power roots of Ti’s determines a splitting Γ ∼= Γgeom ⋊ ΓK .
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4.2. Perfect relative period rings.

We briefly recall the constructions of perfect period rings in the relative setting following [KL15]. These are
natural extensions of the classical perfect period rings reviewed in §3.1.

Definition 4.3. Let h : X → DdK be a toric chart.
(1) Define ˜︁AX := W ( ˜︁RX) and ˜︁A+

X := W ( ˜︁R+
X).

(2) For each r > 0, we define a norm λr on ˜︁A+
X by λr (

∑︁∞
n=0 p

n[xn]) = supn {p−n|xn|r}, which extends
the norm λr on ˜︁A+

K .
(3) For each r > 0, define ˜︁Ar

X to be the completion of ˜︁A+
X [[ϖ♭]−1] under the norm λr. Equivalently,

˜︁Ar
X :=

{︄ ∞∑︂
n=0

pn[xn] ∈ ˜︁AX

⃓⃓⃓⃓
⃓ p−n|xn|r → 0 as n→ +∞

}︄
.

Let ˜︁A†
X be the union ˜︁A†

X := lim−→r>0
˜︁Ar
X .

(4) The period rings ˜︁BX , ˜︁Br
X , and ˜︁B†

X are obtained from the corresponding period rings of type A with
p inverted.

(5) For every 0 < s ⩽ r, define ˜︁C[s,r]
X to be the completion of the period ring ˜︁Br

X with respect to
max{λs, λr} (or equivalently, completion with respect to the family of norms {λt}t∈[s,r]).

(6) For every r > 0, define ˜︁Cr
X to be the Fréchet completion of ˜︁Br

X with respect to the family of norms
{λs}s∈(0,r]. Finally, define ˜︁C†

X to be the union ˜︁C†
X := lim−→r>0

˜︁Cr
X .

Remark 4.4 (Topology). We endow ˜︁Ar
X with the topology induced by the λr-norm and endow ˜︁A†

X with
the inductive limit topology (i.e., the finest topology making ˜︁Ar

X ↪→ ˜︁A†
X continuous for all r > 0). Inverting

p, we obtain natural topologies on ˜︁Br
X and ˜︁B†

X . The ring ˜︁C[s,r]
X is endowed with the topology induced by

max{λr, λs}, which then induces a Fréchet topology on ˜︁Cr
X . Finally, we equip ˜︁C†

X with the inductive limit
topology (i.e., the LF topology).

Remark 4.5. (i) Strictly speaking, the perfect period rings ˜︁AX , ˜︁Ar
X etc. depend on the choice of the

toric chart h : X → DdK . In the cases relevant to this article, however, the toric chart is evident from
the context.

(ii) Remark 3.4 applies in the relative setting. In other words, the Frobenius maps on ˜︁A+
X and ˜︁AX

extend to Frobenius structures on ˜︁Ar
X , ˜︁A†

X , ˜︁BX , ˜︁Br
X , ˜︁B†

X , ˜︁C[s,r]
X , ˜︁Cr

X , and ˜︁C†
X , which we again

denote as φ.
(iii) The natural Γ-action on ˜︁RX induces an action on ˜︁AX . Notice that the λr-norm is preserved under

the Γ-action. Consequently, for every r > 0, the subspace ˜︁Ar
X ⊂ ˜︁AX is stable under the Γ-action

and the action is isometric with respect to λr. This in turn induces a continuous Γ-action on ˜︁A†
X .

Similarly, there are natural isometric (resp. continuous) Γ-actions on ˜︁Br
X and ˜︁C[s,r]

X (resp. on ˜︁B†
X ,˜︁Cr

X , and ˜︁C†
X).

4.3. Imperfect relative period rings, I: decompleting data.

As mentioned in the introduction, our construction of imperfect relative period rings is phrased in terms
of decompleting data introduced in [DMY26]. Given a toric chart (X,h) as in §4.1, a decompleting datum
consists of a pair Λ = (RΛ,AΛ), where

• RΛ ⊂ ˜︁RX is a φ-stable κ((πK))-subalgebra such that RΛ is complete with respect to the norm | · |
inherited from ˜︁RX ;

• AΛ ⊂ ˜︁AX is a φ-stable AK-subalgebra, which is complete with respect to the p-adic topology, such
that the image of the composition

AΛ/p→ ˜︁AX/p ∼= ˜︁RX
lies in RΛ;
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satisfying an extensive list of axioms; in particular, they acquire (φ,Γ)-actions. Since most of the axioms are
of technical nature, we refer the reader to [DMY26, Definitions 5.6 & 6.3] for the precise definition, noting
only that RΛ and AΛ intuitively play the roles of EK and AK in the classical setting (cf. §3.2). From such
a pair (RΛ,AΛ), one can further build imperfect relative period rings

Ar
Λ,A

†
Λ,B

r
Λ,B

†
Λ,C

[s,r]
Λ ,Cr

Λ,C
†
Λ

for r > 0 sufficiently small and for 0 < s ⩽ r, all equipped with suitable (φ,Γ)-actions, in a fashion similar
to Definition 3.6. For the convenience of the reader, let us recall the definition.
Definition 4.6. Let Λ = (RΛ,AΛ) be a decompleting datum for (X,h).

(1) For any r > 0, let Ar
Λ := AΛ∩ ˜︁Ar

X equipped with the inherited λr-norm from ˜︁Ar
X . Let Br

Λ := Ar
Λ[ 1
p ].

(2) Let A†
Λ be the union A†

Λ := lim−→r>0 Ar
Λ and B†

Λ := A†
Λ[ 1
p ]. It follows that A†

Λ = AΛ ∩ ˜︁A†
X .

(3) For 0 < s ⩽ r, let C[s,r]
Λ be the completion of Br

Λ with respect to max{λr, λs} (or equivalently,
completion with respect to the family of norms {λt}t∈[s,r]). Let Cr

Λ be the Fréchet completion of
Br

Λ with respect to the family of norms {λs}s∈(0,r] and let C†
Λ := lim−→r>0 Cr

Λ.

These imperfect relative period rings form relative analogues of the classical imperfect period rings Ar
K ,

A†
K , Br

K ,B
†
K ,C

[s,r]
K , Cr

K ,C
†
K . For later use, let us record several properties enjoyed by the imperfect relative

period rings associated with a decompleting datum.

4.3.1. (φ,Γ)-structures. The Frobenius map φ : ˜︁Ar
X

∼−−→ ˜︁Ar/p
X induces a Frobenius φ : Ar

Λ → Ar/p
Λ for all

r. Similarly, we have Frobenius maps φ : Br
Λ → Br/p

Λ , φ : Cr
Λ → Cr/p

Λ , φ : C[s,r]
Λ → C[s/p, r/p]

Λ . Moreover,
A†

Λ,B
†
Λ,C

†
Λ are all stable under Frobenius. Moreover, all of the imperfect period rings Ar

Λ,A
†
Λ,BΛ,Br

Λ,B
†
Λ,

C[s,r]
Λ , Cr

Λ,C
†
Λ are stable under the Γ-actions.

4.3.2. Topology. The imperfect period ring Ar
Λ (resp. A†

Λ, Br
Λ, B†

Λ, C[s,r]
Λ , Cr

Λ, C†
Λ) is naturally identified as

a subring of ˜︁Ar
X (resp. ˜︁A†

X , ˜︁Br
X , ˜︁B†

X , ˜︁C[s,r]
X , ˜︁Cr

X , ˜︁C†
X). We equip these period rings with the corresponding

subspace topologies (cf. Remark 4.4).

4.3.3. Affinoid structure. Part of the axioms requires that, for r sufficiently small and for each 0 < s ⩽ r with
s, r ∈ Q, the Banach K ′

0-algebra C[s,r]
Λ is a reduced affinoid K ′

0-algebra. Moreover, the norm max{λr, λs} is
a complete power-multiplicative K ′

0-algebra norm on C[s,r]
Λ , and agrees with the spectral norm on C[s,r]

Λ .

4.3.4. Intersection properties. There exists a sufficiently small r0 > 0 such that the following statements
hold.

(1) For any r ∈ (0, r0], the natural map Cr
Λ → lim←−0<s⩽r C[s,r]

Λ is an isomorphism.

(2) ˜︁As
X ∩ C[s,r]

Λ = Ar
Λ, for any 0 < s ⩽ r ⩽ r0, where the intersection is taken inside ˜︁C†

X . Similarly,˜︁A†
X ∩C†

Λ = A†
Λ where the intersection is taken inside ˜︁C†

X .
(3) We also have C[s,r]

Λ ∩C[s′,r′]
Λ = C[s,r′]

Λ for any 0 < s ⩽ s′ ⩽ r ⩽ r′ < r0, where the intersections are
taken inside C[s′,r]

Λ .
We refer the reader to [DMY26, Propositions 5.25 & 5.26] for more details.

4.3.5. Normalized differential operators. Recall the splitting Γ ∼= Γgeom⋊ΓK as in §4.1 and choose topological
generators τ1, . . . , τd ∈ Γgeom such that τi(T

1
pn

i ) = ζpnT
1

pn

i for each i and τi(T
1

pn

j ) = T
1

pn

j for all j ̸= i. This
determines an isomorphism η = (η1, . . . , ηd) : Γgeom

∼−−→ Zdp. For r sufficiently small and for each 0 < s ⩽ r,
C[s,r]

Λ is equipped with (d+ 1) differential operators

∇0 := log(γ0)
logχ(γ0) , ∇i := log(τp

m

i )
ηi(τp

m

i )
= p−m · log(τp

m

i ),

which are well-defined for γ0 ∈ ΓK sufficiently close to 1 and for m sufficiently large. Passing to the limit, we
obtain differential operators ∇0,∇1, . . . ,∇d on Cr

Λ and C†
Λ. Let us further define the following normalized

differential operators
d0 := t−1 · ∇0 and di := t−1 · ∇i, i = 1, . . . , d
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on these rings.

4.4. Relative φ-modules and (φ,Γ)-modules over imperfect relative period rings.

The axioms of a decompleting datum ensure that there is a robust theory of finite projective (φ,Γ)-modules
over these imperfect relative period rings. Throughout §4.4, let Λ = (RΛ,AΛ) be a decompleting datum for
a toric chart (X,h). Let Ar

Λ,A
†
Λ,Br

Λ,B
†
Λ,C

[s,r]
Λ ,Cr

Λ,C
†
Λ be the associated imperfect period rings. We make

precise the notion of φ-modules and (φ,Γ)-modules over these rings.

Definition 4.7. (1) Let Dr be one of the rings from {Ar
Λ,Br

Λ,Cr
Λ,
˜︁Ar
X ,
˜︁Br
X ,
˜︁Cr
X} for some r > 0. A

φ-module over Dr is a finite projective Dr-module M together with an isomorphism

φM : M ⊗Dr,φ Dr/p ∼−−→ M ⊗Dr,ι Dr/p

of Dr/p-modules, where φ : Dr → Dr/p is the Frobenius map (cf. §4.3), and ι is the inclusion map.
(2) Similarly, let D be one of the rings from {AΛ,A†

Λ,BΛ,B†
Λ,C

†
Λ,
˜︁AX , ˜︁A†

X ,
˜︁BX , ˜︁B†

X ,
˜︁C†
X}. A φ-module

over D is a finite projective D-module M together with an isomorphism φM : M ⊗D,φ D ∼−−→ M of
D-modules.

Definition 4.8. (1) Let D be one of the rings from Definition 4.7. A Γ-module over D is a finite
projective D-module equipped with a continuous semilinear action of Γ.19 A (φ,Γ)-module over D
is a φ-module M over D, equipped with a continuous semilinear action of Γ that commutes with the
action of φ.

(2) A φ-module (resp. (φ,Γ)-module) over one of the following rings {BΛ,B†
Λ,C

†
Λ,
˜︁BX , ˜︁B†

X ,
˜︁C†
X} is

étale if it is the base change of a φ-module (resp. (φ,Γ)-module) over {AΛ,A†
Λ,A

†
Λ,
˜︁AX , ˜︁A†

X ,
˜︁A†
X}

respectively.
(3) Write Modφ/D (resp. ModΓ

/D, resp. Mod(φ,Γ)
/D ) for the category of φ-modules (resp. the category of Γ-

modules, resp. the category of (φ,Γ)-modules) over D. Similarly, write Modφ,ét
/D (resp. Mod(φ,Γ),ét

/D )
for the category of étale φ-modules (resp. the category of étale (φ,Γ)-modules) over D whenever
appropriate.

Remark 4.9. Our notion of étale (φ,Γ)-modules requires the corresponding lattice over period rings of type
A to be stable under both φ and Γ. This is similar to [CC98, Definition I.4.2]. In contrast, [KL19] only
requires the lattice to be stable under φ. In other words, the definition we use is more restrictive, but seems
more suitable for the purpose of decompletion and descent.

The following result is one of the main results of [DMY26] (cf. Theorem 10).

Theorem 4.10 ([DMY26, Theorem 1, Theorem 7.18, Corollary 7.20]). Given a decompleting datum Λ =
(RΛ,AΛ) for (X,h), the base change functors

Mod(φ,Γ)
/A†

Λ
−→ Mod(φ,Γ)

/˜︁A†
X

, Mod(φ,Γ),ét
/B†

Λ
−→ Mod(φ,Γ),ét

/˜︁B†
X

, Mod(φ,Γ),ét
/C†

Λ
−→ Mod(φ,Γ),ét

/˜︁C†
X

are all equivalences of categories. Moreover, the same statements hold if we replace Γ by an open subgroup.

Remark 4.11. Given a decompleting datum Λ = (RΛ,AΛ) for (X,h), we frequently need to understand
the behavior of the base change functors for (φ,Γ)-modules across the following diagram of period rings (for

19For a finite projective D-module M , we may identify M as a direct summand of some finite free D-module and equip M
with the subspace topology. This topology is independent of the choice of the presentation. On the other hand, Γ is equipped
with the usual profinite topology.
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instance, whether these functors are equivalences or fully faithful).

(4.1)

A†
Λ

˜︁A†
X

AΛ ˜︁AX

B†
Λ

˜︁B†
X

BΛ ˜︁BX

C†
Λ

˜︁C†
X

(1)

(4)
(3)

(2)

(5)

(9)
(10)

(8)
(7)

(6)

(11)

The horizontal arrows correspond to so-called “decompletion questions” while the diagonal arrows correspond
to “overconvergence questions”. The theorem above provides equivalences of categories of (étale) (φ,Γ)-
modules across the arrows (1), (5), (11) in the diagram.

• For arrows (2) and (4), we have equivalences Mod(φ,Γ)
/AΛ

∼−−→ Mod(φ,Γ)
/˜︁AX

and Mod(φ,Γ)
/˜︁A†

X

∼−−→ Mod(φ,Γ)
/˜︁AX

;

• For arrows (6) and (8), we also have Mod(φ,Γ),ét
/BΛ

∼−−→ Mod(φ,Γ),ét
/˜︁BX

and Mod(φ,Γ),ét
/˜︁B†

X

∼−−→ Mod(φ,Γ),ét
/˜︁BX

;

• For arrow (9), we have a fully faithful functor Mod(φ,Γ),ét
/B†

Λ
−→ Mod(φ,Γ),ét

/C†
Λ

;

• Arrow (10) induces an equivalence Mod(φ,Γ),ét
/˜︁B†

X

∼−−→ Mod(φ,Γ),ét
/˜︁C†

X

.

Notably, with the exception of arrows (1), (5), and (11) (which are established by Theorem 4.10), all preceding
equivalences and full faithfulness properties remain valid under milder hypotheses on Λ, formalized as weakly
decompleting data in [DMY26]. In fact, some of descent assertions already hold for (étale) φ-modules. On
the other hand, the proof of the essential surjectivity of the functor on étale (φ,Γ)-modules along arrow (11)
crucially relies on Γ-structures and is a key innovation of loc. cit. We refer the reader to [DMY26, §7] for a
comprehensive list of such descent statements as well as their proofs.

Remark 4.12. It is unclear whether the functor Mod(φ,Γ)
/C†

Λ
−→ Mod(φ,Γ)

/˜︁CX

(on general, not necessarily étale,
(φ,Γ)-modules) is fully faithful or essentially surjective. Nevertheless, we have the following partial result
for a decompleting datum Λ = (RΛ,AΛ): a descent of a finite free (φ,Γ)-module over ˜︁C†

X to a (φ,Γ)-module
over C†

Λ, if exists, is necessarily unique. This is [DMY26, Theorem 7.17].

Remark 4.13 (Relation with local systems). Let LocZp
(X) denote the category of étale Zp-local systems

on X and let LocZp
(X)Q denote its isogeny category. By [KL15, Theorem 8.5.5], there is an equivalence of

categories ˜︁Dint : LocZp
(X) ∼−−→ Mod(φ,Γ)

/˜︁AX

which reduces to the Riemann–Hilbert correspondence of Katz after reducing modulo p (cf. [Kat73, Propo-
sition 4.1.1], also see [BS23, Proposition 3.4]). Consequently, under the assumption of decompleting data,
LocZp

(X) (resp. LocZp
(X)Q) is equivalent to the categories of (φ,Γ)-modules across all the arrows (1)-(4)

(resp. categories of étale (φ,Γ)-modules across all the arrows (5)-(11)). In particular, we obtain equivalences
of categories ˜︁Dint,† : LocZp

(X) ∼−−→ Mod(φ,Γ)
/˜︁A†

X

.

Dint,† : LocZp
(X) ∼−−→ Mod(φ,Γ)

/A†
Λ˜︁D†

rig : LocZp
(X)Q ∼−−→ Mod(φ,Γ),ét

/˜︁C†
X

.

D†
rig : LocZp(X)Q ∼−−→ Mod(φ,Γ),ét

/C†
Λ

where the last equivalence can be viewed as a relative version of the base change functor D†
rig,K in §3.5.
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4.5. Imperfect relative period rings, II: strongly decompleting data.

Going one step further, we need a more restrictive condition called strongly decompleting data, which is a
decompleting datum Λ = (RΛ,AΛ) that satisfies an additional set of axioms. We refer the reader to [DMY26,
Definition 8.8] for the precise definition. These axioms will allow us to extend Berger’s NdR functor to the
relative setting.

Theorem 4.14 ([DMY26, Theorem 2]). Given a strongly decompleting datum Λ = (RΛ,AΛ) for (X,h),
there is a natural ⊗-functor

NdR : LocdR
Zp

(X)Q −→ Mod(φ,Γ)
/C†

Λ

from the isogeny category of de Rham Zp-local systems to the category of finite projective (φ,Γ)-modules over
C†

Λ, such that the following properties hold for every L ∈ LocdR
Zp

(X)Q:

(1) NdR(L)[1/t] coincides with D†
rig(L)[1/t] after inverting Fontaine’s period t;

(2) NdR(L) is equipped with commuting differential operators D0, D1, . . . , Dd, making (NdR(L), Di) a
differential module over the differential ring (C†

Λ, di) for all i = 0, . . . , d, where di is the normalized
differential operator on C†

Λ defined in §4.3.5.

Remark 4.15. In the case where X is a suitable affinoid subdomain of a closed annulus, we will give an
explicit description of the differential operators on NdR(L) (cf. §4.7). In particular, as we shall see, C†

Λ
carries the “correct” differential operators d

dπK
and d

d[T ♭] , up to units in the imperfect relative period rings.
See Remark 4.28.

4.6. Imperfect relative period rings, III: passing to finite étale extensions.

Next, let us briefly discuss the behavior of (strongly) decompleting data under finite étale extensions. Let
h : X → DdK be a toric chart and let Λ = (RΛ,AΛ) be a decompleting datum for (X,h). Consider a finite
étale map g : X ′ → X. Let h′ : X ′ → DdK be the composition h◦g. Note that the finite étale map g : X ′ → X

induces a finite étale morphism ˆ︁AX,∞ → ˆ︁AX′,∞, which corresponds to some R′ ∈ (RΛ)fét and A′ ∈ (AΛ)fét
via the following natural equivalences of categories of finite étale algebras

(AΛ)fét
∼= (RΛ)fét

∼=
(︂ ˆ︁AX,∞)︂

fét

from [DMY26, Proposition 5.28].

Proposition 4.16 ([DMY26, Theorem 5.30, Theorem 8.13]). If Λ = (RΛ,AΛ) is a decompleting (resp.
strongly decompleting) datum for (X,h), then (R′,A′) is a decompleting (resp. strongly decompleting)
datum for (X ′, h′).

Remark 4.17 (Passing to p-power Kummer cover). For the proof of Theorem 1, we often need to “replace
X by a p-power Kummer cover”. More precisely, assume that K contains ζpn for an integer n ⩾ 1 and
we consider pn-th Kummer cover g : Xn → X. The new toric chart becomes h′ : Xn → DdK which is the
composition of g : Xn → X and h : X → DdK while Γ stays the same. Note that Γn := Gal(X∞/Xn) is an
open normal subgroup of Γ of index pnd. A key observation is that

(Xn)∞ = Xn ×h′,Dd
K
D∞ ∼= X∞ × (Z/pnZ)d

is isomorphic to pnd copies of X∞. Moreover, the Γ-action on (Xn)∞ is given by the action of Γn on X∞
and the finite subgroup Γ/Γn ∼= (Z/pnZ)d permutes the pnd copies of X∞. If Λ = (RΛ,AΛ) is a strongly
decompleting datum for (X,h) and (R′,A′) is the associated strongly decompleting datum for (Xn, h

′), then
R′ (resp. A′) is isomorphic to the direct product of pnd copies of RΛ (resp. AΛ). The Γ-action on R′ (resp.
A′) is given by the Γn-action on RΛ (resp. AΛ) and the finite subgroup Γ/Γn ∼= (Z/pnZ)d permutes the pnd
copies. The same assertions hold for all the induced perfect and imperfect relative period rings.
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4.7. Examples of strongly decompleting data.

In this subsection, we recall from [DMY26, §11] two important classes of examples of strongly decompleting
data: one for closed annuli and the other for “closed annuli with punctures” (more precisely, closed annuli of
outer radius 1 with finitely many open unit disks removed from the boundary circle |T | = 1). In particular,
we provide explicit descriptions of the associated relative period rings, which will play essential roles in the
remainder of the article.

4.7.1. Closed annuli.

We first consider the case of closed annuli. Let [σ1, σ2] ⊂ (0, 1] be a closed interval with σ1, σ2 ∈ pQ, and
consider the closed annulus AK([σ1, σ2];T ). Let DK be the closed unit disk and take the natural inclusion
ι : AK([σ1, σ2];T ) ↪→ DK to be the toric chart. To simplify the notation, in the subscripts of period rings we
write [σ1, σ2] instead of AK([σ1, σ2];T ). The constructions in §4.2 produce perfectoid rings ˆ︁A[σ1,σ2],∞ and˜︁R[σ1,σ2] and yield perfect period rings˜︁A[σ1,σ2], ˜︁Ar

[σ1,σ2],
˜︁A†

[σ1,σ2],
˜︁B[σ1,σ2], ˜︁Br

[σ1,σ2],
˜︁B†

[σ1,σ2],
˜︁C[s,r]

[σ1,σ2],
˜︁Cr

[σ1,σ2],
˜︁C†

[σ1,σ2].

Explicitly, let T ♭ := (T, T
1
p , T

1
p2 , . . .) ∈ ˜︁RDK

using the prescribed p-power roots of T , then ˜︁R[σ1,σ2] can be
identified as the rational localization of ˜︁RDK

= ˆ︁K♭
∞⟨(T ♭)

1
p∞ ⟩

given by σ1 ⩽ |T ♭| ⩽ σ2; namely, ˜︁R[σ1,σ2] consists of
∑︁
j∈Z[ 1

p ] aj(T ♭)j with aj ∈ ˆ︁K♭
∞ such that for any ε > 0,

there are only finitely many indices j such that |aj | · σj1 ⩾ ε and likewise only finitely many j satisfying
|aj | · σj2 ⩾ ε. All these period rings are equipped with commuting actions of φ and Γ ∼= Γgeom ⋊ ΓK . The
choices of p-power roots of T and p-power roots of unity induce an isomorphism η : Γgeom ∼= Zp and the
cyclotomic character χ : ΓK ↪→ Z×

p . Let [T ♭] denote the Teichmüller lift of T ♭ in ˜︁A[σ1,σ2] = W ( ˜︁R[σ1,σ2]).

Definition 4.18. (1) Let R[σ1,σ2] = Γκ((πK))([σ1, σ2];T ♭) (cf. §1.9) as a subring of ˜︁R[σ1,σ2]. In other
words, R[σ1,σ2] is the ring of functions on the closed annulus

Aκ((πK))([σ1, σ2];T ♭) ⊂ Dκ((πK )).

(2) For any 0 < r < rK , define Ar
[σ1,σ2] to be the ring of formal sums

∑︁
i∈Z bi[T ♭]i with bi ∈ Ar

K such
that λr(bi) · σri → 0 as i→ ±∞, for all σ1 ⩽ σ ⩽ σ2. Define a norm λ̃r on Ar

[σ1,σ2] by

λ̃r

(︄∑︂
i∈Z

bi[T ♭]i
)︄

= sup
σ∈[σ1,σ2]

sup
i∈Z

{︁
λr(bi) · σri

}︁
.

(3) Let A†
[σ1,σ2] be the union A†

[σ1,σ2] := lim−→0<r<rK
Ar

[σ1,σ2] and let A[σ1,σ2] be the p-adic completion of
A†

[σ1,σ2]. Note that every element in A[σ1,σ2] can be uniquely expressed as
∑︁
i∈Z bi[T ♭]i with bi ∈ AK .

(4) Let B[σ1,σ2], Br
[σ1,σ2], B†

[σ1,σ2] be the rings A[σ1,σ2], Ar
[σ1,σ2], A†

[σ1,σ2] with p inverted.
(5) For 0 < s ⩽ r < rK , let C[s,r]

[σ1,σ2] be the completion of Br
[σ1,σ2] with respect to the norm max{λ̃r, λ̃s}

(or equivalently, with respect to the family of norms {λ̃t}t∈[s,r]). Let

Cr
[σ1,σ2] := lim←−

0<s⩽r
C[s,r]

[σ1,σ2], and C†
[σ1,σ2] = lim−→

0<r<rK

Cr
[σ1,σ2].

Proposition 4.19 ([DMY26, Proposition 11.11, Lemma 11.2]).
(1) The pair

(︁
R[σ1,σ2],A[σ1,σ2]

)︁
forms a strongly decompleting datum. The associated imperfect period

rings are precisely

Ar
[σ1,σ2],A

†
[σ1,σ2],B[σ1,σ2],Br

[σ1,σ2],B
†
[σ1,σ2],C

[s,r]
[σ1,σ2],C

r
[σ1,σ2],C

†
[σ1,σ2].

(2) The norm λ̃r coincides with λr, for all 0 < r < rK .

We will also need the following explicit descriptions of C[s,r]
[σ1,σ2] and Cr

[σ1,σ2].
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Lemma 4.20 ([DMY26, Corollary 11.5]).
(1) For 0 < s ⩽ r < rK , the ring C[s,r]

[σ1,σ2] consists of
∑︁
i∈Z bi[T ♭]i with bi ∈ C[s,r]

K such that λr′(bi)·σr
′i →

0 as i→ ±∞, for all r′ ∈ [s, r] and for all σ ∈ [σ1, σ2].20

(2) For 0 < r < rK , the ring Cr
[σ1,σ2] consists of

∑︁
i∈Z bi[T ♭]i with bi ∈ Cr

K such that λr′(bi) · σr
′i → 0

as i→ ±∞, for all r′ ∈ (0, r] and for all σ ∈ [σ1, σ2].

Remark 4.21. By Remark 3.13, C[s,r]
K can be identified with the ring of analytic functions ΓK′

0
([δ1, δ2];πK)

on the closed annulus AK′
0
([δ1, δ2];πK) where δ1 = p

− p
p−1 · r

eK , δ2 = p
− p

p−1 · s
eK . Moreover, for any r′ ∈ [s, r],

the λr′ -norm on C[s,r]
K coincides with the ρ-Gauss norm on AK′

0
([δ1, δ2];πK) with ρ = p

− p
p−1 · r′

eK . Therefore,
by Lemma 4.20, the ring C[s,r]

[σ1,σ2] consists of two-variable power series
∑︁
i,j∈Z ci,jπ

j
K [T ♭]i with ci,j ∈ K ′

0 such
that

|ci,j | · p− p
p−1 · r′j

eK · σr
′i → 0

as |i| + |j| → +∞, for all r′ ∈ [s, r] and all σ ∈ [σ1, σ2] (again, one only needs to verify this condition for
r′ = s, r and σ = σ1, σ2).

4.7.2. Closed annuli with punctures.
We now consider a closed annulus of outer radius 1, with finitely many open disks removed.

Notation 4.22. Let δ ∈ (0, 1] ∩ pQ and let f(T ) ∈ OK0 [T ] be a monic polynomial that factors as f(T ) =∏︁m
i=1(T − [βi]) for some βi ∈ k

×
K . Let Xδ,f be the rational subset21 of DK defined by

Xδ,f := {|T | ⩾ δ, |f(T )| = 1} ⊂ DK .

When f is understood from the context, we often write X1 for X1,f and Xδ for Xδ,f .

Remark 4.23. Let ξ denote the Gaussian point of DK and let ξ denote the type V point corresponding to
the open unit circle centered at 0. Then the collection Σ = {X1,f} forms a basis of open neighborhoods of
ξII inside DK ; while the collection Σ′ = {Xδ,f} forms a basis of open neighborhoods of ξ inside DK .

Let δ ∈ (0, 1]∩ pQ and let f ∈ OK0 [T ] be a polynomial which takes the form f(T ) =
∏︁
i(T − [βi]) ∈ K[T ]

with βi ∈ k
×
K . Take the natural inclusion ι : Xδ,f → DK to be the toric chart. To simplify the notation, in

the subscripts of period rings we write δ, f instead of Xδ,f . From the construction in §4.2, we have perfectoid
rings ˆ︁Aδ,f,∞ and ˜︁Rδ,f and associated perfect period rings˜︁Aδ,f , ˜︁Ar

δ,f ,
˜︁A†
δ,f ,

˜︁Bδ,f , ˜︁Br
δ,f ,

˜︁B†
δ,f ,

˜︁C[s,r]
δ,f ,

˜︁Cr
δ,f ,

˜︁C†
δ,f

equipped with commuting actions of φ and Γ. Let f denote the reduction of f modulo p. Then ˜︁Rδ,f is the
rational localization of ˜︁R[δ,1] given by |f(T ♭)| = 1.

We have the following explicit imperfect relative period rings for Xδ,f where the corresponding datum is
strongly decompleting. Let h denote the degree of the polynomial f(T ).

Definition 4.24. (1) Let Rδ,f be the subring of ˜︁Rδ,f defined by

Rδ,f :=

⎧⎨⎩∑︂
i∈Z

ai(T ♭)i +
∞∑︂
j=1

h−1∑︂
k=0

bjk(T ♭)k

f(T ♭)j

⃓⃓⃓⃓
ai, bjk ∈ κ((πK)), |bjk| → 0 as j → +∞,
|ai|σi → 0 as i→ ±∞ for all δ ⩽ σ ⩽ 1

⎫⎬⎭ .

(2) For each 0 < r < rK , let Ar
δ,f be a subring of ˜︁Aδ,f given by

Ar
δ,f :=

⎧⎨⎩∑︂
i∈Z

ai[T ♭]i +
∞∑︂
j=1

h−1∑︂
k=0

bjk[T ♭]k

f([T ♭])j

⃓⃓⃓⃓
ai, bjk ∈ Ar

K , λr(bjk)→ 0 as j → +∞,
λr(ai)σri → 0 as i→ ±∞ for all δ ⩽ σ ⩽ 1

⎫⎬⎭ .

20In fact, one only needs to verify this condition for r′ = s, r and σ = σ1, σ2.
21Roughly speaking, Xδ,f is DK minus finitely many open unit disks on the boundary circle {|T | = 1} (these disks are

centered at [βi]’s), then further remove an open disk of radius δ centered at 0.
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Consider the norm λ̃r on Ar
δ,f given by

λ̃r

⎛⎝∑︂
i∈Z

ai[T ♭]i +
∞∑︂
j=1

h−1∑︂
k=0

bjk
[T ♭]k

f([T ♭])j

⎞⎠ := max
{︄

sup
δ⩽σ⩽1

sup
i∈Z
{λr(ai)σri}, sup

j⩾1,0⩽k⩽h−1
{λr(bjk)}

}︄
.

(3) Let
A†
δ,f := lim−→

0<r<rK

Ar
δ,f ,

and let Aδ,f be the p-adic completion of A†
δ,f . Note that Aδ,f is a subring of ˜︁Aδ,f .

(4) Let Bδ,f , Br
δ,f , B†

δ,f be the rings Aδ,f , Ar
δ,f , A†

δ,f with p inverted.
(5) For 0 < s ⩽ r < rK , let C[s,r]

δ,f be the completion of Br
δ,f with respect to the norm max{λ̃r, λ̃s} (or

equivalently, with respect to the family of norms {λ̃t}t∈[s,r]). Let

Cr
δ,f := lim←−

0<s⩽r
C[s,r]
δ,f , and C†

δ,f = lim−→
0<r<rK

Cr
δ,f .

Proposition 4.25 ([DMY26, Proposition 11.19, Lemma 11.14]). (1) The datum (Rδ,f ,Aδ,f ) is strongly
decompleting. The associated imperfect period rings are precisely

Ar
δ,f ,A

†
δ,f ,Bδ,f ,Br

δ,f ,B
†
δ,f ,C

[s,r]
δ,f ,C

r
δ,f ,C

†
δ,f .

(2) The norm λ̃r coincides with λr, for all 0 < r < rK .

We also have the following explicit descriptions of C[s,r]
δ,f and Cr

δ,f .

Lemma 4.26 ([DMY26, Corollary 11.15]). (1) For 0 < s ⩽ r < rK , the ring C[s,r]
δ,f consists of elements

∑︂
i∈Z

ai[T ♭]i +
∞∑︂
j=1

h−1∑︂
k=0

bjk
[T ♭]k

f([T ♭])j
, ai, bjk ∈ C[s,r]

K

such that λr′(ai)σr
′i → 0 as i→ ±∞ for all r′ ∈ [s, r] and δ ⩽ σ ⩽ 1, and λr′(bjk)→ 0 as j → +∞

for all r′ ∈ [s, r].
(2) For 0 < r < rK , the ring Cr

δ,f consists of

∑︂
i∈Z

ai[T ♭]i +
∞∑︂
j=1

h−1∑︂
k=0

bjk
[T ♭]k

f([T ♭])j
, ai, bjk ∈ Cr

K

such that λr′(ai)σr
′i → 0 as i→ ±∞ for all r′ ∈ (0, r] and δ ⩽ σ ⩽ 1, and λr′(bjk)→ 0 as j → +∞

for all r′ ∈ (0, r].

Remark 4.27. We have normalized differential operators d0 and d1 on C[s,r]
[σ1,σ2], Cr

[σ1,σ2], and C†
[σ1,σ2] for

0 < s ⩽ r with r sufficiently small from §4.3.5. A direct computation shows that we have d0 = (1+π)·u0 · d
dπK

and d1 = [T ♭] · d
d[T ♭] on these imperfect period rings, where u0 = dπK

dπ (see Remark 3.17), which we may
assume to be a unit in Cr

K after shrinking r if necessary. The same statements hold for the imperfect period
rings over Xδ,f .

Remark 4.28 (From de Rham local systems to p-adic differential equations). Let X be either X[σ1,σ2] or
Xδ,f , and let L be a de Rham local system on X. We make a few remarks on the differential operators on
the associated p-adic differential equation NdR(L) from [DMY26, §11]. To simply the notation, we mainly
explain the case X = X[σ1,σ2]; analogous statements hold for X = Xδ,f . Given any finite projective module
M over C†

[σ1,σ2] (or C[s,r]
[σ1,σ2], Cr

[σ1,σ2]) equipped with a continuous Γ-action, the action of Lie Γ also induces
differential operators ∇geom and ∇arith on M defined by

∇arith = log(γ0)
logχ(γ0) , and ∇geom = log(τpm)

η(τpm)
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as in §4.3.5 (where τ is denoted by τ1 therein), with γ0 ∈ ΓK sufficiently close to 1 and m sufficiently large.
For our purpose, we again normalize these differential operators by putting

D[T ♭] := t−1 · [T ♭]−1 · ∇geom

DπK
:= t−1 · ((1 + π) · u0)−1 · ∇arith

Note that [T ♭] and (1 +π) ·u0 are units in the corresponding imperfect relative period rings. We caution the
reader that, a priori, (M,DπK

) (resp. (M,D[T ♭])) could have poles along the vanishing locus of t = log(1+π)
when viewed as a differential module over the differential ring

(︂
C†

[σ1,σ2],
d

dπK

)︂
(resp.

(︂
C†

[σ1,σ2],
d

d[T ♭]

)︂
). Note,

however, that NdR(L) is obtained from D†
rig(L) (cf. Remark 4.13) by modifying along the “t = 0 locus”.

In particular, part of the content of Theorem 4.14 (Theorem 11 in the introduction) asserts that, after this
modification procedure,

(︁
NdR(L), D[T ♭], DπK

)︁
does not have poles, hence it is a genuine differential module

(i.e., a relative p-adic differential equation) over the differential ring
(︂

C†
[σ1,σ2],

d
d[T ♭] ,

d
dπK

)︂
. In other words,

the modification along the “t = 0 locus” removes the singularities from D†
rig(L) in both the arithmetic and

geometric directions! When X = Xδ,f , we similarly obtain NdR(L) from D†
rig(L), and NdR(L) is a differential

module over the differential ring
(︂

C†
δ,f ,

d
d[T ♭] ,

d
dπK

)︂
(see [DMY26, §11.3]). We refer the reader to [DMY26,

§11] for more details.

4.8. A criterion for semistability.

For later use, we establish a criterion for (pointwise) semistability of p-adic local systems. Throughout §4.8,
we assume (X,h) is one of the following:

(1) Let X be a closed annulus X[σ1,σ2] = {σ1 ⩽ |T | ⩽ σ2}, with σ1, σ2 ∈ pQ and 0 < σ1 ⩽ σ2 ⩽ 1, as in
§4.7.1. Let h : X[σ1,σ2] ↪→ DK be the natural embedding.

(2) Let X be a closed annulus with punctures Xδ,f = {δ ⩽ |T | ⩽ 1, |f(T )| = 1} as in §4.7.2. Let
h : Xδ,f ↪→ DK be the natural embedding.

(3) Let X be a finite étale cover of either X[σ1,σ2] or Xδ,f and let h be the composition of this finite
étale map and the natural embedding into DK .

We have constructed an explicit strongly decompleting datum for (X,h) using §4.7 and Proposition 4.16
(also see [DMY26, §11]). Let A†

X , B†
X , C†

X , etc. denote the corresponding imperfect relative period rings.
Let L be a de Rham Zp-local system of rank d on X and let D†

rig(L) be the associated étale (φ,Γ)-module
over C†

X . Let C†
X [log πK , log[T ♭]] denote the ring obtained by adjoining free variables log πK and log[T ♭] to

C†
X , equipped with φ and Γ-actions given by

φ(log πK) = p log πK + log
(︃
φ(πK)
πpK

)︃
, φ(log[T ♭]) = p log[T ♭] and

γ(log πK) = log πK + log
(︃
γ(πK)
πK

)︃
, γ(log[T ♭]) = log[T ♭] + log

(︃
γ([T ♭])

[T ♭]

)︃
for γ ∈ Γ.

Remark 4.29. It is computed in [Ber02] that (C†
K [log πK , 1

t ])
ΓK = K0. Using the explicit descrip-

tions of the imperfect period rings in §4.7, one can deduce that (C†
[σ1,σ2][log πK , log[T ♭], 1

t ])
Γ = K0 and

(C†
δ,f [log πK , log[T ♭], 1

t ])
Γ = K0.

Proposition 4.30. Suppose that the C†
X [log[T ♭], log πK , 1

t ]-module

D†
rig(L)⊗C†

X
C†
X [log[T ♭], log πK ,

1
t
]

is free and admits a basis w1, . . . , wd such that γ(wi) = wi for all γ ∈ Γ and all i = 1, . . . , d. Then L is
pointwise semistable on X (i.e., semistable at every classical point on X).
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We point out that there is no direct “specialization map” relating D†
rig(L) and D†

rig(Lx) for a classical
point x. Instead, we directly relate D†

rig(L) with Dst(Lx) and use the Γ-invariant basis to produce enough
semistable periods at each classical point.

Proof. Let x ∈ X be a L-rational classical point for some finite extension L/K. Then x is represented by a
ring map fx : AX → L (actually x is determined by the Gal(L/K)-orbit of such a ring map). Consider the
ring map h∗ : K⟨T ⟩ → AX induced by the toric chart h. Let a := fx ◦ h∗(T ) ∈ L× where T is the coordinate
of DK . Pick a compatible p-power roots {a1/pm}m⩾0 of a. This induces a map η : ˆ︁K∞⟨T 1/p∞⟩ → CK sending
T 1/pm ↦→ a1/pm . Since ˆ︁AX,∞ = AX ˆ︁⊗K⟨T ⟩ ˆ︁K∞⟨T 1/p∞

⟩,

the maps fx and η induces a ring map ex : ˆ︁AX,∞ → CK .
In fact, the map ex can be made GalL-equivariant in a suitable sense. First, the action of GalL on a1/pm ,

given by g(a1/pm) = ζ
cm(g)
pm a1/pm for a unique cm(g) ∈ Z/pm, determines a continuous cocycle c : GalL → Zp

relative to the cyclotomic character; namely, c(g1g2) = c(g1) + χ(g1)c(g2). Next, recall that the choice of
{T 1/pm}m⩾0 determines a splitting Γ ∼= Γgeom ⋊ ΓK (cf. §4.1). Then consider a group homomorphism
ρx : GalL → Γ sending g ↦→ (c(g), g|K∞). Now, consider the action of GalL on ˆ︁AX,∞ given by the natural
Γ-action and ρx : GalL → Γ. Then ex : ˆ︁AX,∞ → CK is GalL-equivariant. Indeed, it suffices to check GalL-
equivariance for η. On ˆ︁K∞, the map η is just the identity and GalL acts naturally on both the source and
target; on the other hand, we have

η(ρx(g) · (T 1/pm

)) = η(ζc(g)
pm T 1/pm

) = ζ
c(g)
pm a1/pm

= g · (a1/pm

) = g · η(T 1/pm

),
as desired.

The map ex induces a GalL-equivariant map e♭x : ˜︁RX = ˆ︁A♭X,∞ → C♭K which sends T ♭ ↦→ a♭ := (a, a1/p, . . .)
and thus a GalL-equivariant map ẽx : ˜︁AX → ˜︁A. It further induces GalL-equivariant maps ẽx : ˜︁A†

X → ˜︁A†

and ẽx : ˜︁C†
X → ˜︁C†. Composing with the natural inclusion C†

X ⊂ ˜︁C†
X , we arrive at the “specialization map”

sx : C†
X → ˜︁C†. This in turn induces a GalL-equivariant specialization map

sx : C†
X [log[T ♭], log πK ,

1
t
]→ ˜︁C†

log[ 1
t
]

sending log[T ♭] ↦→ log[a♭] and log πK ↦→ log πK .
Observe that if M is a finite locally free Z/pm-local system on Spec ˜︁RX and Dm(M) is the associated

φ-module over Wm( ˜︁RX) by [KL15, Proposition 3.2.7], then we have a canonical φ- and GalL-equivariant
isomorphism

Dm(M)⊗
Wm(˜︁RX ),e♭

x

Wm(C♭K) ∼= Dm((e♭x)∗M)

where (e♭x)∗M denotes the local system on SpecC♭K obtained by base change along e♭x : ˜︁RX → C♭K . Conse-
quently, by unwinding the construction of ˜︁Dint(L) (cf. Remark 4.13 and the references therein), we obtain
a canonical φ- and GalL-equivariant isomorphism ˜︁Dint(L)⊗˜︁AX ,ẽx

˜︁A ∼= Lx ⊗Zp
˜︁A, which further induces an

isomorphism ˜︁Dint,†(L)⊗˜︁A†
X
,ẽx

˜︁A† ∼= Lx ⊗Zp
˜︁A† by [KL15, Theorem 8.5.3 (d)(e)]. This further induces a φ-

and GalL-equivariant isomorphism

D†
rig(L)⊗C†

X
,sx

˜︁C† = ˜︁D†
rig(L)⊗˜︁C†

X
,ẽx

˜︁C† ∼= Lx ⊗Zp
˜︁C†.

Finally, joining log[T ♭], log πK , 1
t and using the Γ-invariant basis in the statement of the proposition, we

arrive at GalL-equivariant isomorphisms

Lx ⊗Zp
˜︁C†

log[ 1
t
] ∼=

(︄
d⨁︂
i=1

C†
X [log[T ♭], log πK ,

1
t
] · wi

)︄
⊗C†

X
[log[T ♭],logπK ,

1
t ],sx

˜︁C†
log[ 1

t
] ∼=

d⨁︂
i=1

˜︁C†
log[ 1

t
] · wi.

Here, GalL acts on wi via ρx : GalL → Γ, thus GalL fixes each wi. By [Ber02, Proposition 3.4] (combined
with a Tate twist argument), we have

Dst,L(Lx) ∼=
(︃
Lx ⊗Zp

˜︁C†
log[ 1

t
]
)︃GalL

.
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Therefore, Dst,L(Lx) has L0-dimension d (where L0 denotes the maximal unramified subfield in L) and thus
Lx is semistable, as desired. □

5. Around points of type I and II

As mentioned in the introduction, to prove the main result, we first prove Theorem 12, which is a local
version of the p-adic monodromy theorem. We will prove Theorem 12 by a case-by-case analysis based on the
type of the point ξ; in fact, points of type I, II, III, IV, V are treated in §5.1, §5.2, §6, §7, §8–9, respectively.

5.1. Around type I points.

The case of classical type I points is handled in [Shi22]. In fact, we will show that, with some modifications,
the proof of [Shi22, Theorem 9.2] remains valid for all non-classical type I points.

Proposition 5.1. Theorem 12 holds for type I points.

Proof. Let X and L be as in the statement of Theorem 12. Let x ∈ XCK
be a type I point. First, by the

same argument as in [Shi22, Proposition 9.6], x admits an open neighborhood Ux that is isomorphic to a
closed unit disk over CK . The p-adic Riemann-Hilbert functor of Liu–Zhu [LZ17] yields a vector bundle with
connection (DdR(L),∇) over X. By base change, we obtain a vector bundle with connection (DdR(L)CK

,∇)
over XCK

. By [Shi22, Theorem 9.7], up to shrinking the disk, we may assume that the connection is trivial
on Ux.

Notice that Ux contains a K ′-rational point for some finite extension K ′/K. In particular, the image U ′
x of

Ux in XK′ is isomorphic to the closed unit disk over K ′. By construction, the vector bundle with connection
(DdR(L)K′ ,∇) is trivial over U ′

x, hence L|U ′
x

is horizontally de Rham. By shrinking, we may replace U ′
x by

some U ′′
x isomorphic to

TnK′ ∼= Spa
(︁
K ′⟨T±⟩,OK′⟨T±⟩

)︁
.

Finally, by the same argument as in [Shi22, §9.4], there exists a finite extension L/K ′ such that L|U ′′
x,L

is
horizontally de Rham and semistable at every classical point. □

5.2. Around type II points.

Let us turn to type II points. First, note that every type II point is K ′-rational for some finite extension
K ′/K. Therefore, when ξ is a type II point, we may assume that ξ is K-rational after replacing K by a finite
extension if necessary (cf. Remark 2.8). In other words, in the case of type II points, it suffices to prove the
following.

Proposition 5.2. Theorem 12 holds when ξ is a K-rational type II point on X.

Proof. We first claim that, by enlarging K if necessary, ξ admits a connected affinoid open neighborhood
U which admits a smooth formal model over OK . Indeed, by [Ber07, Proposition 2.2.1] (which corrects the
original statements in [Ber93, Proposition 3.6.1]), by enlarging K if necessary, there exist

• a smooth connected projective curve Y over OK with generic fiber Y (viewed as an adic space over
Spa(K,OK));

• finitely manly closed points z1, . . . , zn on the special fiber Ys; and
• an open neighborhood U of ξ,

such that U is isomorphic to sp−1 (Ys − {z1, . . . , zn}), where sp: Y → Ys is the specialization map, and that
ξ is the preimage of the generic point of Ys. It follows from the construction that U is affinoid connected
and it admits a smooth affine formal integral model.

Given this, the rest of the proof follows from the arguments in [GY24, §6 & 7]. For the reader’s convenience,
we recall the proof here (using terminology from loc. cit.). Notice that ξ is the unique Shilov point of U . Let
L = H (ξ) be the completed residue field of ξ, which is a complete discrete valuation field. Write U = Uη
for some smooth connected formal scheme U = Spf R over OK . The restriction L|ξ corresponds to a de
Rham representation V of GalL. By either [Ohk13, Main Theorem] or [Mor14, Corollary 1.2], there exists a



A p-ADIC MONODROMY THEOREM FOR CURVES 31

finite Galois extension L′/L such that V |GalL′ is a semistable representation. According to [GY24, Theorem
6.11, Proposition 6.16, and Theorem 6.17], by shrinking U and replacing L′ by a further finite extension if
necessary, there exists a finite Galois extension K ′/K and a finite cover U ′ → U such that

• U ′ is affine smooth connected over OK′ ;
• U ′ → U factors as U ′ → UOK′ → U where UOK′ → U is the extension of scalars and U ′ → U induces

a finite étale map U ′
η → Uη,K′ on the generic fibers;

• the inverse image of ξ in U ′
η is the unique Shilov point ξ′ of U ′

η;
• the extension H (ξ)→H (ξ′) coincides with L→ L′.

In particular, the restriction L|ξ′ is a semistable representation of GalL′ . Let U ′ = U ′
η. By the purity theorem

of Du–Liu–Moon–Shimizu (Theorem 13), we conclude that L|U ′ is a semistable local system; in particular,
the pullback of L to U ′ is pointwise semistable. □

6. Around points of type III

The goal of this section is to prove Theorem 12 around type III points. Since each type III point on XCK

is K ′-rational for some finite extension K ′/K, we may again assume that ξ is K-rational after replacing K
by a finite extension (cf. Remark 2.8). That is, we shall prove the following

Theorem 6.1. Theorem 12 holds when ξ is a K-rational type III point on X.

To prove Theorem 6.1, we will carefully study relative p-adic differential equations constructed in [DMY26]
(recalled in §4) over suitable open neighborhoods of the type III points ξ. As mentioned in the introduction,
our strategy is to relate a completed colimit of the imperfect relative period rings over neighborhoods of ξ to
the fake Robba ring studied by Kedlaya in [Ked07] and [Ked09]. This implies that the differential operators
are unipotent “at ξ” after pulling back to a finite étale cover. Our goal is to “propagate” this unipotence
to an open neighborhood of ξ. This propagation procedure is the technical core of this section and occupies
§6.5–6.6: the special case is treated in §6.5, and the general case in §6.6. Finally, we use the results from
§4.8 to conclude the proof of Theorem 6.1.

6.1. The fake Robba ring (à la Kedlaya).

By [Ber07, Proposition 2.2.1], up to replacing K by a finite extension, we may assume that ξ admits an open
neighborhood of the form X[σ1,σ2] = AK([σ1, σ2]) (i.e. the closed annulus {σ1 ⩽ |T | ⩽ σ2}) with σ1, σ2 ∈ pQ
and ξ is the type III point corresponding to the circle of radius σξ where σ1 < σξ < σ2 and σξ ̸∈ pQ. Write
σξ = p

− p
p−1

1
eK

·α. Then

α = − (p− 1)eK
p

· logp(σξ) = − 1
cK
· logp(σξ)

is an irrational number, where cK = p
(p−1)eK

. Similarly, consider the rational numbers αi = − 1
cK

logp(σi)
for i = 1, 2. If [σ1, σ2] runs through closed intervals containing σξ with σ1, σ2 ∈ pQ, then the closed annuli
X[σ1,σ2]’s form a basis of open neighborhoods of ξ. Recall the imperfect relative period rings

(6.1) Ar
[σ1,σ2],A

†
[σ1,σ2],B[σ1,σ2],Br

[σ1,σ2],B
†
[σ1,σ2],C

[s,r]
[σ1,σ2],C

r
[σ1,σ2],C

†
[σ1,σ2]

from §4.7. Let us introduce some auxiliary period rings Ar
ξ, A†

ξ, Br
ξ, B†

ξ, C[s,r]
ξ , Cr

ξ, and C†
ξ, which are

certain “completed colimits” of the period rings in (6.1).

Definition 6.2. (1) On each Ar
[σ1,σ2], we define a norm λr,ξ by setting

λr,ξ

(︄∑︂
i∈Z

ci[T ♭]i
)︄

= sup
i∈Z

{︁
λr(ci) · σriξ

}︁
for each

∑︁
i∈Z ci[T ♭]i ∈ Ar

[σ1,σ2] with ci ∈ Ar
K . Then we define Ar

ξ to be the completion of the colimit

Ar
ξ,colim = lim−→

σ1<σξ<σ2

Ar
[σ1,σ2]
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with respect to λr,ξ. It follows that Ar
ξ consists of

∑︁
i∈Z ci[T ♭]i with ci ∈ Ar

K such that λr(ci)·σriξ → 0
as i→ ±∞.

(2) Define Br
ξ = Ar

ξ[ 1
p ].

(3) Define A†
ξ (resp. B†

ξ) as the colimit lim−→r→0+ Ar
ξ (resp. lim−→r→0+ Br

ξ).

The norm λr,ξ naturally extends to Ar
ξ and Br

ξ. If we express an element in Br
ξ as x =

∑︁
i,j ci,jπ

j
K [T ♭]i

with ci,j ∈ K ′
0, then

λr,ξ(x) = sup
i,j∈Z

{︂
|ci,j | · p− p

p−1
rj

eK · σriξ
}︂

= sup
i,j∈Z

{︂
|ci,j | · p− p

p−1
1

eK
·r·(j+αi)

}︂
.

Definition 6.3. (1) Define C[s,r]
ξ as the completion of Br

ξ under the norm max{λs,ξ, λr,ξ} and let Cr
ξ

be the Fréchet completion of Br
ξ with respect to the family of norms {λs,ξ}s∈(0,r].

(2) Define C†
ξ = lim−→r→0+ Cr

ξ.

Note that C†
ξ and Cr

ξ are equipped with Frobenius structures, as well as geometric and arithmetic differ-
ential operators, inherited from those of C†

[σ1,σ2] and Cr
[σ1,σ2].

Remark 6.4. Equivalently, we can define C[s,r]
ξ as the completion of K ′

0[π±1
K , [T ♭]±1] under the norm

max{λs,ξ, λr,ξ}, that is, it consists of
∑︁
i∈Z ci[T ♭]i with ci ∈ C[s,r]

K such that λt(ci) · σtiξ → 0 as i → ±∞
for both t = s and t = r. This is precisely the fake annulus Rλ

[p−cK r,p−cK s] in the language of [Ked09,
Definition 5.1.1]22 where λ stands for the linear functional λ : R2 → R sending (x, y) ↦→ x + αy. Similarly,
Cr
ξ (resp. C†

ξ) can be identified with the fake annulus Rλ
[p−cK r,1) (resp. the fake Robba ring Rλ) in loc. cit.

Moreover, under this identification, the fake Robba ring Rλ is equipped with a Frobenius structure in the
sense of [Ked09, Definition 5.1.6].

Remark 6.5. The mod p reduction Rξ := A†
ξ/p can be described as the completion of κ[(πK)±1, (T ♭)±1]

under the valuation

(6.2) vα

⎛⎝∑︂
i,j

bi,j(πK)j(T ♭)i
⎞⎠ = p

p− 1 ·
1
eK
· inf
bi,j ̸=0

(j + αi)

(or equivalently, completion with respect to the norm p−vα). Note that Rξ is a field. In fact, if we consider
the type III point ξ on the annulus Aκ((πK))([σ1, σ2];T ♭) (in characteristic p) corresponding to the circle of
radius σξ, then Rξ agrees with the completed residue field H (ξ).

6.2. Geometric realization of extensions of fake Robba rings.

For any interval [σ1, σ2] as above, the machinery in §4.5 produces a finite projective module NdR,[σ1,σ2] =
NdR(L|X[σ1,σ2]) over C†

[σ1,σ2], equipped with both an arithmetic operator DπK
and a geometric differential

operator D[T ♭], as well as a Frobenius structure. We also consider the integrable and Frobenius compatible
connection (“the full connection”)

∇ = DπK
dπK +D[T ♭]d[T ♭],

on NdR,[σ1,σ2]. Moreover, for r sufficiently small, we have a finite projective (φ,∇)-module Nr
dR,[σ1,σ2]

over Cr
[σ1,σ2], also equipped with differential operators DπK

and D[T ♭]. The formations of NdR,[σ1,σ2] and
Nr

dR,[σ1,σ2] are compatible with restriction to a smaller [σ1, σ2] according to [DMY26, Proposition 10.13].
Taking colimits as σ1, σ2 → σξ, we obtain finite projective (φ,∇)-modules

NdR,colim = lim−→
σ1<σξ<σ2

NdR,[σ1,σ2], Nr
dR,colim = lim−→

σ1<σξ<σ2

Nr
dR,[σ1,σ2]

22Fake annuli and fake Robba rings are first introduced in [Ked07] using a different notation.
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over C†
ξ,colim = lim−→σ1<σξ<σ2

C†
[σ1,σ2] and Cr

ξ,colim = lim−→σ1<σξ<σ2
Cr

[σ1,σ2], respectively. Note that Cr
ξ is the

Fréchet completion of Cr
ξ,colim under the family of norms {λs,ξ}s∈(0,r]. Write
Nr

dR,ξ := Nr
dR,colim ⊗Cr

ξ,colim
Cr
ξ = Nr

dR,[σ1,σ2] ⊗Cr
ξ,[σ1,σ2]

Cr
ξ

and
NdR,ξ := lim−→

r→0+

Nr
dR,ξ = NdR,colim ⊗C†

colim
C†
ξ = NdR,[σ1,σ2] ⊗C†

[σ1,σ2]
C†
ξ.

Recall that C†
ξ is isomorphic to the fake Robba ring Rλ. We view (NdR,ξ,∇) as a finite projective (ϕ,∇)-

module over Rλ, also equipped with differential operators DπK
and D[T ♭].

The following is Kedlaya’s p-adic local monodromy theorem for fake Robba rings.

Theorem 6.6 ([Ked07, Theorem 5.2.4]). There exists a finite separable extension R′/Rξ with associated
fake Robba ring R′ such that NdR,ξ ⊗Rλ R′ becomes unipotent for the full connection ∇; that is, it is a
successive extension of trivial connections over R′ of rank 1.

For the reader’s convenience, let us explain the construction of the fake Robba ring R′ associated to R′.
This is in fact an analogue of the construction in Remark 3.22. Firstly, the valuation vα in (6.2) uniquely
extends to R′, which we still denote as va by a slight abuse of notation. The value group of vα contains
Z + αZ as a subgroup of finite index. In particular, R′ is a nearly monomial field in the sense of [Ked07]
(see [Ked07, Definition 2.1.1, Remark 2.1.4]). Let (Rint′, R′) be the henselian pair that is finite étale over
the henselian pair (A†

ξ, Rξ). Then R′ is defined as

R′ := C†
ξ ⊗A†

ξ
Rint′.

Moreover, for sufficiently small r, the finite étale map A†
ξ → Rint′ descends to a finite étale map Ar

ξ → Rint′r.
Then we put

R′r := Cr
ξ ⊗Ar

ξ
Rint′r,

and we have R′ = lim−→r→0+ R′r. By [Ked07, §2] (in particular, see Proposition 2.3.4 and Remark 2.3.5),
Rint′ (resp. R′) is indeed an integral fake Robba ring (resp. a fake Robba ring). Since C†

ξ → R′ (resp.
Cr
ξ → R′r) is finite étale, the differential operators d

d[T ♭] and d
dπK

uniquely extend to R′ (resp. R′r). As a
corollary of Theorem 6.6, there exists a sufficiently small r, such that the full connection ∇ on Nr

dR,ξ⊗Cr
ξ
R′r

is unipotent.
In the remainder of §6.2, let us realize this cover of fake Robba rings C†

ξ → R′ in geometric terms. First,
write R[σ1,σ2] := A†

[σ1,σ2]/p = Ar
[σ1,σ2]/p for r sufficiently small, as in §4.7 (also see [DMY26, §11]). Recall

that R[σ1,σ2] is the ring of analytic functions on the closed annulus over κ((πK)) with radius in [σ1, σ2] and
variable T ♭; in particular, it is an affinoid κ((πK))-algebra. Write λ[σ1,σ2] for the corresponding spectral
norm. Equivalently, define vαi

as in (6.2) but use αi instead of α. Then R[σ1,σ2] is the completion of
κ[(πK)±1, (T ♭)±1] with respect to the valuation min{vα1 , vα2}. Moreover, write Rξ,colim for the colimit
lim−→σξ∈[σ1,σ2] R[σ1,σ2]. Then Rξ agrees with the completion of Rξ,colim under the valuation vα from (6.2).

Lemma 6.7. There exist σ1, σ2 sufficiently close to σξ, and a finite étale map R[σ1,σ2] → R′
[σ1,σ2] such that

R′ = Rξ ⊗R[σ1,σ2] R
′
[σ1,σ2].

Proof. The assertion is an immediate consequence of Corollary 6.9 below. □

Lemma 6.8. (1) For σ1 ⩽ σ′
1 < σ′

2 ⩽ σ2, the restriction map R[σ1,σ2] → R[σ′
1,σ

′
2] is submetric.

(2) The colimit Rξ,colim := lim−→σ1<σξ<σ2
R[σ1,σ2] is a field.

(3) Consider the seminorm λα on lim−→σ1<σξ<σ2
R[σ1,σ2] defined as the infimum of the quotient seminorms

induced by λ[σ1,σ2]’s. Then λα agrees with p−vα . In particular, it is multiplicative and the completion
of lim−→σ1<σξ<σ2

R[σ1,σ2] with respect to λα is precisely Rξ.

Proof. This is standard. In particular, Rξ,colim is simply the (uncompleted) residue field k(ξ) of the type III
point ξ in Remark 6.5. □
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Corollary 6.9. The base functor induces an equivalence of categories of finite étale algebras.(︄
lim−→

σ1<σξ<σ2

R[σ1,σ2]

)︄
fét

∼−−→ (Rξ)fét .

Proof. This follows from Lemma 6.8 and [KL15, Lemma 2.2.4]. □

Construction 6.10 (Geometric realization of C†
ξ → R′). Write A[σ1,σ2] = O(X[σ1,σ2]) for the ring of ana-

lytic functions on the annulus X[σ1,σ2] and recall the perfectoid algebra ˆ︁A[σ1,σ2],∞ from §4.7. By the diagram
of equivalences of categories in [DMY26, Proposition 5.28], the finite étale map R[σ1,σ2] → R′

[σ1,σ2] from
Lemma 6.7 corresponds to a finite étale map ˆ︁A[σ1,σ2],∞ → B. By [Sch12, §7] (also see [KL15, Proposi-
tion 2.6.8]), up to replacing K by K(ζpn), we may assume that this finite étale map descends to a finite étale
map A[σ1,σ2],n → B0 where A[σ1,σ2],n is the ring of analytic functions on the pn-th Kummer cover X[σ1,σ2],n
of X[σ1,σ2]. Note that, for the purpose of proving Theorem 6.1, we are always allowed to extend the base field
and replace X[σ1,σ2] by a finite étale cover. By Remark 4.17, we may further assume that n = 0; namely,
there exists a finite étale cover g : X ′

[σ1,σ2] = Spa(B0, B
◦
0) → X[σ1,σ2] so that the corresponding strongly

decompleting data given by [DMY26, Proposition 5.28] (also see Proposition 4.16) gives rise to relative
imperfect period rings A′r

[σ1,σ2], B′r
[σ1,σ2], C′r

[σ1,σ2], etc., satisfying A′r
[σ1,σ2]/p = R′

[σ1,σ2] for r sufficiently
small. Let ξ′ denote the pre-image of ξ in X ′

[σ1,σ2]. This is again a point of type III. By Lemma 6.7 and the
henselianity of Rint′, we have

Rint′ = A†
ξ ⊗Ar

[σ1,σ2]
A′r

[σ1,σ2]

for r sufficiently small, and thus R′r = Cr
ξ ⊗Cr

[σ1,σ2]
C′r

[σ1,σ2]. Let

Cr
ξ′,colim := lim−→

σ1<σξ<σ2

C′r
[σ1,σ2].

Then R′r can be identified as the completion Cr
ξ′ of Cr

ξ′,colim with respect to the unique extension λ′
r,ξ of

the norm λr,ξ on Cr
ξ,colim, and thus R′ = lim−→r→0+ Cr

ξ′ .
Moreover, write N′r

dR,[σ1,σ2] = Nr
dR(L|X′

[σ1,σ2]
) and N′

dR,[σ1,σ2] = NdR(L|X′
[σ1,σ2]

). Then for r sufficiently
small, we have

Nr
dR,ξ ⊗Cr

ξ
R′r =

(︂
Nr

dR,colim ⊗Cr
ξ,colim

Cr
ξ

)︂
⊗Cr

ξ
R′r

=
(︄

lim−→
σ1<σξ<σ2

Nr
dR,[σ1,σ2] ⊗Cr

[σ1,σ2]
C′r

[σ1,σ2]

)︄
⊗Cr

ξ′,colim
R′r

=
(︄

lim−→
σ1<σξ<σ2

N′r
dR,[σ1,σ2]

)︄
⊗Cr

ξ′,colim
R′r.

Note that, in the last identification, we make use of the compatibility of the NdR functor under finite étale
extensions (cf. [DMY26, Proposition 10.13]).

6.3. Subrings of constants.

For later use, we need to compute the subrings of C′†
[σ1,σ2] and R′ consisting of horizontal elements with

respect to d
d[T ♭] . Let κ1 denote the maximal algebraic extension of κ((πK)) contained in R′. In particular,

κ1 is a finite separable extension of κ((πK)).
Lemma 6.11. There exists σ1, σ2 sufficiently close to σξ, such that the inclusion κ1 ⊂ R′ factors as

κ1 ↪−→ R′
[σ1,σ2] ↪−→ R′.

Proof. Recall that the colimit Rξ,colim is precisely the uncompleted stalk k(ξ) at the type III point ξ on the
annulus Aκ((πK))([σ1, σ2];T ♭) corresponding to the circle of radius σξ (cf. Remark 6.5, Lemma 6.8).23 For
simplicity, let Y denote Aκ((πK ))([σ1, σ2];T ♭) so that O(Y ) = R[σ1,σ2]. Let h : Y ′ → Y be the finite étale cover

23Here, the stalk can be taken in either the Berkovich or the adic topology. See §2.4.
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given by the finite étale map R[σ1,σ2] → R′
[σ1,σ2] and let ξ′ ∈ Y ′ denote the preimage of ξ. Since h is finite

étale and h−1(ξ) consists of a singleton, the preimage of a system of open neighborhoods of ξ in Y is cofinal
among the neighborhoods of ξ′ in Y ′. In particular, the colimit lim−→σ1<σξ<σ2

R′
[σ1,σ2] is the uncompleted stalk

k(ξ′) of the point ξ′, and R′ = H (ξ′) is the completed stalk. By [Ber93, Theorem 2.3.3, Proposition 2.4.1],
we know that k(ξ′) is quasicomplete and is a henselian subfield of H (ξ′). By [Tem, Theorem 1.9.5], we
conclude that k(ξ′) is relatively algebraically closed in H (ξ′). This implies that κ1 ⊂ k(ξ′) and thus proves
the lemma. □

Remark 6.12. By construction, κ1 is relatively algebraically closed in R′. Therefore, by elementary field
theory, if κ2/κ1 is any finite separable extension, then R′ ⊗κ1 κ2 is a field.

By the classical theory of Robba ring (cf. Remark 3.22), the finite separable extension κ1/κ((πK)) cor-
responds to a finite étale extension of Robba rings C†

K → R(κ1). In terms of the notation in §1.9, R(κ1)
is abstractly isomorphic to RK′′

0
for some finite unramified extension K ′′

0 of K ′
0. Note that the differential

operator d
dπK

on C†
K uniquely extends to R(κ1). Moreover, R(κ1) can be naturally identified as a subring

of C′†
[σ1,σ2] for σ1, σ2 sufficiently close to σξ.

Proposition 6.13. Let “log[T ♭]” be a free variable with d
d[T ♭] (log[T ♭]) = 1

[T ♭] and d
dπK

(log[T ♭]) = 0. Then,
after shrinking [σ1, σ2] if necessary, we have(︂

C′†
[σ1,σ2]

)︂ d

d[T ♭]
=0

=
(︂

C′†
[σ1,σ2][log[T ♭]]

)︂ d

d[T ♭]
=0

= R(κ1).

identifying the differential operators d
dπK

on both sides. As an immediate corollary, we have

(R′)
d

d[T ♭]
=0 =

(︂
R′[log[T ♭]]

)︂ d

d[T ♭]
=0

= R(κ1).

Proof. Unwinding the constructions and applying Lemma 6.11, we know that

R(κ1) ⊂
(︂

C′†
[σ1,σ2]

)︂ d

d[T ♭]
=0
⊂
(︂

C′†
[σ1,σ2][log[T ♭]]

)︂ d

d[T ♭]
=0

for σ1, σ2 sufficiently close to σξ. It remains to show the reverse inclusions. It suffices to show that(︁
C′†

[σ1,σ2]
)︁ d

d[T ♭]
=0 ⊂ R(κ1). Indeed, using the explicit description of C[s,r]

[σ1,σ2] in Lemma 4.20, we have(︂
C[s,r]

[σ1,σ2]

)︂ d

d[T ♭]
=0

= C[s,r]
K

for r sufficiently small and for all 0 < s ⩽ r. This implies
(︁
C†

[σ1,σ2]
)︁ d

d[T ♭]
=0 = C†

K , and hence(︂
C†

[σ1,σ2] ⊗C†
K

R(κ1)
)︂ d

d[T ♭]
=0

= R(κ1).

Consider the finite étale map

g : C†
[σ1,σ2] ⊗C†

K
R(κ1)→ C′†

[σ1,σ2].

The map g realizes the target as a finite projective module over the source, say of rank m. Take an
element α ∈ C′†

[σ1,σ2] such that d
d[T ♭] (α) = 0. Let Tα : C′†

[σ1,σ2] → C′†
[σ1,σ2] denote the linear map given by

multiplication by α and let Pα(x) ∈ (C†
[σ1,σ2] ⊗C†

K
R(κ1))[x] denote the characteristic polynomial. Since

d
d[T ♭] (tr(T

i
α)) = tr( d

d[T ♭] (T
i
α)) = 0 for all i ⩾ 1, we know that all coefficients of Pα(x) are d

d[T ♭] -horizontal
sections, and thus Pα(x) ∈ R(κ1)[x].

Next, we construct a finite separable extension κ2/κ1 (with associated extension of Robba rings R(κ2)/R(κ1))
together with a ring map η : C†

[σ1,σ2]⊗C†
K

R(κ1)→ R(κ2) such that the base change of g along η splits into a
direct product

∏︁m
i=1 R(κ2). For this, we first choose any finite separable extension κ2/κ1 such that κ1 → κ2

factors through natural inclusion κ1 ↪→ R′
[σ1,σ2]. This induces a finite étale map δ : R(κ1) → R(κ2) which

factors as R(κ1) ↪→ C′†
[σ1,σ2]

µ−→ R(κ2). Now, the composition C†
[σ1,σ2] → C′†

[σ1,σ2]
µ−→ R(κ2) and the map
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δ induce a ring map η : C†
[σ1,σ2] ⊗C†

K
R(κ1) → R(κ2). The base change of g along η is a finite étale cover

of R(κ2). Replacing κ2 by a further separable extension, we can make sure that this finite étale cover splits
into direct products

∏︁m
i=1 R(κ2). To sum up, we obtain a commutative diagram

C′†
[σ1,σ2] C′†

[σ1,σ2] ⊗R(κ1) R(κ2)
∏︁m

i=1 R(κ2)

C†
[σ1,σ2] ⊗C†

K
R(κ1) C†

[σ1,σ2] ⊗C†
K

R(κ2) R(κ2)

R(κ1) R(κ2)

g

η

g′

δ

where each square is a push-out square.
Let (α1, . . . , αm) ∈

∏︁m
i=1 R(κ2) be the image of α under the composition of the top row of the diagram.

Also consider term C′†
[σ1,σ2] ⊗R(κ1) R(κ2) in the middle column. Since taking base change commutes with

taking characteristic polynomials, the multiplication-by-α map on C′ ⊗R(κ1) R(κ2) and the multiplication-
by-(α1, . . . , αm) map on

∏︁m
i=1 R(κ2) both have characteristic polynomial Pα(x) ∈ R(κ1)[x]. In particular,

we have
Pα(x) = (x− α1) · · · (x− αm) ∈ R(κ2)[x]

By Cayley–Hamilton, we have an identity (α− α1) · · · (α− αm) = 0 on C′†
[σ1,σ2] ⊗R(κ1) R(κ2).

Now, consider R′′ := R′ ⊗κ1 κ2, which is a field by Remark 6.12. Let R′ → R′′ be the extension of
fake Robba rings associated with the finite separable extension R′′/R′. Then there is a natural embedding
C′†

[σ1,σ2] ⊗R(κ1) R(κ2)→ R′′, and thus C′†
[σ1,σ2] ⊗R(κ1) R(κ2) is an integral domain. Consequently, α = αi

as an element in C′†
[σ1,σ2] ⊗R(κ1) R(κ2), for some i. By the injectivity of R(κ1)→ C′†

[σ1,σ2] and the faithful
flatness of R(κ1)→ R(κ2), we conclude that

α⊗ 1 ∈
(︁
{1} ⊗R(κ2)

)︁
∩
(︂

C′†
[σ1,σ2] ⊗ {1}

)︂
= R(κ1);

namely, α ∈ R(κ1). This finishes the proof of the proposition. □

From now on, we shrink [σ1, σ2] so that Lemma 6.11 and Proposition 6.13 apply.

6.4. Unipotence implies semistability.

Recall from Construction 6.10 that we have realized the finite extension C†
ξ → R′ of fake Robba rings

via a finite étale cover f : X ′
[σ1,σ2] → X[σ1,σ2]. The finite projective module N′

dR,[σ1,σ2] = NdR(L|X′
[σ1,σ2]

)
over C′†

[σ1,σ2] is equipped with an arithmetic differential operator DπK
and a geometric differential operator

D[T ♭], as well as a Frobenius structure. We also consider the full connection ∇ = DπK
dπK + D[T ♭]d[T ♭] so

that (N′
dR,[σ1,σ2],∇) is a finite projective (φ,∇)-module over C′†

[σ1,σ2]. Similarly, for r sufficiently small, we
have a finite projective (φ,∇)-module N′r

dR,[σ1,σ2] = Nr
dR(L|X′

[σ1,σ2]
) over C′r

[σ1,σ2], equipped with differential
operators DπK

and D[T ♭]. Moreover, we know that

N′
dR,ξ = N′

dR,[σ1,σ2] ⊗C′†
[σ1,σ2]

R′

is unipotent with respect to ∇. A key ingredient for the proof of Theorem 6.1 is the following proposition,
which states that the unipotence of (N′

dR,ξ,∇) can be spread out to (N′
dR,[σ1,σ2],∇) for some sufficiently

small interval [σ1, σ2].

Proposition 6.14. After shrinking [σ1, σ2] if necessary, the differential module N′
dR,[σ1,σ2] is strongly unipo-

tent for ∇; that is, N′
dR,[σ1,σ2] is free over C′†

[σ1,σ2] and admits a basis w1, . . . , wd such that the matrices
of [T ♭]D[T ♭] and πKDπK

relative to this basis are both upper-triangular nilpotent with entries in K ′′
0 . In

particular, N′
dR,[σ1,σ2] is unipotent for the full connection ∇.
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The proof of Proposition 6.14 will occupy §6.5–6.6. Granting Proposition 6.14, let us finish the proof of
Theorem 6.1.

Proof of Theorem 6.1 assuming Proposition 6.14.
The first step is to compute the geometric horizontal sections after adjoining “log[T ♭]”. Let σ1, σ2 be suffi-
ciently close to σξ as in Proposition 6.14. Consider

N ′ :=
(︂

N′
dR,[σ1,σ2][log[T ♭]]

)︂D[T ♭]=0
.

By Proposition 6.13 and Proposition 6.14, and noting that D[T ♭] commutes with DπK
and is compatible with

Frobenius, we deduce that N ′ is a finite free R(κ1)-module of rank d (where d is the rank of L) and (N ′, DπK
)

is a differential module over (R(κ1), d
dπK

) equipped with Frobenius structure. By the classical p-adic local
monodromy theorem of André–Kedlaya–Mebkhout (Theorem 3.23), there exists a finite separable extension
κ2/κ1 (with the associated Robba ring extension denoted by R(κ2)/R(κ1)), such that N ′ ⊗R(κ1) R(κ2)
becomes unipotent with respect to DπK

. By replacing K by finite extension K ′ so that C†
K′ contains

R(κ2), we may assume that N ′ is already unipotent with respect to DπK
. Hence, the R(κ1)[log πK ]-

module N ′[log πK ] admits a horizontal basis w1, . . . , wd with respect to DπK
. Note that w1, . . . , wd are also

geometrically horizontal as d
d[T ♭] (log πK) = 0. We arrive at a decomposition

N′
dR,[σ1,σ2][log[T ♭], log πK ] ∼=

d⨁︂
i=1

C′†
[σ1,σ2][log[T ♭], log πK ] · wi

with each wi satisfying D[T ♭](wi) = DπK
(wi) = 0. Note that all these wi’s are fixed by an open subgroup of

Γ. By enlarging K and passing to a p-power Kummer cover of X ′
[σ1,σ2] (cf. Remark 4.17), we may further

assume that all wi’s are fixed by Γ. This allows us to apply Proposition 4.30 (note that the functors NdR
and D†

rig coincide after inverting t) and conclude the proof. □

6.5. Unipotence over annuli: special case.

In the remainder of this section, we prove Proposition 6.14. Thanks to Theorem 6.6, we already achieve
unipotence of ∇ “at ξ” by passing to a finite étale cover. We want to propagate this unipotence to an open
neighborhood of ξ. This is akin to the process of extending the region of convergence for solutions of p-adic
differential equations over a (fake) poly-annulus.

We first prove Proposition 6.14 in the special case where R′ = C†
ξ. In this case, Nr

dR,ξ is already unipotent
with respect to ∇, for r sufficiently small. Our goal is to show that

NdR,colim = lim−→
r→0+

Nr
dR,colim = lim−→

r→0+

lim−→
σ1<σξ<σ2

Nr
dR,[σ1,σ2]

is strongly unipotent. Since
NdR,ξ = NdR,colim ⊗C†

ξ,colim
C†
ξ,

this can be viewed as a “decompletion question” from C†
ξ to C†

ξ,colim.

6.5.1. Intrinsic generic radii over log RP subsets.

We first recall the notion of generic radius of convergence, originally developed by Dwork, Robba, Kedlaya,
and others. In the classical setting, suppose (V,D) is a finite nonzero differential module over (Fρ, ddt ) where
ρ > 0 and Fρ denotes the completion of K(t) under the ρ-Gauss norm (cf. [Ked22, Definition 9.4.1]).
Consider the spectral radius of the operator D defined by |D|sp,V = lims→+∞ |Ds|1/sV , where |Ds|V denotes
the operator norm of Ds. Then the generic radius of convergence of (V,D) is defined to be R(V ) = ω ·|D|−1

sp,V ,
where ω = p−1/(p−1). The intrinsic generic radius of convergence is defined to be

IR(V ) = ρ−1R(V ) =
| ddt |sp,Fρ

|D|sp,V
,

which is a real number in (0, 1] (cf. [Ked22, Definition 9.4.4, 9.4.7, 6.1.2, 6.1.3]).
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x = |πK |

y = |[T ♭]]|

p−cKr p−cKs0 1

1 y = xβ−

y = xβ+σξ

logp x

logp y

−cKr −cKs 0
logp y = β− logp x

logp y = β+ logp xσξ

Figure 1. A cartoon illustration of S[s,r]
[σ1,σ2] (left) and logp S

[s,r]
[σ1,σ2] (right)

To treat the type III point of interest, we will need generalizations of these notions from [Ked09]. For the
setup, let us describe C[s,r]

[σ1,σ2] (resp. Cr
[σ1,σ2]) in terms of log-RP subset (resp. ind-log-RP subset) of (R>0)2

in the sense of [Ked09, Definition 4.1.2]. For an interval I = [σ1, σ2], consider the subset

S
[s,r]
[σ1,σ2] :=

{︁
(p−cK ·u, σu) u ∈ [s, r], σ ∈ [σ1, σ2]

}︁
=
{︃

(x, xβ) x ∈ [p−cK ·r, p−cK ·s], β ∈ [− 1
cK

logp σ2,−
1
cK

logp σ1]
}︃
⊂ (R>0)2.

Here cK = p
(p−1)

1
eK

as in Notation 1.9. The subset S(0,r]
[σ1,σ2] is defined in a similar way.

Remark 6.15. In the language of [Ked09], S[s,r]
[σ1,σ2] (resp. S(0,r]

[σ1,σ2]) is referred to as a log-RP subset (resp.
ind-log-RP subset) because its image under the logarithmic map is a rational polygon (resp. limit of rational
polygons); namely,

logp(S
[s,r]
[σ1,σ2]) =

{︃
(x, βx) x ∈ [−cK · r,−cK · s], β ∈ [− 1

cK
logp σ2,−

1
cK

logp σ1]
}︃
⊂ R2.

See Figure 1 for an illustration of the log-RP subset. (In the figure, β− = − 1
cK

logp σ2 and β+ = − 1
cK

logp σ1).

We adopt the notation from [Ked09, Notation 4.1.3]. Let A2,an
K′

0
denote the analytic affine plane with

coordinates πK and [T ♭]. For any (ind-)log-RP subset S ⊂ R2
>0, let AK′

0
(S) denote the open subset of A2,an

K′
0

defined by the condition (|πK |, |[T ♭]|) ∈ S. Then we have

C[s,r]
[σ1,σ2] = Γ(AK′

0
(S[s,r]

[σ1,σ2]),O), Cr
[σ1,σ2] = Γ(AK′

0
(S(0,r]

[σ1,σ2]),O)

(note that λu(πK) = p−cKu). For any σ ∈ [σ1, σ2] and s ∈ (0, r], consider the point

R(σ, s) = (p−cK ·s, σs) = (p−cK ·s, (p−cK ·s)β) ∈ S(0,r]
[σ1,σ2]

where β = − 1
cK
· logp σ. This point gives rise to a norm λs,σ on C(0,r]

[σ1,σ2] given by24

λs,σ

(︄∑︂
i∈Z

ci[T ♭]i
)︄

= sup
i∈Z

{︁
λs(ci) · σsi

}︁
.

Definition 6.16 ([Ked09, Definition 4.2.1]). Let (M,DπK
, D[T ♭]) be a finite projective differential module

over (C(0,r]
[σ1,σ2],

d
dπK

, d
d[T ♭] ) and let R(σ, s) ∈ S(0,r]

[σ1,σ2] be a point as above. Let Fσ,s denote the completion of
Frac(C(0,r]

[σ1,σ2]) under λσ,s, and consider the base change Vσ,s := M ⊗C(0,r]
[σ1,σ2]

Fσ,s. Define the intrinsic generic

24This norm is denoted as | · |R(σ,s) in [Ked09, Definition 4.1.6].
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radius of M at R(σ, s) to be

IR(M,R(σ, s)) := min
{︄

1,
| d
d[T ♭] |sp,Fσ,s

|D[T ♭]|sp,Vσ,s

,
| d
dπK
|sp,Fσ,s

|DπK
|sp,Vσ,s

}︄
.

By assumption, we know that Nr
dR,ξ is unipotent for some sufficiently small r; that is, it admits a filtration

whose graded pieces are trivial differential modules. In particular, for σ1, σ2 sufficiently close to σξ, there
exists r0 > 0 such that

IR(Nr0
dR,[σ1,σ2], R(σξ, s)) = 1

for all s ∈ (0, r0] (cf. [Ked09, Remark 4.2.4] and [KX10, Lemma 1.2.9]). Note that α = − 1
cK

logp σξ is
irrational by the assumption. Therefore, according to [Ked09, Proposition 6.2.1], by decreasing r0 and
shrinking the interval [σ1, σ2] if necessary, we may assume that
(6.3) IR(Nr0

dR,[σ1,σ2], R(σ, s)) = 1

for all σ ∈ [σ1, σ2] and s ∈ (0, r0].

6.5.2. A monomial change of coordinates.

From the above discussion, we may assume that Nr0
dR,[σ1,σ2] has intrinsic generic radius equal to 1 at all

points R(σ, s) ∈ S
(0,r0]
[σ1,σ2]. To deduce unipotence from this condition, we would like to put ourselves in

a setting where we can apply the multivariable p-adic Fuchs theorem25 of Wang [Wan24, Corollary 3.20]
(which slightly generalizes the work of Gachet [Gac99]). However, Wang’s theorem only applies to honest
poly-annuli rather than the fake ones. The key is to use a change of coordinates to transfer the ind-log-RP
subsets into a “standard rectangle”.

Let A =
(︁
a b
c d

)︁
be a matrix with a, b, c, d ∈ Z and detA = ±1. Consider the map µA : R2

>0 → R2
>0 sending

(x, y) ↦→ (xayb, xcyd). We refer to µA as a monomial change of coordinates.26 In fact, if we take logarithms
on both the source and target, the resulting map

logµA : logp(R2
>0) = R2 → logp(R2

>0) = R2

is simply the affine transformation given by the multiplication of the matrix A. Now, for any δ > 0, let
Sδ denote the ind-log-RP subset [p−δ, 1) × [p−δ, 1) ⊂ (R>0)2. Note that logp Sδ = [−δ, 0) × [−δ, 0). For a
suitable choice of A and shrinking [σ1, σ2] if necessary, we can ensure that the image of Sδ under µA lies in
S

(0,r]
[σ1,σ2] for sufficiently small δ. Indeed, we first choose A such that the image of the third quadrant (i.e.,

(−∞, 0)× (−∞, 0)) under logµA lies entirely inside the cone{︁
(x, βx)

⃓⃓
x < 0, β ∈ [−

logp σ2

cK
,−

logp σ1

cK
]
}︁

and contains the ray {︁
(x, βx)

⃓⃓
x < 0, β = −

logp σξ
cK

}︁
.

Shrinking the interval [σ1, σ2] and multiplying A by ( 0 1
1 0 ) if necessary, we may assume that the images of

the rays (−∞, 0) × {0} and {0} × (−∞, 0) under the linear transformation logµA are precisely the rays
{(x, βx) |x < 0, β = − 1

cK
logp(σ1)} and {(x, βx) |x < 0, β = − 1

cK
logp(σ2)}, respectively. For any given

r ∈ (0, r0], by making δ sufficiently small, we can ensure that the image of logp Sδ under logµA is entirely
contained in logp(S

(0,r]
[σ1,σ2]). Consequently, we obtain an injective map

µA : Sδ → S
(0,r]
[σ1,σ2].

Passing to the ring of functions, we obtain an injective ring homomorphism

µ∗
A : Cr

[σ1,σ2] = Γ(AK′
0
(S(0,r]

[σ1,σ2]),O)→ Γ(AK′
0
(Sδ),O)

25The single variable p-adic Fuchs theorem is due to Christol and Mebkhout (see [Ked22, Theorem 13.6.1]).
26This is called a toric coordinate change in [Ked09, Definition 4.1.4].
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x

y

σξ

p−δ

p−δ

1

1

µA

x

y

p−cKr

σξ

y = xβ−

y = xβ+

0 1

1

Figure 2. A cartoon illustration of µA : Sδ → S
(0,r]
[σ1,σ2]

sending πK ↦→ uavb, [T ♭] ↦→ ucvd. Here, we have identified AK′
0
(Sδ) with the half-open poly-annulus

AK′
0
([p−δ, 1)) × AK′

0
([p−δ, 1)) with coordinate functions u, v. The merit here is that AK′

0
(Sδ) is an hon-

est poly-annulus. In what follows, we shall study the p-adic differential equation Nr
dR,[σ1,σ2] over Cr

[σ1,σ2]
using the coordinate u, v by taking base change to AK′

0
([p−δ, 1)) × AK′

0
([p−δ, 1)) along µ∗

A, so that the
multivariable p-adic Fuchs theorem applies.

Remark 6.17. The map µA sends the rectangle Sδ to a “tilted rectangular region” µA(Sδ) inside S(0,r]
[σ1,σ2].

See Figure 2 for an illustration of µA, where both the rectangular and the tilted rectangular regions are
colored in orange. The curve y = xβ− (resp. y = xβ+) on the right-hand side of the illustration corresponds
to the line y = 1 (resp. x = 1) on the left-hand side. Moreover, the curvy ray (colored in red){︁

(x, xβ)
⃓⃓
p−cKr ⩽ x < 1, β = − 1

cK
logp σξ

}︁
on the right-hand side corresponds to the fake Robba ring Rλ (as r → 0+). Its preimage is a line segment
(colored in red) with irrational slope on the left-hand side, corresponding to another fake Robba ring RA−1λ.
The map µ∗

A induces an isomorphism Rλ ∼= C†
ξ

∼−−→ RA−1λ that fits into a commutative diagram

Γ(AK′
0
(S(0,r]

[σ1,σ2]),O) Γ(AK′
0
(Sδ),O)

Rλ RA−1λ.

µ∗
A

∼

The Frobenius structure on Rλ transfers to a Frobenius structure on RA−1λ.

Remark 6.18. Let A−1 =
(︁
a′ b′

c′ d′

)︁
be the inverse of A. Then u ↦→ πa

′

K [T ♭]b′ , v ↦→ πc
′

K [T ♭]d′ induces an
injective ring map

ν∗
A : Γ(AK′

0
(Sδ),O)→ Γ(AK′

0
(S(0,r1])

[σ′
1,σ

′
2],O)

for some 0 < r1 < r and for any σ′
1, σ

′
2 ∈ pQ satisfying σ1 < σ′

1 < σξ < σ′
2 < σ2, such that the composite

ν∗
A ◦ µ∗

A is simply the natural inclusion Cr
[σ1,σ2] ⊂ Cr1

[σ′
1,σ

′
2]. Taking colimit as r and s go to 0, we obtain

injective ring maps

C†
[σ1,σ2]

µ∗
A−−→ lim−→

δ→0+

Γ(AK′
0
(Sδ),O) ν∗

A−−→ C†
[σ′

1,σ
′
2]

such that the composite is the natural inclusion. Note that the term in the middle is just the (honest)
two-dimensional Robba ring

RK′
0
ˆ︁⊗K′

0
RK′

0
= lim−→
r→0+

lim←−
0<s⩽r

R
[s,r]
K′

0
ˆ︁⊗K′

0
R

[s,r]
K′

0
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with coordinates u, v. Moreover, since both µ∗
A and ν∗

A are given by monomial change of coordinates, it is
straightforward to check that the Frobenius structures on Cr

[σ1,σ2] and C†
[σ1,σ2] induce Frobenius structures

on the poly-annulus Γ(AK′
0
(Sδ),O) and the two-dimensional Robba ring RK′

0
ˆ︁⊗K′

0
RK′

0
.

6.5.3. Strong unipotence of ∇.

For r ∈ (0, r0] and δ as above, consider
Nδ := Nr

dR,[σ1,σ2] ⊗Cr
[σ1,σ2],µ

∗
A

Γ(AK′
0
(Sδ),O),

equipped with the full connection
∇ = Dudu+Dvdv = ∆u · d log u+ ∆v · d log v

where ∆u = uDu and ∆v = vDv. By Remark 6.17, the map µ∗
A induces an isomorphism

(6.4) Nr
dR,[σ1,σ2] ⊗Cr

[σ1,σ2]
C†
ξ = NdR,ξ

∼−−→ Nδ ⊗Γ(AK′
0

(Sδ),O) RA−1λ

of (φ,∇)-modules, under the identification Rλ ∼= RA−1λ.
By (6.3), Remark 6.18, and [Ked09, Proposition 4.2.5], we know that Nδ satisfies the Robba condition.

Moreover, since Nδ is equipped with a Frobenius structure (cf. Remark 6.18), we know that Nδ admits a set
of p-adic exponents {a1, . . . , ad} with ai ∈ (Q∩Zp)2 such that they have p-adically non-Liouville differences.
This is precisely the situation where we can apply the multivariable p-adic Fuchs theorem to Nδ. By [Wan24,
Corollary 3.20],27 we conclude that Nδ is free and admits a basis such that the matrices of ∆u and ∆v both
have entries in K ′

0 and their eigenvalues represent (the equivalence class of) the exponents ai’s. With respect
to this basis, the full connection can be written as

∇ = d+ T1 · d log u+ T2 · d log v,
with Ti ∈ Matd×d(K ′

0) satisfying T1T2 = T2T1.
We claim that there exists a basis as above so that T1 and T2 are upper-triangular nilpotent. Via a

change of basis by a matrix in GLd(K ′
0), we may assume that Nδ decomposes into simultaneous generalized

eigenspaces of T1 and T2. Let M be any one of these direct summands, with corresponding basis e1, . . . , eh.
With respect to this basis, we may assume that Ti = λiI+Ni with Ni upper-triangular nilpotent, for i = 1, 2;
namely,

∆u = u
d

du
+ λ1I +N1, ∆v = v

d

dv
+ λ2I +N2.

Note that λi ∈ Q∩Zp. We claim that λ1 and λ2 are actually integers. Granting this claim, we simply modify
the basis on M by multiplying u−λ1v−λ2 (and repeat this on each direct summand), and we are done.

It remains to prove the claim. Suppose that (λ1, λ2) /∈ Z2. Consider

M ′ := M ⊗Γ(AK′
0

(Sδ),O) RA−1λ

(cf. Remark 6.17), which is a direct summand of Nδ⊗Γ(AK′
0

(Sδ),O)R
A−1λ ∼= NdR,ξ (cf. (6.4)). By assumption,

NdR,ξ is unipotent, and hence so is M ′. In particular, M ′ admits a nonzero horizontal vector for the full
connection, say s =

∑︁h
i=1 siei ∈ M ′. We write each si =

∑︁
m,n∈Z s

mn
i umvn in terms of power series

expansions in the fake Robba ring. Let s = (s1, · · · , sh) as a column vector and write s =
∑︁
m,n∈Z smnumvn

accordingly. Since ∆u(s) = ∆v(s) = 0, we obtain(︂
(m+ λ1)Id +N1

)︂
smn = 0,

(︂
(n+ λ2)Id +N2

)︂
smn = 0.

If λ1 /∈ Z, then (m + λ1)I + N1 is invertible for all m, so s = 0. Similarly, if λ2 /∈ Z, then s = 0. This is a
contradiction and justifies the claim.

So far, we have achieved strong unipotence for N δ. Using ν∗
A, we obtain strong unipotence for Nr

dR,[σ1,σ2]
for sufficiently small r and for σ1, σ2 sufficiently close to σξ (note that K ′′

0 is just K ′
0 here). This settles the

special case of Proposition 6.14.

27[Wan24, Corollary 3.20] is an enhancement of [Gac99, Théorème pg.216], removing the freeness condition from the latter.
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6.6. Unipotence over annuli: general case.

Finally, we treat the general case of Proposition 6.14. The idea is to reduce to the special case handled in
§6.5.

6.6.1. Some preparations.

Recall from §6.2–6.4 the finite étale extension C†
ξ → R′ of fake Robba rings induced from the finite separable

extension R′/Rξ. We have also constructed a finite étale cover f : X ′
[σ1,σ2] → X[σ1,σ2] that realizes the

extension C†
ξ → R′. For r > 0 sufficiently small, the map f induces a finite étale map Cr

[σ1,σ2] → C′r
[σ1,σ2]

and a differential module N′r
dR,[σ1,σ2] over C′r

[σ1,σ2], equipped with a Frobenius structure.
To proceed, we first introduce some more notation. Recall that Rξ (resp. R′) coincides with the completed

stalk H (ξ) (resp. H (ξ′)) (see Remark 6.5 and the proof of Lemma 6.11). In particular, the residue field of Rξ
(resp. R′) is κ (resp. the algebraic closure κ′ of κ in R′). Note that K ′′

0 in the statement of Proposition 6.14
coincides with W (κ′)[1/p]. The following is an analogue of Ar

[σ1,σ2], but with variables x, y instead of πK
and [T ♭].

Definition 6.19. Let τ0 > 0 such that τ0 ̸∈ pQ.
(1) For any 0 < τ1 < τ0 < τ2 with τ1, τ2 ∈ pQ and any sufficiently small s > 0, define

As
[τ1,τ2](x, y) :=

⎧⎨⎩∑︂
i,j∈Z

cijx
iyj cij ∈W (κ′), |cij | · p−cK ·siτsj → 0 for all τ ∈ [τ1, τ2], as |i|+ |j| → +∞

⎫⎬⎭ .

For any s′ ∈ (0, s], we can define a norm λs′ on As
[τ1,τ2](x, y) by

λs′

⎛⎝∑︂
i,j∈Z

cijx
iyj

⎞⎠ = sup
i,j∈Z

sup
τ∈[τ1,τ2]

{|cij | · p−cK ·s′iτs
′j}.

(2) Let
As
τ0,colim(x, y) := lim−→

τ1<τ0<τ2

As
[τ1,τ2](x, y)

and
A†
τ0,colim(x, y) := lim−→

s→0+

As
τ0,colim(x, y).

Let As
τ0

(x, y) be the completion of As
τ0,colim(x, y) with respect to the norm λs,τ0 defined by

λs,τ0

⎛⎝∑︂
i,j∈Z

cijx
iyj

⎞⎠ = sup
i,j∈Z
{|cij | · p−cK ·siτsj0 }

and let A†
τ0

(x, y) = lim−→s→0+ As
τ0

(x, y).
(3) Let Bs

[τ1,τ2](x, y) = As
[τ1,τ2](x, y)[1/p] and Bs

τ0
(x, y) = As

τ0
(x, y)[1/p].

(4) Let C[s′,s]
[τ1,τ2](x, y) (resp. Cs

[τ1,τ2](x, y)) be the completion of Bs
[τ1,τ2](x, y) with respect to the family

of norms {λt}t∈[s′,s] (resp. family of norms {λt}t∈(0,s]). Let C†
[τ1,τ2](x, y) = lim−→s>0 Cs

[τ1,τ2](x, y).
(5) Let

Cs
τ0,colim(x, y) := lim−→

τ1<τ0<τ2

Cs
[τ1,τ2](x, y).

and
C†
τ0,colim(x, y) := lim−→

s→0+

Cs
τ0,colim(x, y).

Let Cs
τ0

(x, y) be the Fréchet completion of Cs
τ0,colim(x, y) with respect to {λt,τ0}t∈(0,s] and let

C†
τ0

(x, y) = lim−→
s→0+

Cs
τ0

(x, y).



A p-ADIC MONODROMY THEOREM FOR CURVES 43

The main idea to prove Proposition 6.14 is to construct continuous maps

C′r
[σ1,σ2]

ψ−→ Cs
[τ1,τ2](x, y), Cs

[τ1,τ2](x, y) ϕ−→ C′r′

[σ′
1,σ

′
2]

for suitable r, s, r′, σ1, σ2, τ1, τ2, σ
′
1, σ

′
2 and coordinates x, y, such that ϕ, ψ are compatible with Frobenius

and differential structures, and such that ϕ ◦ ψ and ψ ◦ ϕ coincide with natural inclusions. Given such
(systems of) maps, we can translate the question of p-adic differential equations over C′r

[σ1,σ2] to a question
over Cs

[τ1,τ2](x, y); but the latter is already analyzed in §6.5. As we shall see, to construct these maps, we
first construct them on the integral level; that is, we construct continuous maps

A′r
[σ1,σ2]

ψ−→ As
[τ1,τ2](x, y), As

[τ1,τ2](x, y) ϕ−→ A′r′

[σ′
1,σ

′
2]

with similar properties. The construction of these maps will occupy §6.6.2–6.6.4.

6.6.2. Algebraization of analytic covers.

Let A′†
ξ,colim := lim−→r→0+ lim−→σ1<σξ<σ2

A′r
[σ1,σ2], which is finite étale over A†

ξ,colim. Recall that A†
ξ,colim/p =

k(ξ) and A′†
ξ,colim/p = k(ξ′). Let | · |ξ (resp. | · |

ξ
′) denote the corresponding norm on the uncompleted stalk

k(ξ) (resp. k(ξ′)). Also note that the finite separable extension k(ξ′)/k(ξ) induces k(ξ′)⊗k(ξ) Rξ
∼= R′.

Lemma 6.20. (1) Both (A†
ξ,colim, p) and (A′†

ξ,colim, p) are henselian pairs.
(2) Let f ∈ A′†

ξ,colim be an element whose mod p reduction f is nonzero. Then f is invertible. If
moreover f satisfies |f |

ξ
′ < 1, then there exist a sufficiently small r and σ1, σ2 sufficiently close to

σξ such that f is topologically nilpotent in A′r
[σ1,σ2].

Proof. (1) Each (A†
[σ1,σ2], p) is henselian by the proof of [DMY26, Proposition 5.28], so the filtered

colimit (A†
ξ,colim, p) is again henselian. The henselianity of (A′†

ξ,colim, p) follows from finite étaleness.
(2) The first claim on the invertibility of f is a consequence of henselianity.

For the second claim, we first show that the claim holds for A†
ξ,colim in place of A′†

ξ,colim. Suppose
f0 ∈ A†

ξ,colim such that |f0|ξ < 1. Then, up to shrinking [σ1, σ2], we may assume that f0 ∈
R[σ1,σ2] and q := λ[σ1,σ2](f0) < 1 where λ[σ1,σ2] is the spectral norm on R[σ1,σ2]. By [DMY26,
Proposition 5.18(1)], there exists a sufficiently small r0 and a lift ˜︁f0 ∈ Ar0

[σ1,σ2] of f0 such that λr( ˜︁f0) =
qr for all r ∈ (0, r0]. If we write f0 = ˜︁f0 + pg for g ∈ Ar0

[σ1,σ2], then λr(g) ⩽ max{1, λr0(g)r/r0}.
Hence, there exists r1 < r0 such that λr(pg) < 1 for all r ∈ (0, r1]. This implies λr(f0) < 1 for all
r ∈ (0, r1].

Now we return to the statement for A′†
ξ,colim. View A′†

ξ,colim as a finite projective module of rank
m over A†

ξ,colim, and write Pf (T ) = Tm + am−1T
m−1 + · · ·+ a0 ∈ A†

ξ,colim[T ] for the characteristic
polynomial of the multiplication-by-f map. The roots of the mod p reduction P f (T ) are Galois
conjugates τ(f) of f ∈ k(ξ′) = A′†

ξ,colim/p in some fixed algebraic closure k(ξ)alg, and each of
them satisfies |τ(f)|

ξ
′ < 1. This implies |ai|ξ < 1 for all i. By the discussion above, we may

assume that ai ∈ Ar1
[σ1,σ2] and f ∈ A′r1

[σ2,σ2] for some r1, σ1, σ2, and that λr(ai) < 1 for all i and
all r ∈ (0, r1]. Finally, we show that λr(f) < 1 for all r ∈ (0, r1]. By Cayley–Hamilton, we have
fm + am−1f

m−1 · · ·+ a0 = 0. If λr(f) ⩾ 1, then
λr(f)m = λr(fm) ⩽ max

i<m
{λr(ai)λr(f)i} < λr(f)m

which is impossible. Here, we have used the fact that λr is power-multiplicative on A′r
[σ1,σ2].

□

By Krasner’s lemma, there is a finite separable extension F ′/κ(πK , T ♭) such that R′ = F ′ ⊗κ(πK ,T ♭) Rξ.
We view F ′ as a subfield of R′. Let

G(X) = Xd0 +
d0−1∑︂
i=0

aiX
i ∈ κ′(πK , T ♭)[X]
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be the minimal polynomial for a primitive element of the finite separable extension F ′/κ′(πK , T ♭). Let
g ∈ κ′[πK , T ♭] be a nonzero polynomial that clears the denominators of the coefficients of G, that is,
g · ai ∈ κ′[πK , T ♭] for all i = 0, . . . , d0 − 1. Pick an (arbitrary) g ∈W (κ′)[πK , [T ♭]] lifting g and pick a lift

G[X] ∈W (κ′)[πK , [T ♭], 1/g][X]

of G. Let ∆(G) ∈W (κ′)[πK , [T ♭], 1/g] denote the discriminant of G and consider

C0 := W (κ′)[π±
K , [T

♭]±, 1/g, 1/∆(G)], D0 := C0[X]/G(X).

By construction, C0 → D0 is finite étale. The fraction fields of C0/p and D0/p are precisely κ′(πK , T ♭)
and F ′, respectively. Moreover, we have ∆(G) ̸= 0, and is thus a unit in the fraction field κ′(πK , T ♭). By
Lemma 6.20, there is a natural map C0 → A†

ξ,colim as both g and ∆(G) map to units. In particular, we
obtain a map C0 → Ar

[σ1,σ2] after decreasing r and shrinking [σ1, σ2] if necessary.

Lemma 6.21. For sufficiently small r and for σ1, σ2 sufficiently close to σξ, we have

D0 ⊗C0 Ar
[σ1,σ2]

∼= A′r
[σ1,σ2].

Proof. By construction, there is an isomorphism
D0/p⊗C0/p Rξ

∼= R′.

By quasi-completeness of k(ξ) (cf. [Ber93, Theorem 2.3.3, Proposition 2.4.1]), we have an equivalence of
categories

(︁
k(ξ)

)︁
fét

∼−−→
(︁
Rξ
)︁

fét. This produces an isomorphism

D0/p⊗C0/p A†
ξ,colim/p

∼= A′†
ξ,colim/p.

Finally, by the henselianity of (A†
ξ,colim, p) proved in Lemma 6.20, we obtain an isomorphism

D0 ⊗C0 A†
ξ,colim

∼= A′†
ξ,colim,

from which the lemma follows. □

6.6.3. The coordinates x, y.

To construct ψ and ϕ, we need a further approximation step to relate D0 with a suitable polynomial ring
W (κ′)[x, y]. Recall from §6.2 that the valuation vα on Rξ uniquely extends to a valuation (again denoted
as vα) on R′. Since κ′(πK , T ♭) ⊂ F ′ ⊂ R′, the value group Γ′ of F ′ contains Z + αZ as a subgroup of finite
index. In particular, the valuation vα on F ′ is monomial in the sense of [Ked09, Definition 6.1.1]. Pick a
Z-basis {β1, β2} of Γ′ with β1, β2 > 0 (note that β2/β1 /∈ Q), and then pick elements t1, t2 ∈ (F ′)× such that
vα(ti) = βi.

Proposition 6.22. There exists a smooth algebraic surface S over Specκ′ with function field F (S) = F ′,
a closed point s0 ∈ S at which the valuation vα is centered, and regular parameters x, y ∈ OS,s0 such that
ti = ui · xaiybi for i = 1, 2, with ui ∈ O×

S,s0
and ai, bi ∈ Z⩾0. Here, we say that the valuation is centered at

s0 if mS,s0 = OS,s0 ∩{a ∈ F ′ | vα(a) > 0} where the intersection is taken inside F ′ = FracOS,s0 (cf. [Ked08,
Definition 2.4.1]).

Proof. This follows from the local uniformization theorem of monomial valuations (cf. [KK05, Theorem 1.1],
also see [Ked09, Proposition 6.1.3]). □

Write γ1 = vα(x) and γ2 = vα(y) for the valuations of x and y. Then β1 = a1γ1+b1γ2 and β2 = a2γ1+b2γ2.
In particular, γ1 and γ2 are rationally independent. Since S is smooth at s0 with regular parameters x, y,
we have an isomorphism (OS,s0)∧

mS,s0
∼= κ′[[x, y]]. This implies that κ′[x, y] is dense in OS,s0 for the topology

induced by the valuation vα. Therefore, κ′(x, y) is dense in F ′, and thus is dense in R′. Also note that, since
x, y are regular parameters at s0, we have an isomorphism

F ′ ⊗κ′(x,y) Ω1
κ′(x,y)/κ′

∼−−→ Ω1
F ′/κ′

as Ω1
F ′/κ′

∼= F ′ ⊗OS,s0
Ω1

OS,s0/κ
′
∼= F ′dx⊕ F ′dy. This implies Ω1

F ′/κ′(x,y) = 0, so the extension F ′/κ′(x, y) is
finite separable (it is finite because it is finitely generated and has transcendental degree 0).
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Remark 6.23. We point out that, the fact that F ′/κ′(x, y) is a finite separable extension and that κ′(x, y)
is dense in F ′ implies that they have the same completion, but does not imply that they are equal.

Since F ′ = Frac(D0/p), we can write x = h1/g1 and y = h2/g2 with h1, h2, g1, g2 ∈ D0/p. Pick liftings
h1, h2, g1, g2 ∈ D0 and consider a ring map W (κ′)[x, y]→ D0[1/(g1g2)] sending x ↦→ h1/g1, y ↦→ h2/g2. This
is a lift of κ′[x, y] −→ OS,s0 ⊂ F ′ = Frac(D0/p). By further inverting the Jacobian J ∈ D0[1/(g1g2)] of x, y
with respect to πK , [T ♭], we arrive at an étale ring map (“the framing”)

□ : W (κ′)[x, y] −→ D := D0[1/(g1g2), 1/J ].

6.6.4. Constructions of ψ and ϕ.

Construction of ψ.
Let τ0 := p−cK ·γ2/γ1 (note that τ0 ̸∈ pQ) and let [τ1, τ2] be an interval containing τ0, with τ1, τ2 ∈ pQ.

Consider A†
τ0,colim(x, y) and A†

τ0
(x, y) defined in §6.6.1, and note that (A†

τ0,colim(x, y), p) is a henselian pair.
Let Rτ0,colim := A†

τ0,colim(x, y)/p and Rτ0 := A†
τ0

(x, y)/p. Similarly to Remark 6.5 and Lemma 6.8, Rτ0,colim
(resp. Rτ0) coincides with the uncompleted residue field (resp. completed residue field) of a type III point
corresponding to a circle of radius τ0 in characteristic p, and we have an isomorphism Rτ0

∼= R′ by sending
x ↦→ x, y ↦→ y.

By construction, we have inclusions F ′ ⊂ R′ and Rτ0,colim ⊂ Rτ0
∼= R′. We claim that the first inclusion

factors through the second via an injection F ′ ↪→ Rτ0,colim. To see this, consider E := F ′ ⊗κ′(x,y) Rτ0,colim.
Note that E is a finite étale Rτ0,colim-algebra since F ′/κ′(x, y) is finite separable. Consider the composition
m : E ⊗Rτ0,colim R′ ∼= F ′ ⊗κ′(x,y) R

′ → R′ where the second map is the multiplication map. By the fully
faithfulness in [KL15, Lemma 2.2.4(a)], m descends to a unique Rτ0,colim-algebra map m0 : E → Rτ0,colim.
Finally, composing with F ′ → E sending a ↦→ a⊗ 1, we get the desired inclusion F ′ ↪→ Rτ0,colim.

Given this, we deduce that the natural map W (κ′)[x, y]→ A†
τ0,colim(x, y) factors as the composition

W (κ′)[x, y] □−→ D
η−→ A†

τ0,colim(x, y)

for a unique map η : D −→ A†
τ0,colim(x, y). Indeed, since (A†

τ0,colim(x, y), p) is henselian, it suffices to observe
that the modulo p reduction κ′[x, y]→ Rτ0,colim factors as κ′[x, y]→ D/p→ F ′ → Rτ0,colim. Consequently,
we obtain a map

η : D −→ As
[τ1,τ2](x, y)

for sufficiently small s > 0 and for τ1, τ2 sufficiently close to τ0.
To construct the desired ψ : A′r

[σ1,σ2] → As
[τ1,τ2](x, y), it suffices to produce a map ψ1 : D0 → As

[τ1,τ2](x, y)
and a map ψ2 : Ar

[σ1,σ2] → As
[τ1,τ2](x, y) that agrees on C0 (cf. Lemma 6.21). In fact, we take ψ1 to be the

composition
D0 → D

η−→ As
[τ1,τ2](x, y).

To construct ψ2, we need the following lemma. For the setup, let us write the rational numbers cKr and
αi = − 1

cK
logp σi (for i = 1, 2) in their reduced rational forms

cKr = h1

k1
, − 1

cK
logp σ2 = e1

m1
, − 1

cK
logp σ1 = f1

n1
.

Note that e1/m1 < α < f1/n1 by assumption.

Lemma 6.24. Let B be a Banach W (κ)-algebra where W (κ) is equipped with the standard p-adic norm.
Suppose that x, y ∈ B× are topologically nilpotent units and suppose that ph1x−k1 , ym1x−e1 , xf1y−n1 are
power-bounded. Then there exists a unique continuous ring map Ar

[σ1,σ2] → B sending πK ↦→ x, [T ♭] ↦→ y.

Proof. From the description of Ar
[σ1,σ2] in Definition 4.18(2) (cf. Proposition 3.12), we know that

Ar
[σ1,σ2] =

(︄
W (κ)[[πK ]]

⟨︂
[T ♭], p

h1

πk1
K

,
[T ♭]m1

πe1
K

,
πf1
K

[T ♭]n1

⟩︂)︄
[ 1
πK

]
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where completion is taken with respect to the (p, πK)-adic topology (equivalently, the p-adic topology). In
other words, we have

Ar
[σ1,σ2]

∼=

(︄
W (κ)[[πK ]]⟨[T ♭], X0, X1, X2⟩(︁

ph1 − πk1
KX0, [T ♭]m1 − πe1

KX1, π
f1
K − [T ♭]n1X2

)︁)︄ [ 1
πK

].

The map to B is then given by sending πK ↦→ x, [T ♭] ↦→ y,X0 ↦→ ph1/xk1 , X1 ↦→ ym1/xe1 , X2 ↦→ xf1/yn1 . It
is straightforward to check that the map is indeed well-defined and continuous. □

Consider elements x1 := η(πK) and y1 := η([T ♭]) in As
[τ1,τ2](x, y). Note that the images of x1, y1, ph1x−k1

1 ,
ym1

1 x−e1
1 , xf1

1 y
−n1
1 in A†

τ0,colim(x, y) all have mod p reductions with norm < 1. Hence, by decreasing s and
shrinking [τ1, τ2] if necessary, we may assume that x1, y1, ph1x−k1

1 , ym1
1 x−e1

1 , xf1
1 y

−n1
1 are all topologically

nilpotent, by applying Lemma 6.20. Applying Lemma 6.24 to B = As
[τ1,τ2](x, y), we obtain the desired map

ψ2 : Ar
[σ1,σ2] → As

[τ1,τ2](x, y). It is routine to check that these two maps agree on C0.

Construction of ϕ.
Write cKs = h2/k2, − 1

cK
logp τ2 = e2/m2, − 1

cK
logp τ1 = f2/n2 in their reduced rational forms. Since the

images of 1/(g1g2) and 1/J in Frac(D0/p) = F ′ are nonzero, the map D0 → A′r
[σ1,σ2] given by Lemma 6.21

extends to a map
θ : D −→ A′r

[σ1,σ2]

by decreasing r and shrinking [σ1, σ2] if necessary, using the henselianity of (A′†
ξ,colim, p) (see Lemma 6.20).

Write x2 := θ(x) and y2 := θ(y). Since x2 and y2 are invertible, and x2, y2, ph2x−k2
2 , ym2

2 x−e2
2 , xf2

2 y
−n2
2

all have reduction of absolute value < 1, (after further decreasing r′ and shrinking [σ′
1, σ

′
2] if necessary), we

obtain the desired map ϕ : As
[τ1,τ2](x, y)→ A′r′

[σ′
1,σ

′
2] by applying Lemma 6.24.

Compositions of ψ and ϕ.
For the reader’s convenience, let us summarize our constructions. Given any sufficiently small r and

sufficiently small interval [σ1, σ2] containing σξ, we have a continuous ring map ψ : A′r
[σ1,σ2] → As

[τ1,τ2](x, y)
for some s and some sufficiently small interval [τ1, τ2] containing τ0. Note that if we decrease r, then ψ
remains valid as long as we decrease s accordingly, without changing [σ1, σ2] or [τ1, τ2].28 Therefore, we
actually obtain a system of maps ψ as r varies. Likewise, we obtain a system of continuous ring maps
ϕ : As

[τ1,τ2](x, y)→ A′r′

[σ′
1,σ

′
2] as s varies.

Unwinding the construction, it is straightforward to check that the compositions

A′r
[σ1,σ2]

ψ−→ As
[τ1,τ2](x, y) ϕ−→ A′r′

[σ′
1,σ

′
2]

and
As

[τ1,τ2](x, y) ϕ−→ A′r′

[σ′
1,σ

′
2]

ψ−→ As′

[τ ′
1,τ

′
2](x, y)

are both natural restriction maps (for suitable r′ < r, s′ < s, [σ′
1, σ

′
2] ⊂ [σ1, σ2], and [τ ′

1, τ
′
2] ⊂ [τ1, τ2]).

Lastly, by inverting p and passing to Fréchet completions, we obtain systems of continuous ring maps

C′r
[σ1,σ2]

ψ−→ Cs
[τ1,τ2](x, y), Cs

[τ1,τ2](x, y) ϕ−→ C′r′

[σ′
1,σ

′
2]

such that both ϕ ◦ ψ and ψ ◦ ϕ are natural restriction maps.

6.6.5. Proof of Proposition 6.14.

Passing to colimits, we obtain maps

C′†
[σ1,σ2]

ψ−→ C†
[τ1,τ2](x, y) ϕ−→ C′†

[σ′
1,σ

′
2], C†

[τ1,τ2](x, y) ϕ−→ C′†
[σ′

1,σ
′
2]

ψ−→ C†
[τ ′

1,τ
′
2](x, y)

whose compositions are both natural restriction maps. For τ1, τ2 sufficiently close to τ0, consider
N[τ1,τ2] := N′

dR,[σ1,σ2] ⊗C′†
[σ1,σ2],ψ

C†
[τ1,τ2](x, y).

28This follows from the construction. Note that in Lemma 6.20(2), the choices of σ1 and σ2 are independent of r.
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Using ψ and ϕ, the Frobenius structure on C′†
[σ1,σ2] induces a Frobenius structure on C†

[τ1,τ2](x, y). This is
essentially due to the construction; indeed, since ϕ and ψ are constructed from the integral level, the induced
Frobenius map is indeed a lift of the absolute Frobenius map in characteristic p. Moreover, passing the
completed colimits as σ1, σ2 → σξ and τ1, τ2 → τ0, we obtain an isomorphism R′ ∼= C†

τ0
(x, y) of fake Robba

rings, compatible with Frobenius structures. Consequently, N[τ1,τ2] is a finite projective (ϕ,∇)-module over
C†

[τ1,τ2](x, y) equipped with differential operators Dx and Dy such that

N[τ1,τ2] ⊗C†
[τ1,τ2](x,y) C†

τ0
(x, y)

is already unipotent. Finally, applying the arguments in the special case (see §6.5), we deduce that N[τ1,τ2] is
strongly unipotent, by shrinking the interval [τ1, τ2] if necessary. Using ψ and ϕ, we conclude that N′

dR,[σ1,σ2]
is also strongly unipotent, for σ1, σ2 sufficiently close to σξ. This finishes the proof of Proposition 6.14.

7. Around points of type IV

In this section, we prove the following stronger local version of the p-adic monodromy theorem, which
immediately implies Theorem 12, for a type IV point.
Theorem 7.1. Let X and L be as in Theorem 12. Let ξ ∈ XCK

be a point of type IV. Then there exist a
finite extension L/K, an open neighborhood U of the image of ξ in XL, and a finite étale cover f : V → U ,
such that f∗(L|U ) is horizontally semistable in the sense of [Shi22, Definition 4.13]; in particular, f∗(L|U )
is pointwise semistable (i.e. semistable at every classical point in V ).

To prove Theorem 7.1, we first show that every p-adic differential equation is étale locally trivial around
any type IV point.
Theorem 7.2. Let ξ ∈ XCK

be a point of type IV and let (M,∇) be a vector bundle with connection on a
neighborhood of ξ. Then there exists an open neighborhood U of ξ and a finite étale cover f : V → U such
that f∗M is a trivial connection.

Applying Theorem 7.2 to DdR(L) (together with a descent argument), we reduce to the case where L is
horizontally de Rham. Then Theorem 7.1 follows from the work of Shimizu [Shi22] on potential semistability
of horizontally de Rham local systems.

Throughout the section, let ω = p− 1
p−1 .

7.1. Some preparations.

We first make some elementary observations before proceeding to the proof of Theorem 7.2. By [Ber07,
Proposition 2.2.1], a type IV point on XCK

admits a basis of open neighborhoods consisting of closed disks.
Therefore, without loss of generality we may assume that ξ is a type IV point on a closed unit disk with
coordinate T . Also recall that k(ξ) denotes the (uncompleted) residue field at ξ, which coincides with the
stalk OXCK

,ξ, and H (ξ) stands for the completed residue field. Moreover, k(ξ) is a differential field with
derivation ∂ = d/dT . Note that the constant field k(ξ)∂=0 is CK , and ∂ : k(ξ) → k(ξ) is surjective.29 For
later use, we fix an algebraic closure K (ξ) of k(ξ). When the type IV point ξ is understood, we simply write
K for K (ξ).
Lemma 7.3. Let k/k(ξ) be a finite extension. Then there exist an open neighborhood U of ξ and a finite
étale cover f : V → U with a unique preimage ξ′ lying above ξ such that k = OV,ξ′ ; in particular, ξ′ has
type IV. Moreover, the derivation ∂ = d/dT uniquely extends to a derivation ∂ on k with constant field CK ,
and ∂ : k→ k is surjective.
Proof. The first statement is straightforward. The derivation uniquely extends to k because k/k(ξ) is a finite
separable extension. Pick a closed disk V ′ ⊂ V containing ξ′ with coordinate S. Then we have ∂ = g d

dS

where g = dS
dT ∈ k×. The desired surjectivity of ∂ : k→ k follows from the surjectivity of d

dS on k. □

29To see the surjectivity of ∂, suppose a ∈ k(ξ) is defined on some closed disk U containing ξ with coordinate T . Integrating
a with respect to T , we obtain an analytic function b that converges on any strictly smaller closed disk containing ξ and such
that ∂b = a.
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As an immediate consequence, ∂ = d/dT uniquely extends to a derivation ∂ : K → K . The following
corollary is a special case of Theorem 7.2 when the vector bundle has rank 1.

Corollary 7.4. Every rank 1 differential module over (K , ∂) is trivial.

Proof. Let e be a basis with ∇(e) = ae for some a ∈ K . It suffices to find c ∈ K × such that ∂c = ac. Given
such c, we have ∇(c−1e) = −c−2(ac)e+ c−1 · ae = 0 as desired.

Let k/k(ξ) be a finite extension that contains a. Applying Lemma 7.3, we obtain a finite étale cover
V → U and a type IV point ξ′ ∈ V such that ξ′ is the unique preimage of ξ and k = OV,ξ′ . By shrinking, we
may assume that V is a closed disk. Moreover, there exists b ∈ k such that ∂b = a, which we may assume to
be an analytic function on V . Write A = O(V ), equipped with its spectral norm | · |V . Let m be a sufficiently
large integer such that |pmb|V < ω. Then the exponential u = exp(pmb) converges on V and u ∈ A×. Note
that the cover of V given by A[z]/(zpm − u) is finite étale by the Jacobian criterion. Therefore, a root z of
zp

m = u in K satisfies ∂z = az and is precisely the solution we are looking for. □

7.2. Differential modules over (k(ξ), ∂).

Theorem 7.2 boils down to potential triviality of differential modules over (k(ξ), ∂). To prove this, we need
the following key technical result.

Proposition 7.5. Let ξ ∈ XCK
be a point of type IV and let V be an irreducible differential module over

(k(ξ), ∂) of rank n with trivial determinant (i.e., the determinant ∧nV is a trivial differential module). Then
either p|n or n = 1.

7.2.1. Radii of optimal convergence.
To prove this key proposition, let us recall some basic notions and results from the theory of p-adic differenial
equations (for example, see [Ked22]). Just for the purpose of proving Proposition 7.5, we temporarily treat
all disks and annuli below as Berkovich spaces instead of as adic spaces. This is mainly because the theory
of p-adic differential equations are most developed over Berkovich spaces in standard literature. Note that
for a type IV point ξ on a rigid analytic curve X, its Berkovich stalk OXBer,ξ coincides with its adic stalk
OXad,ξ (cf. §2.4). In particular, there is no ambiguity in writing k(ξ) and H (ξ).

For the setup, let (M,∇) be a differential module of rank n over the closed disk DCK
(0, r0) of radius

r0 ∈ pQ with coordinate T . For any Berkovich point z ∈ DCK
(0, r0) (that is, a point of type I, II, III, or IV),

define
Mz,0 := M ⊗O(DCK

(0,r0)) H (z)[[T − tz]]
where tz denotes the image of T in H (z) and the map O(DCK

(0, r0))→H (z)[[T−tz]] sends T ↦→ (T−tz)+tz.
This is a differential module over (H (z)[[T−tz]], d

d(T−tz) = d
dT ) with full (formal) horizontal sections; namely,

(Mz,0)∇=0 ⊗H (z) H (z)[[T − tz]] ∼−−→ Mz,0.

For any ρ ∈ (0, r0), let

Mz,ρ := M ⊗O(DCK
(0,r0)) H (z)⟨T − tz

ρ
⟩

and let Solz(ρ) := (Mz,0)∇=0 ∩Mz,ρ denote the H (z)-vector space of horizontal sections of ∇ that converge
on the closed disk of radius ρ.

Definition 7.6. For any Berkovich point z ∈ DCK
(0, r0), the radii of optimal convergence30 0 < s1(M, z) ⩽

· · · ⩽ sn(M, z) ⩽ r0 are defined by

si(M, z) := sup{ρ < r0 : dimH (z) Solz(ρ) ⩾ n+ 1− i}.

In other words, si(M, z) is the radius of the maximal open disk around tz on which there exist n − i + 1
linearly independent horizontal sections of M .

30The normalization we use here is slightly different from [Ked22, Definition 11.9.1]. Also note that there is a typo in loc.
cit.: n − i should be n + 1 − i.
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Definition 7.7. For any µ ∈ CK with |µ| ⩽ r0 and any 0 < ρ ⩽ r0, let xµ,ρ denote the point of type II or
III corresponding to the disk DCK

(µ, ρ) of radius ρ centered at µ (see §2.1). We put
Ri(M,xµ,ρ) = min{ρ, si(M,xµ,ρ)}, IRi(M,xµ,ρ) = min{1, si(M,xµ,ρ)/ρ}

for i = 1, . . . , n.

Remark 7.8. The quantities Ri(M,xµ,ρ) and IRi(M,xµ,ρ) are closely related to the notions of generic
subsidiary radii of convergence and intrinsic generic subsidiary radii of convergence (cf. [Ked22, Defini-
tion 9.4.4, 9.4.7, & 9.8.1]). Indeed, let Hµ,ρ denote the completed residue field at xµ,ρ and let Mµ,ρ be the
base change of (M,∇) to Hµ,ρ. Then Ri(M,xµ,ρ) (resp. IRi(M,xµ,ρ)) is precisely the generic subsidiary
radii of convergence Ri(Mµ,ρ) (resp. the intrinsic generic subsidiary radii of convergence IRi(Mµ,ρ)) defined
in loc. cit.

The following local constancy result will be a key ingredient of the proof of Proposition 7.5.

Theorem 7.9. Let ξ ∈ DCK
(0, r0) be a type IV point and let (M,∇) be a differential module of rank n over

DCK
(0, r0). Then there exists a closed disk U ⊂ DCK

(0, r0) containing ξ such that si(M, z) is a constant
function on U for all i = 1, . . . , n, where the variable z ranges over all Berkovich points on U .

Proof. This is [Ked15, Lemma 4.5.14] (also see [KS17]). □

7.2.2. Some reduction steps.
To prove Proposition 7.5, let us start with some reduction steps.

First, we may assume that the differential module V is represented by a finite free irreducible differential
module (M,∇) over a closed disk DCK

(0, r0) centered at 0 with radius r0 ∈ pQ, over which the determinant
of M is trivial. By Theorem 7.9, we may further assume that all si(M, z)’s are constant on DCK

(0, r0), which
we simply denote as s1, . . . , sn.

Let r := r(ξ) denote the radius of the type IV point ξ. Note that r < r0. We may further assume that
s1 ⩽ r. Otherwise, there exists a closed disk DCK

(a, d) centered at some point a with radius d satisfying
r < |T − a|ξ < d < s1, where | · |ξ is the continuous valuation associated with ξ. This disk contains the
type IV point ξ and M admits a full set of horizontal solutions over DCK

(a, d). The irreducibility then forces
n = 1 and there is nothing to prove. From now on, we assume that s1 ⩽ r.

Lemma 7.10. We have s1 = s2 = · · · = sn.

Proof. Suppose s1 = · · · = sj < sj+1 for some j < n. By assumption, we have R1(M,x0,ρ) = · · · =
Rj(M,x0,ρ) = s1, and Rj+1(M,x0,ρ) = min{ρ, sj+1} > s1, for all ρ ∈ (r, r0). By [Ked22, Theorem 12.5.2],
there exists a decomposition M = M1 ⊕M2 of differential modules over the open annulus ACK

(r, r0), where
M1 has rank j while M2 has rank n− j. This contradicts the irreducibility assumption. □

Let s denote the value s1 = · · · = sn. The following is an immediate consequence of Lemma 7.10.

Corollary 7.11. For any µ ∈ CK with |µ| < r0 and any ρ ∈ [s, r0), we have Ri(M,xµ,ρ) = s for all
i = 1, . . . , n.

Now, we pick d ∈ pQ ∩ (r, r0) such that d /∈ {s · ω−1/pj | j ∈ Z⩾0}, and pick a, c ∈ CK with |c| = d and
|T − a|ξ < d. Let b = a + c. Note that |T − b|ξ = d. In other words, ξ lies on the circle centered at b
with radius d. In fact, ξ lies inside the open disk DCK

(a,< d). By a change of coordinates, we may assume
that b = 0. Under this new coordinate, the open disk DCK

(a,< d) (and thus ξ) is contained in the circle
{|T | = d}, and hence contained in the closed annulus {α ⩽ |T | ⩽ β} for any α, β ∈ pQ satisfying

r < α < d < β < r0.

In other words, we have
(7.1) ξ ∈ DCK

(a,< d) ⊂ ACK
([d, d]) ⊂ ACK

([α, β]) ⊂ DCK
(0, r0)

as illustrated in Figure 7.2.2. By scaling the coordinate T , we may assume that d = 1 from now on. Note
that the previous assumption on d implies that s ̸= ω1/pj for all integers j ⩾ 0.

Let us make one final reduction before proving Proposition 7.5.
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0

a
ξ

The open disk D(a, < d)
containing ξ

The closed disk DCK (0, r0)

The outer boundary |T | = β

The closed circle (amplified in picture)
ACK ([d, d]) := {|T | = d}

The inner boundary |T | = α

The closed annulus ACK ([α, β])

Figure 3. A Cartoon of annuli and disks containing ξ

Lemma 7.12. It suffices to prove Proposition 7.5 under the additional assumption that s < ω.

Proof. Let h ⩾ 0 be the least integer such that sph

< ω. If h = 0, there is nothing to prove, so we assume
h > 0. Note that sph

< ω and sph−1
> ω (here we use s ̸= ω1/pj for all j ⩾ 0). In particular, s > ω. Pick an

interval [α, β] as above so that

(7.2) (s/ρ)p
h

< ω and (s/ρ)p
h−1

> ω for all ρ ∈ [α, β].
The idea, which dates back to the works of Christol and Dwork, is to apply Frobenius antecedents to make
the generic radii visible. More precisely, consider the “Frobenius map”

ϕ : {α ⩽ |T | ⩽ β} → {αp ⩽ |T1| ⩽ βp}
given by T1 ↦→ T p. By [Ked22, Theorem 10.4.4, 10.4.2], there exists a Frobenius antecedent M1 of M along
ϕ; that is, a differential module M1 over the annulus {αp ⩽ |T1| ⩽ βp} such that M is the pullback of
M1 along the Frobenius map ϕ. For this new annulus, the open disk that contains the type IV point ϕ(ξ)
becomes DCK

(ϕ(a), < 1), while the radii of optimal convergence all become sp. Hence, for any ρ1 ∈ [αp, βp],
we have IRi(M1, x0,ρ1) = sp/ρ1 for all i = 1, . . . , n, and we have (sp/ρ1)ph−1

< ω and (sp/ρ1)ph−2
> ω by

(7.2). Moreover, M1 is irreducible and has trivial determinant. The latter follows from the uniqueness of
Frobenius antecedent. Applying this construction h-times, we obtain Mh (which is irreducible with trivial
determinant) over the annulus {αph

⩽ |Th| ⩽ βp
h} with all radii of optimal convergence equal to sph

< ω.
This finishes the proof of the lemma. □

From now on, we assume s < ω. Pick r < α < d = 1 < β < r0 as above such that s/α < ω. In particular,
we have s/ρ < ω for all ρ ∈ [α, β].

7.2.3. Proof of Proposition 7.5.
We are ready to prove Proposition 7.5. Thanks to the reduction steps, we are in the following setup:

• (M,∇) is a finite free differential module over DCK
(0, r0) of rank n;

• For each i = 1, . . . , n, the radii of optimal convergence si(M, z) are constant on DCK
(0, r0), and are

all equal to some s < ω;
• For any µ ∈ CK with |µ| < r0 and any ρ ∈ [s, r0), we have Ri(M,xµ,ρ) = s for all i = 1, . . . , n;
• We have r < α < 1 < β < r0 with α, β ∈ pQ such that s/ρ < ω for all ρ ∈ [α, β], and such that

ξ ∈ DCK
(a,< 1) ⊂ ACK

([1, 1]) ⊂ ACK
([α, β]) ⊂ DCK

(0, r0)
as illustrated in Figure (7.2.2).

Let us assume that n > 1 and p ∤ n. Our goal is to find a contradiction. The proof is organized in several
steps.

Step 1.
Consider the base change (MF ,∇) of (M,∇) to the fraction field F of the ring of analytic functions on the
annulus {α ⩽ |T | ⩽ β}. By [Ked22, Theorem 5.4.2], the differential module (MF ,∇) admits a cyclic vector
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v. Write ∇n(v) =
∑︁n−1
i=0 ci · ∇i(v), where each ci = ci(T ) is a meromorphic function on the annulus, and

let P (X) := Xn −
∑︁n−1
i=0 ci · Xi be the characteristic polynomial of v. For any µ ∈ CK with |µ| < r0 and

any ρ ∈ [α, β], let Hµ,ρ = H (xµ,ρ) denote the completed residue field of xµ,ρ (equipped with the continuous
valuation | · |µ,ρ) and let Mµ,ρ denote the base change of M to Hµ,ρ. By construction, v is also a cyclic vector
of Mµ,ρ, again with characteristic polynomial P (X). Let βi,µ,ρ denote the roots of P (X) in an algebraic
closure of Hµ,ρ, for i = 1, . . . , n. By the classical result of Christol and Dwork (cf. [Ked22, Theorem 6.5.3,
Corollary 6.5.4]), we have |βi,µ,ρ|µ,ρ = ω/s for all i (in particular, the | · |µ,ρ-norm of βi,µ,ρ are independent
of ρ). Note that the entire spectrum of Mµ,ρ is visible in the sense of [Ked22, Definition 6.5.1] because
ω/s > 1/ρ.

Note that ω/s ∈ pQ. Pick γ ∈ C×
K with |γ| = ω/s and write bi := γ−(n−i) · ci ∈ F . Consider a new

polynomial

˜︁P (X) := γ−nP (γX) = Xn −
n−1∑︂
i=0

biX
i ∈ F [X].

Over Hµ,ρ, it has roots γ−1βi,µ,ρ, which all have norm 1. In particular, we have |bi|µ,ρ ⩽ 1 for all i =
1, . . . , n− 1, and |b0|µ,ρ = 1.

Now we consider the type II point x0,1 and the associated completed residue field H0,1 = H (x0,1). It is
a complete non-archimedean field with respect to the 1-Gauss norm | · |0,1, with an imperfect residue field
k(T ) (recall that k = kK is the residue field of K). Then bi = bi(T ) lies in OH0,1 for all 0 ⩽ i ⩽ n− 1. For
simplicity, let us write βi = βi,0,1 for the roots of P (X) over an algebraic closure of H0,1, which we fix in
the rest of the proof.

Sublemma A. The image of ˜︁P (X) under the reduction map OH0,1 [X]→ k(T )[X] lies in k[X].

Proof of Sublemma A. Let µ ∈ k× be an element and let µ ∈ O×
CK

be a lift of µ (for example one may take
µ = [µ]). The residue disk corresponding to µ is DCK

(µ,< 1). Inside this residue disk, we have type II and III
points xµ,ρ with ρ < 1, corresponding to the closed disk DCK

(µ, ρ) ⊂ DCK
(µ,< 1). Let f be a meromorphic

function on the annulus {α ⩽ |T | ⩽ β}. Recall the number sµ(f) defined in [Ked22, Definition 11.1.1]

sµ(f) := d

dr r → 0+

(︂
− log |f |xµ,p−r

)︂
.

It is independent of the lift µ and measures the change in the norm of f when “entering” into the residue
disk DCK

(µ,< 1). Moreover, if |f |0,1 = 1, we know that sµ(f) = ordµ(f) is simply the order of the zeros of
f ∈ k(T ) at µ (cf. the proof of [Ked22, Proposition 11.1.2]). There are similar definitions and statements
for µ = 0 and ∞; see loc. cit.

We apply the discussion above to the meromorphic functions bi. Recall that |bi|0,1 ⩽ 1. If |bi|0,1 < 1 then
bi = 0 and there is nothing to prove. So we assume that |bi|0,1 = 1. If µ ∈ k× is a pole of bi, then sµ(bi) = −m
for some m ⩾ 1 and hence |bi|µ,ρ = ρ−m > 1 for ρ sufficiently close to 1−, which is a contradiction. Therefore
bi has no poles at any µ ∈ k×. A similar argument implies that bi has no poles at 0 and ∞ (by considering
x0,ρ as ρ→ 1− and x0,ρ′ as ρ′ → 1+, respectively). Therefore, each bi must be a constant, as desired. □

Step 2.
By Sublemma A, any root of the reduction of ˜︁P (X) lies in k. Pick a root η ∈ k of the reduction of ˜︁P (X), and
let η = [η] be its Teichmuller lift in O×

CK
. Let λ = ηγ, which has norm |λ| = |γ| = ω/s. By the construction,

we know that |βi − λ|0,1 ⩽ ω/s for all i = 1, . . . , n. Moreover, we have |βi0 − λ|0,1 < ω/s for at least one of
the indices i0.

Sublemma B. In fact, we have |βi − λ|0,1 < ω/s for all i = 1, . . . , n.

Proof of Sublemma B. Suppose |βi − λ|0,1 = ω/s for some indices i. Let l be the number of such indices;
in particular, 1 ⩽ l ⩽ n− 1. Consider the free rank-1 differential module L−λ over the annulus ACK

([α, β])
with basis e−λ defined by D(e−λ) = −λe−λ. Then consider the differential module

M−λ := M ⊗ΓCK
([α,β]) L−λ
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where ΓCK
([α, β]) denotes analytic functions on the annulus ACK

([α, β]) (cf. §1.9). If we write ∇−λ for the
resulting differential on M−λ, then ∇−λ = ∇− λ. That is, for all x ∈M , we have

∇−λ(x⊗ e−λ) = (∇(x)− λx)⊗ e−λ.

From now on, we shall identify an element x ∈ M with its image x ⊗ e−λ ∈ M−λ. In particular, for the
cyclic vector v chosen previously, we have P (∇−λ + λ)v = 0. Moreover, {v,∇−λ(v), · · · ,∇n−1

−λ (v)} form a
cyclic basis of M−λ with characteristic polynomial P (X + λ), whose roots in the algebraic closure of H0,1
are βi − λ.

Since |λ| = ω/s, exp(λT ) has convergence radius s and thus R1(L−λ, x0,ρ) = min{ρ, ω|λ|} = s for all
ρ ∈ [α, β]. This in turn implies that R1(M−λ, x0,ρ) ⩾ s for all ρ ∈ [α, β] by [Ked22, Lemma 9.4.6]. We claim
that Rn(M−λ, x0,1) > s. Otherwise, we must have

R1(M−λ, x0,1) = · · · = Rn(M−λ, x0,1) = s.

Since the entire spectrum of M−λ is visible at x0,1, by the result of Christol and Dwork again (cf. [Ked22,
Theorem 6.5.3, Corollary 6.5.4]), the roots βi − λ of P (X + λ) all have norms |βi − λ|0,1 = ω/s. This
contradicts the fact that |βi0 − λ|0,1 < ω/s for at least one of the indices i0.

Consequently, up to shrinking the interval [α, β] if necessary, we have Rn(M−λ, x0,ρ) > s for all ρ ∈ [α, β].
But this would imply that M−λ (and thus M) is not irreducible, by the same splitting argument in the proof
of Lemma 7.10 (using [Ked22, Theorem 12.5.2]). This finishes the proof of the lemma. □

Step 3.
Now we finish the proof of Proposition 7.5. By Sublemma B, we have⃓⃓

cn−1 − nλ
⃓⃓
0,1 =

⃓⃓ n∑︂
i=1

βi − nλ
⃓⃓
0,1 < ω/s.

Since |nλ| = |λ| = ω/s (this is where we use p ∤ n), we deduce that |cn−1|0,1 = ω/s > 1. Now, consider the
element wdet := v ∧ ∇(v) ∧ · · · ∧ ∇n−1(v) in the determinant of M0,1 = M ⊗ΓCK

([α,β]) H0,1. Differentiating
wdet yields ∇(wdet) = cn−1w

det. By assumption, M0,1 has trivial determinant, so there exists some element
δ ∈ H ×

0,1 such that δwdet is horizontal; namely, ∇(δwdet) = ( d
dT δ)w

det + δ · cn−1w
det = 0. This implies

cn−1 = −( d
dT δ) · δ

−1. However, | ddT δ|0,1 ⩽ |δ|0,1 for any δ ∈H ×
0,1. This forces |cn−1|0,1 ⩽ 1, and we find the

desired contradiction.

7.3. Proof of Theorem 7.2.

We will reduce Theorem 7.2 to Proposition 7.5 using a similar strategy as in [Ked22, §21.5]. Let us start
with the following observation on differential modules over K . Recall that K = K (ξ) is a fixed algebraic
closure of k(ξ).

Lemma 7.13. Let V be a differential module over (K , ∂) that admits a subquotient of dimension 1. Then
V admits a nontrivial horizontal section.

Proof. By assumption, there exist differential submodules V ′′ ⊂ V ′ ⊂ V such that V ′/V ′′ is one dimen-
sional. By Corollary 7.4, V ′/V ′′ is necessarily a trivial differential module. As in §7.1, there exist an open
neighborhood U of ξ and a finite étale cover f : U ′ → U with a unique preimage ξ′ lying above ξ such that
V ′′ ⊂ V ′ ⊂ V descend to differential modules M ′′ ⊂M ′ ⊂M on U ′. We may assume that U ′ = DCK

(0, r0)
is a closed disk, with coordinate T . Let r = r(ξ′) be the radius of the type IV point ξ′. Replacing U ′ by a
smaller disk if necessary, we may further assume that all radii of optimal convergence are constant on U ′.

Pick a ∈ CK and d ∈ pQ such that r < |T − a|ξ′ < d < r0. Then we have ξ′ ∈ DCK
(a,< d) ⊂ U ′ =

DCK
(0, r0). At the type II point xa,d (namely, the Gauss point of DCK

(a, d)), the existence of the trivial
subquotient M ′/M ′′ implies IRn(M,xa,d) = 1 by [KX10, Lemma 1.2.9]. This implies sn(M,xa,d) ⩾ d. By
the constancy of radii of optimal convergence, we must have sn(M, z) ⩾ d for all Berkovich points z ∈ U ′.
In particular, we have sn(M,a) ⩾ d. Now, we pick d′ ∈ pQ such that |T − a|ξ′ < d′ < d so that DCK

(a, d′)
is strictly contained inside DCK

(a,< d) and ξ′ ∈ DCK
(a, d′). Then sn(M,a) ⩾ d implies that at least

one horizontal section of M converges on the entire disk DCK
(a, d′). This provides the desired horizontal

section. □
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Given this, we can prove the following upgraded version of Proposition 7.5.

Proposition 7.14. Every irreducible differential module over (K , ∂) is trivial (and in particular has di-
mension 1).

Proof. Let (V,∇) be an irreducible differential module over (K , ∂) of rank n. First, suppose that p ∤ n.
Note that the determinant of V is trivial by Corollary 7.4. Then we can descend V to a differential module
over k = k(ξ′) with trivial determinant, where ξ′ is a type IV point lying above ξ as before. Applying
Proposition 7.5, we conclude that n = 1 and V is trivial.

For the rest of the proof, we assume p|n. Our goal is to find a contradiction. Consider W := EndK (V )
equipped with the differential ∇W (f) = ∇ ◦ f − f ◦ ∇. By choosing a basis of V , we can write ∇ = ∂ +H
for some H ∈ Matn×n(K ) = EndK (V ). For any matrix B ∈ Matn×n(K ) = EndK (V ), we have ∇W (B) =
∂B + HB − BH. Taking trace, we obtain tr(∇W (B)) = ∂(trB). In particular, the trace-zero subspace
W0 := ker(tr : EndK (V )→ K ) is a differential submodule of W of dimension n2 − 1. Since p is coprime to
n2 − 1, there exists an irreducible subquotient of W0 with rank coprime to p. By the previous paragraph,
this subquotient is trivial of dimension 1. By Lemma 7.13, W0 has a nontrivial horizontal section under
∇W . In other words, we have found a (nonzero) traceless endomorphism B : V → V that commutes with
∇. In the matrix form (under the basis chosen above), we have ∂B = BH −HB. By induction, we deduce
∂(Bi) = BiH − HBi for all i ⩾ 1, and hence ∂(tr(Bi)) = tr(∂(Bi)) = 0. Therefore, the characteristic
polynomial of B has coefficients in (K )∂=0 = CK by Lemma 7.3. In particular, all eigenvalues of B lie in
CK . Let λ ∈ CK be one of the eigenvalues of B and consider Vλ := ker(B − λI). It is clear that B − λI ̸= 0
as B is traceless. Since B commutes with ∇, we know that Vλ ⊂ V is a proper differential submodule. This
contradicts the irreducibility of V and finishes the proof of the proposition. □

Now we are ready to prove Theorem 7.2.

Proof of Theorem 7.2. Let Mk(ξ) denote the restriction of (M,∇) to k(ξ) and let MK denote its base
change to K = K (ξ). It suffices to show that (MK ,∇) is a trivial differential module over (K , ∂) (then
the desired statement follows from Lemma 7.3). By Proposition 7.14, MK admits a composition series
0 = M0 ⊂M1 ⊂ · · · ⊂Mn = MK where each quotient Mi/Mi−1 is a trivial differential module of dimension
1. We need to show that this series splits.

We prove this by induction. Suppose that Mi−1 has horizontal basis e1, . . . , ei−1. Let ei ∈Mi/Mi−1 be a
horizontal section under ∇, and let ˜︁ei ∈Mi be any lift of ei. Then we have ∇(˜︁ei) =

∑︁i−1
j=1 ajej with aj ∈ K .

By Lemma 7.3, for each j = 1, . . . , i − 1, there exists cj ∈ K with ∂cj = aj . Then ei := ˜︁ei −∑︁i−1
j=1 cjej

satisfies ∇(ei) = 0, as desired. This finishes the proof. □

7.4. Proof of Theorem 7.1.

To prove Theorem 7.1, we need a version of Theorem 7.2 over some finite extension of K rather than CK .

Lemma 7.15. Let X = Sp(A) be a smooth geometrically connected affinoid rigid analytic curve over K
and let (M,∇) be a vector bundle with connection on X whose global section is a finite free A-module. If
MCK

is a trivial connection, then so is M .

Proof. Let ACK
= O(XCK

) = Aˆ︁⊗KCK . By picking a basis of M over A, we can write ∇ = d + Ω for
some Ω ∈ Matn×n(A). Finding a horizontal basis of MCK

over ACK
is equivalent to finding a matrix

F ∈ GLn(ACK
) such that dF + ΩF = 0. Note that any two such matrices differ by a matrix in GLn(CK).

Choose any classical point x0 ∈ X defined over a finite Galois extension L/K. Write AL = O(XL) =
A ⊗K L. The evaluation map ACK

→ CK at the point x0 yields a matrix F (x0) ∈ GLn(CK). Let F0 :=
F · F (x0)−1. Then we have dF0 + ΩF0 = 0 and F0(x0) = In is the identity matrix. These two conditions
uniquely characterize F0. For any g ∈ GalL, since g fixes Ω and commutes with the differential d, we again
have dg(F0) + Ωg(F0) = 0 and g(F0)(x0) = In. The uniqueness then implies g(F0) = F0 for all g ∈ GalL.
By Corollary 2.3, we have (ACK

)GalL = AL and hence F0 ∈ GLn(AL). In other words, the base change ML

is a trivial connection. Finally, the horizontal sections (ML)∇=0 of ML descend to those of M by Galois
descent. This finishes the proof of the lemma. □
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Remark 7.16. The freeness assumption on M in Lemma 7.15 is redundant. This simplified version is
already sufficient for our purpose, and we leave the more general situation to the interested reader.

Corollary 7.17. Let X be a smooth rigid analytic curve over K and let ξ ∈ XCK
be a point of type IV.

Let (M,∇) be a vector bundle with connection defined on a neighborhood of the image of ξ in X. Then
there exist a finite extension L/K, an open neighborhood U of the image of ξ in XL, and a finite étale cover
f : V → U such that f∗M is a trivial connection.

Proof. This follows immediately from Theorem 7.2 and Lemma 7.15. □

Finally, we finish the proof of Theorem 7.1.

Proof of Theorem 7.1. Applying Corollary 7.17 to DdR(L), we can find a finite extension L/K, an open
neighborhood U of the image of ξ inXL, and a finite étale cover f : V → U such thatDdR(f∗L) = f∗(DdR(L))
is a trivial connection. In particular, f∗L is horizontally de Rham in the sense of [Shi22, Definition 9.1].
After shrinking U and V and enlarging L if necessary, we may assume that V is isomorphic to a circle over
L. By [Shi22, Theorem 1.9], after a further finite extension of L, f∗L becomes horizontally semistable, thus
semistable at every classical point in V . □

8. Around points of type V: special case

The goal of this section is to prove Theorem 12 for a special class of type V points — those type V points
lying on closed unit disks. Later in §9, we will deduce the general case of type V points from this.

For the setup, let ξII be the (type II) Gaussian point of the closed unit disk DK = DK(0, 1) over K and
let ξ denote the type V point corresponding to the open unit disk DK(0, < 1) ⊂ DK (cf. §2.1). Both ξII and
ξ are K-rational points, and ξ lives in the closure of ξII.

Let δ ∈ pQ ∩ (0, 1) be a real number and f(T ) =
∏︁n
i=1(T − [βi]) ∈ OK0 [T ] be a polynomial with βi ∈ k

×
K .

Consider the closed annulus AK([δ, 1]) = {δ ⩽ |T | ⩽ 1} and let Xδ,f ⊂ AK([δ, 1]) be the rational subset
obtained by removing finitely many residue disks centered at [βi] on the boundary circle {|T | = 1} (cf.
Notation 4.22). We equip Xδ,f with the toric chart Xδ,f ↪→ AK([δ, 1]) ↪→ DK . Let X1,f := {|T | = 1} ∩Xδ,f

denote the “outer boundary”, which admits a smooth integral model over W (kK). Note that Xδ,f ’s form a
basis of open neighborhoods of ξ while X1,f ’s form a basis of open neighborhoods of ξII. When f is clear
from the context, we simply write Xδ for Xδ,f and write X1 for X1,f . Moreover, recall the relative period
rings ˜︁A†

δ,f , ˜︁B†
δ,f , ˜︁C†

δ,f , A†
δ,f , B†

δ,f , C†
δ,f etc. constructed in §4.7.2.

The main result of this section is the following.

Theorem 8.1. Let L be a de Rham Zp-local system on Xδ = Xδ,f for some δ and f . Suppose that L is
semistable on the “outer boundary” X1,f . Then, up to replacing K by a finite extension and shrinking Xδ

(i.e. increasing δ and removing finitely many more residue disks on the outer boundary), there exists a finite
étale cover g : X ′ → Xδ such that g∗L is pointwise semistable.

Since L is already semistable on the outer boundary, we are mainly interested in the half-open annulus
AK([δ, 1);T ). To prove Theorem 8.1, we consider the p-adic differential equation NdR(L) over C†

δ,f , equipped
with both arithmetic and geometric differential operators (cf. §4.5 & 4.7.2). As we shall see, the semistability
of L on the boundary X1,f will force NdR(L) to be “strongly unipotent” with respect to the arithmetic
differential operator DπK

. For a more precise statement, consider the rational subset

Vδ,f := {δ ⩽ |[T ♭]| ⩽ 1, |f([T ♭])| = 1} ⊂ AK′
0
([δ, 1]; [T ♭])

obtained by removing finitely many residue disks on the circle {|[T ♭]| = 1}, and let Aδ,f denote the ring of

analytic functions on Vδ,f . From the explicit description of Cr
δ,f (Lemma 4.26), we have

(︂
Cr
δ,f

)︂ d
dπK

=0
=

Aδr,f . The key technical result is the following.

Theorem 8.2. Let L be a de Rham Zp-local system of rank d on Xδ = Xδ,f for some δ and f . Suppose
that L is semistable on X1,f . Then, up to enlarging K and shrinking Xδ, there exists r > 0 such that the
Cr
δ,f -module Nr

dR(L) is free and admits a basis e1, . . . , ed such that the matrix of πKDπK
relative to this
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basis is upper-triangular nilpotent with entries in Aδr,f . In other words, Nr
dR(L) is strongly unipotent with

respect to the arithmetic differential operator DπK
.

Given this, we may assume that the restriction of NdR(L) on the half-open annulus AK([δ, 1);T ) is
strongly unipotent with respect to DπK

. Then, similarly to our treatment in §6, we can produce enough
semistable periods on AK([δ, 1);T ) after pulling back to some finite étale cover. The proof of Theorem 8.2
will occupy §8.1 – §8.4, from which we deduce Theorem 8.1 in §8.5 – §8.6.

8.1. Completed perfection at the type II point.

For the rest of the section, let L be a de Rham Zp-local system of rank d on Xδ = Xδ,f as in the statement
of Theorem 8.1 and assume that L is semistable on X1 = X1,f .

The first step is to consider the completed stalk H (ξII) at the type II point, which is given by the
completion of K(T ) under the 1-Gauss norm. Write H (ξII)(pf) := ∪m⩾0H (ξII)(T 1/pm) and let H (ξII)pf

denote its completion under the p-adic topology. Then H (ξII)pf a complete discrete valuation field, with
residue field being the perfection k(T )perf of k(T ). Write

H (ξII)pf
∞ :=

⋃︂
n⩾1

H (ξII)pf(ζpn),

and let H ′ denote the maximal unramified extension of W (k(T )perf)[p−1] inside H (ξII)pf
∞. Let C†

H (ξII)pf

denote the imperfect period ring associated with the p-adic field H (ξII)pf in the classical theory. Using
the notation in §1.9, C†

H (ξII)pf is simply the Robba ring RH ′ over H ′, with coordinate πK . Consider the
restriction of L to the type II point ξII, and then to ˜︁ξII = Spa(H (ξII)pf ,H (ξII)pf,◦). This gives rise to a Galois
representation over GalH (ξII)pf , which we shall denote by L|˜︁ξII

.

Lemma 8.3. There is a natural isomorphism
NdR(L|X1)⊗C†

1,f
C†

H (ξII)pf
∼−−→ NdR(L|˜︁ξII

)

compatible with arithmetic differential operators DπK
, where NdR(L|X1) is the relative p-adic differential

equation constructed in [DMY26] (cf. §4.5), while NdR(L|˜︁ξII
) is the classical p-adic differential equation of

Berger [Ber02] (cf. §3.7).
Proof. Let AX1 denote the ring of analytic functions on X1. The map AX1 → H (ξII)pf together with a
choice of a common geometric point (i.e. a choice of a map AX1 → H (ξII)pf , cf. [Sta26, 0BND]) yields a
continuous map of Galois groups GalH (ξII)pf → πét

1 (X1), which induces a map ΓH (ξII)pf → Γ. Furthermore,
the map AX1 →H (ξII)pf induces natural maps ˜︁A1,f → ˜︁AH (ξII)pf and C†

1,f → C†
H (ξII)pf compatible with φ-

and ΓH (ξII)pf -actions. Now, consider the natural isomorphism

(L|X1 ⊗Zp W (A∧,♭
X1

))⊗
W (A∧,♭

X1 )) W (H (ξII)pf ∧,♭
) ∼= L|˜︁ξII

⊗Zp
W (H (ξII)pf ∧,♭

)

compatible with φ- and GalH (ξII)pf -actions. Unwinding the construction of D†
rig(·), we deduce a natural

isomorphism
D†

rig(L|X1)⊗C†
1,f

C†
H (ξII)pf

∼= D†
rig(L|˜︁ξII

)

compatible with φ- and ΓH (ξII)pf -actions. The desired statement then follows from [Ber02, Théorème 5.10].
□

Since L|˜︁ξII
is semistable, as an immediate consequence of Lemma 8.3, we know that

NdR,˜︁ξII
:= NdR(L|X1)⊗C†

1,f
C†

H (ξII)pf

is strongly unipotent with respect to DπK
;31 that is, there exists a basis of NdR,˜︁ξII

over C†
H (ξII)pf , with

respect to which the differential ∆πK
:= πKDπK

acts through an upper-triangular nilpotent matrix with

coefficients in H ′ =
(︂

C†
H (ξII)pf

)︂ d
dπK

=0
.

31According to [Ked06, Proposition 5.2.6], there is no difference between unipotence and strongly unipotence.
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8.2. Arithmetic unipotence at the type II point.

Let L denote the completion of K ′
0([T ♭]) with respect to the 1-Gauss norm and let | · |L denote the resulting

norm on L. The Robba ring RL with coordinate πK (see §1.9) can be naturally viewed as a subring of
C†

H (ξII)pf , and the map C†
1,f → C†

H (ξII)pf factors as C†
1,f → RL → C†

H (ξII)pf , compatibly with differential
operators d

dπK
.

Lemma 8.4. Let N0 be a finite projective differential module over (RL,
d

dπK
). Let CL be a completed

algebraic closure of L containing H ′ and write NCL
:= N0 ⊗RL

RCL
. If NCL

is strongly unipotent with
respect to DπK

, then so is N0.

Proof. By assumption, NCL
admits a basis e1, . . . , ed over RCL

, with respect to which ∆πK
= πKDπK

takes
the form

∆πK
= πK ·

d

dπK
+ Z

where Z ∈ Matd×d(CL) is upper-triangular nilpotent. Consider the CL-vector space ker(∆d
πK

) ⊂ NCL
. We

claim that ker(∆d
πK

) is precisely the CL-span of e1, . . . , ed. It suffices to show that, if x =
∑︁
i=1,...,d aiei (with

ai ∈ RCL
) lies in ker(∆d

πK
), then ai ∈ CL for all 1 ⩽ i ⩽ d. We first show ad ∈ CL. Write ad =

∑︁
j∈Z bjπ

j
K

with bj ∈ CL, and write ∆d
πK

(x) =
∑︁
i ˜︁aiei. Note that ˜︁ai = 0 for all i since x ∈ ker(∆d

πK
). To proceed, we

compute ˜︁ad in terms of the ai’s. Since Z(ei) lies in the span of {e1, . . . , ei−1}, we have

˜︁ad = (πK
d

dπK
)d(ad) =

∑︂
j ̸=0

jdbjπ
j
K = 0.

Thus, bj = 0 whenever j ̸= 0, and ad ∈ CL. Next, since ad ∈ CL, we have x − aded ∈ ker(∆d
πK

). Applying
the same argument as above inductively, we conclude that ai ∈ CL for all i, as desired.

The rest of the proof is essentially Galois descent. First note that (CL)GalL = L à la Ax–Tate–Sen.
Consider the GalL-action on the Robba ring RCL

given by the usual GalL-action on the coefficients in CL
and the trivial action on πK . We equip RL andN0 with the trivial GalL-actions and equipNCL

= N0⊗RL
RCL

with the induced action. Note that GalL commutes with ∆πK
= πKDπK

. In particular, ker(∆d
πK

) is GalL-
stable.

Choose a basis f1, . . . , fd of N0. For each 1 ⩽ i ⩽ d and j ∈ Z, consider the CL-linear GalL-equivariant
projections

λi,j : NCL
→ CL

given by sending
∑︁d
i=1(

∑︁
j∈Z bi,jπ

j
K) · fi (with bi,j ∈ CL) to bi,j . Since ker(∆d

πK
) is d-dimensional GalL-

stable CL-sub-vector space in NCL
, there exist d such linear maps among λi,j ’s such that their restrictions

to ker(∆d
πK

) give rise to a GalL-equivariant isomorphism

λ := ker(∆d
πK

) ∼−−→ CdL.

For each 1 ⩽ i ⩽ d, let ˜︁fi be the pre-image of the i-th standard basis of CdL under λ. Then GalL fixes ˜︁fi,
so ˜︁fi ∈ N0 for all 1 ⩽ i ⩽ d. Note that ˜︁f1, . . . , ˜︁fd form another basis of N0. Write W0 ⊂ ker(∆d

πK
) for the

L-span of ˜︁f1, . . . , ˜︁fd, which is a d-dimensional L-subspace. Note that ∆πK
preserves W0 and acts nilpotently

on W0. So we can pick an L-basis g1, . . . , gd with respect to which ∆πK
acts through an upper-triangular

nilpotent matrix Z0. This then yields an RL-basis of N0 such that ∆πK
= πK

d
dπK

+ Z0, as desired. □

As an immediate consequence of Lemma 8.4, we know that

NdR,ξII := NdR(L|X1)⊗C†
1,f

RL = NdR(L|Xδ
)⊗C†

δ,f
RL

is strongly unipotent with respect to DπK
. Therefore, for r sufficiently small, we have

Nr
dR,ξII

:= Nr
dR(L|X1)⊗Cr

1,f
Rr
L = Nr

dR(L|Xδ
)⊗Cr

δ,f
Rr
L

is strongly unipotent with respect to DπK
.
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8.3. Propagation of arithmetic unipotence.

To prove Theorem 8.2, it remains to propagate the unipotence along the map Cr
δ,f → Rr

L, for some sufficiently
small r. To this end, we first prove a propagation result on the level of relative Robba rings.

Let us introduce some notation. For any δ ∈ (0, 1) ∩ pQ and any monic polynomial g = g(T ) ∈ OK′
0
[T ]

of the form g(T ) =
∏︁
i(T − [γi]) with γi ∈ k

×
K (so that |g| = 1 for the 1-Gauss norm), consider the rational

subset
Vδ,g := {δ ⩽ |[T ♭]| ⩽ 1, |g([T ♭])| = 1} ⊂ AK′

0
([δ, 1]; [T ♭]),

by removing finitely many residue disks from the closed annulus AK′
0
([δ, 1]; [T ♭]). Let Aδ,g be the ring of

analytic functions on Vδ,g, equipped with the spectral norm | · |δ,g. Note that K ′
0([T ♭]) ⊂ Frac(Aδ,g) ⊂ L,

and L coincides with the completion of Frac(Aδ,g) under the 1-Gauss norm.

Remark 8.5. Our strategy is inspired by [Ked06, Proposition 5.3.3], where a similar result is proved for
certain over-convergent algebras (which are called dagger algebras in loc. cit.). If we ignore the removed
residue disks on X1 for the moment, then a tempting choice of such a dagger algebra (in order to apply
[Ked06, Proposition 5.3.3]) could be

Anaive,† := K ′
0⟨[T ♭]±1⟩†,

where the over-convergence condition is both in the inward direction (i.e. towards radius δ) and the outward
direction (i.e. towards radius 1 + ϵ for some ϵ > 0). However, our p-adic differential equation is only defined
over Cr

δ,f , whose coefficients in [T ♭] are not over-convergent in the outward direction. Nevertheless, we
will show that the argument of [Ked06, Proposition 5.3.3] can be adapted to our setting by considering a
“one-sided” dagger algebra lim−→δ→1− Aδ,g instead. For the precise statement, see Proposition 8.7 below.

Notation 8.6. Let δ ∈ (0, 1) ∩ pQ and g ∈ OK′
0
[T ] as above.

(1) For each 0 < s ⩽ r, consider the ring R
[s,r]
Aδ,g

with coordinate πK as defined in §1.9. In particular, R
[s,r]
Aδ,g

is the affinoid K ′
0-algebra of analytic functions on the affinoid space Vδ,g ×AK′

0
([p−cK ·r, p−cK ·s]).

(2) Consider the following norms on R
[s,r]
Aδ,g

:
(i) The spectral norm || · ||δ,g,[s,r] on the product Vδ,g ×AK′

0
([p−cK ·r, p−cK ·s]) is given by

||
∑︂
i∈Z

aiπ
i
K ||δ,g,[s,r] := sup

i∈Z
sup
t∈[s,r]

{|ai|δ,g · p−cK ·ti}.

with ai ∈ Aδ,g.
(ii) The “relative 1-Gauss norm” || · ||L,[s,r] is defined to be

||
∑︂
i∈Z

aiπ
i
K ||L,[s,r] := sup

i∈Z
sup
t∈[s,r]

{|ai|L · p−cK ·ti}.

where we view each ai as an element of L via the inclusion Aδ,g ⊂ L and | · |L is the 1-Gauss
norm on L.

Proposition 8.7. Let δ ∈ (0, 1)∩pQ and g ∈ OK′
0
[T ] as above. Let (M,∆) be a finite projective differential

module over (R[s0,r0]
Aδ,g

, πK
d

dπK
) of rank d for some s0, r0 satisfying s0 < r0/p. Suppose that the base change

ML := M ⊗
R

[s0,r0]
Aδ,g

R
[s0,r0]
L

admits a strongly unipotent basis (i.e. with respect to this basis, ∆ takes the form πK
d

dπK
+ ZL for some

upper-triangular nilpotent matrix ZL ∈ Matd×d(L)). Then M becomes strongly unipotent after shrinking
Vδ,g. More precisely, given any interval [s, r] ⊂ (s0, r0) with s < r/p, up to increasing δ, there exists a monic
polynomial g′ ∈ OK′

0
[T ] of the form g′(T ) =

∏︁m
i=1(T − [γ′

i]) with γ′
i ∈ k

×
K , such that the base change

Mδ,g′g := M ⊗
R

[s0,r0]
Aδ,g

R
[s,r]
Aδ,g′g

admits a strongly unipotent basis with respect to which ∆ = πKDπK
acts through an upper-triangular

nilpotent matrix with entries in Aδ,g′g.
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In the remainder of this subsection, we explain how the arguments in [Ked06] carry over to our setting,
pointing out differences along the way. We start with the following analogue of [Ked06, Proposition 2.4.2],
which is an essential ingredient in the proof of Proposition 8.7.

Lemma 8.8. For any x ∈ Aδ,g and any ϵ ∈ (0, 1], we have

|x|δϵ,g ⩽ |x|1−ϵ
L · |x|ϵδ,g

Proof. We first claim that it suffices to prove the inequality for elements of the form x = h
gN for some

h ∈ K ′
0[[T ♭]±1] and N ∈ Z⩾0. Indeed, these rational functions are dense in Aδ,g under the spectral norm.

Suppose that x ∈ Aδ,g and that xn is a sequence of such rational functions with |xn−x|δ,g → 0. Then, since
Vδϵ,g ⊂ Vδ,g, we have |xn − x|δϵ,g ⩽ |xn − x|δ,g → 0 and |xn − x|L ⩽ |xn − x|δ,g → 0, and the claim follows.

For the rational function x = h
gN , we have |x|δ,g = max{|h|δ, |h|1} and |x|L = |h|1. Here, | · |ρ stands

for the ρ-Gauss norm; that is, for h =
∑︁
j∈Z aj [T ♭]j with aj ∈ K ′

0, we put |h|ρ = supj{|aj | · ρj}. For
each monomial aj [T ♭]j , we have |aj |δϵ·i = |aj |1−ϵ(|aj |δi)ϵ. Taking the supremum over j yields the desired
inequality |x|δϵ,g ⩽ |x|1−ϵ

L · |x|ϵδ,g. □

Corollary 8.9. For every element x ∈ R
[s,r]
Aδ,g

and every ϵ ∈ (0, 1], we have

||x||δϵ,g,[s,r] ⩽ ||x||1−ϵ
L,[s,r] · ||x||

ϵ
δ,g,[s,r].

Proof. This follows by applying Lemma 8.8 coefficient-wise to x =
∑︁
i xi · πiK . □

Lemma 8.10. Keep the assumption of Proposition 8.7. Then, after shrinking Vδ,g (i.e., increasing δ and
replacing g by g′g as in the statement of Proposition 8.7), M becomes finite free over R

[s0,r0]
Aδ,g

.

Proof. Note that ML is free by assumption. Choosing a basis e1, . . . , ed of ML and consider the isomorphism
SL : (R[s0,r0]

L )d ∼−→ML sending (a1, . . . , ad) ↦→
∑︁d
i=1 aiei. Pick a finite set of generators {mj}j∈J of the finite

projective R
[s0,r0]
Aδ,g

-module M and write ei =
∑︁
j∈J cjmj for each i, with cj ∈ R

[s0,r0]
L . Such an expression is

not unique in general.
Observe that every element in R

[s0,r0]
L can be approximated by elements in R

[s0,r0]
Aδ,g

(up to shrinking
Vδ,g). To see this, it suffices to notice that K ′

0([T ♭])[π±1
K ] ⊂ R

[s0,r0]
L is dense under the relative 1-Gauss

norm || · ||L,[s0,r0], and then note that each element in K ′
0([T ♭]) is defined on some Vδ,g′g (by increasing δ if

necessary).
Now, we approximate each cj by c′

j ∈ R
[s0,r0]
Aδ,g

as above, and let e′
i =

∑︁
j∈J c

′
jmj ∈ M . We obtain a

linear map S :
(︂
R

[s0,r0]
Aδ,g

)︂d
→M sending (a1, . . . , ad) ↦→

∑︁d
i=1 aie

′
i, such that S approximates SL. Similarly,

let us consider the dual basis e∨
1 , . . . , e

∨
d of M∨

L and consider S′
L : (R[s0,r0]

L )d ∼−→ M∨
L sending (a1, . . . , ad) ↦→∑︁d

i=1 aie
∨
i . By choosing a finite set of generators of M∨ and repeating the approximation process above, we

arrive at a linear map S′ :
(︂
R

[s0,r0]
Aδ,g

)︂d
→ M∨ that approximates S′

L. Taking duals, we obtain S′∨ : M →(︂
R

[s0,r0]
Aδ,g

)︂d
.

Choosing sufficiently accurate approximates, we can ensure that P := S′∨ ◦S− id satisfies ||P ||L,[s0,r0] < 1.
Applying Corollary 8.9 entry-wise to P , we have

||P ||δϵ,g,[s0,r0] ⩽ ||P ||1−ϵ
L,[s0,r0] · ||P ||

ϵ
δ,g,[s0,r0].

The right hand side is ⩽ 1 for ϵ sufficiently close to 0+. Hence, by choosing such an ϵ and replacing δ by δϵ, we
obtain ||P ||δ,g,[s0,r0] < 1 and so S′∨ ◦S is invertible. Therefore, S is a split injection and M ∼= (R[s0,r0]

Aδ,g
)d⊕M ′

for a finite projective module M ′ over R
[s0,r0]
Aδ,g

. Since M has rank d, we must have M ′ = 0. This finishes the
proof. □

Given the preparations above, Proposition 8.7 follows from the same argument as in the proof of [Ked06,
Proposition 5.3.3], using Lemma 8.8 and Corollary 8.9 instead of Proposition 2.4.2 in loc. cit. Let us briefly
sketch out the argument below.
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Proof of Proposition 8.7. Fix [s, r] ⊂ (s0, r0) with s < r/p. By assumption, there exists a strongly unipotent
basis of ML over R

[s0,r0]
L with respect to which ∆ acts as ∆ = πK

d
dπK

+ZL, where ZL is an upper-triangular
nilpotent matrix with coefficients in L. Let e be the nilpotency index of ZL. By Lemma 8.10, we may assume
that M is free over R

[s0,r0]
Aδ,g

. Consider the operators hl : M →M defined by

h0 = ∆e−1, hl = (1− ∆2

l2
)ehl−1 for l ⩾ 1

as in [Ked06, Lemma 5.3.1]. Then by the same argument as in the proof of [Ked06, Lemma 5.3.1], we have
that for any w ∈ ML, the sequence {hl(w)}∞

ℓ=0 converges to an element h∞(w) in ML under || · ||L,[s0,r0],
satisfying ∆(h∞(w)) = 0. The key is then to prove the following analogue of [Ked06, Lemma 5.3.2].
Claim. Let w ∈M and [s′, r′] ⊂ (s0, r0). There exists δ′ ⩾ δ such that h∞(w) lies in

M ⊗
R

[s0,r0]
Aδ,g

R
[s′,r′]
Aδ′,g

.

Proof of Claim. We follow a similar idea as in the proof of [Ked06, Lemma 5.3.2]. Write wl := hl+1(w)−hl(w).
Then by the proof of loc. cit., we have ||wl||L,[s′,r′] ⩽ c ·αl and ||wl||δ,g,[s′,r′] ⩽ c′ · (α′)l for some c, c′, α, α′ > 0
with α < 1 and α′ ⩾ 1 (here [s′, r′] ⊂ (s0, r0) is used to ensure that we can find such α < 1). Now by
Corollary 8.9 (this replaces the role of [Ked06, Proposition 2.4.2] in the proof of [Ked06, Lemma 5.3.2]), we
have

||wl||δϵ,g,[s′,r′] ⩽ c1−ϵ(c′)ϵ(α1−ϵ(α′)ϵ)l

for all l. Choosing ϵ such that α1−ϵ(α′)ϵ < 1 and taking δ′ = δϵ, we obtain the desired statement in the
claim.

Thanks to the claim, for a given w ∈M , we may assume that h∞(w) ∈M (after increasing δ if necessary),
which again satisfies ∆(h∞(w)) = 0. This puts us in a situation where we can apply the induction argument
as in the proof of [Ked06, Proposition 5.3.3]. Now the argument in the proof of [Ked06, Proposition 5.2.6]
carries over verbatim and produces the desired strongly unipotent basis. □

8.4. Proof of Theorem 8.2.

Using Proposition 8.7, we now prove Theorem 8.2. The first step is to achieve unipotence over C[s,r]
δ,f for

some suitable choice of [s, r]. For any [s, r] with r sufficiently small, let

N[s,r]
dR (L|Xδ

) := Nr
dR(L|Xδ

)⊗Cr
δ,f

C[s,r]
δ,f .

Recall that we already know that Nr0
dR,ξII

= Nr0
dR(L|Xδ

)⊗Cr0
δ,f

Rr0
L is strongly unipotent with respect to DπK

,

for some sufficiently small r0. We further assume that λr(uπK
− 1) < p− 1

p−1 for all 0 < r ⩽ r0, where
uπK

= φ(πK)/πpK . In particular, we have a well-defined element log(uπK
) in Cr0

K .

Lemma 8.11. Up to replacing K by an unramified extension and shrinking Xδ = Xδ,f , there exists 0 <
s < r < r0 with s < r/p, such that N[s,r]

dR (L|Xδ
) is free over C[s,r]

δ,f and admits a basis with respect to which
∆πK

= πKDπK
acts through an upper-triangular nilpotent matrix with entries in Aδr,f .

Proof. Pick s0 ∈ (0, r0/p]. Then N[s0,r0]
dR (L|Xδ

)⊗C[s0,r0]
δ,f

R
[s0,r0]
L is strongly unipotent with respect to DπK

.

By Lemma 4.26, C[s0,r0]
δ,f is precisely the ring of analytic functions on the rational subdomain

W
[s0,r0]
δ,f = {|πK | = p−cK ·t, δt ⩽ |[T ♭]| ⩽ 1, |f([T ♭])| = 1, t ∈ [s0, r0]}

inside the two-dimensional poly-annulus
AK′

0
([δr0 , 1]; [T ♭])×AK′

0
([p−cKr0 , p−cKs0 ];πK).

Therefore, we have containment of rational subsets

Vδs0 ,f ×AK′
0
([p−cK ·r0 , p−cK ·s0 ]) ⊂ W

[s0,r0]
δ,f ⊂ Vδr0 ,f ×AK′

0
([p−cK ·r0 , p−cK ·s0 ]).

In particular, for any choice of δ′ ∈ [δs0 , 1), we have

Vδ′,f ×AK′
0
([p−cK ·r0 , p−cK ·s0 ]) ⊂ W

[s0,r0]
δ,f ,
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which induces an injection
ι1 : C[s0,r0]

δ,f → R
[s0,r0]
Aδ′,f

compatible with the arithmetic differential operator DπK
. The base change of N[s0,r0]

dR (L|Xδ
) along ι1 then

produces a differential module satisfying the assumption of Proposition 8.7. Consequently, by choosing
[s, r] ⊂ (s0, r0) with s < r/p and increasing δ′, we know that N[s0,r0]

dR (L|Xδ
) becomes strongly unipotent

with respect to DπK
after further base change to R

[s,r]
Aδ′,g′f

for some g′ ∈ OK′
0
[T ]. Up to replacing K by an

unramified extension32 (so that the coefficients of g′ lie in K0) and shrinking Xδ, we may assume that

N[s0,r0]
dR (L|Xδ

)⊗C[s0,r0]
δ,f

R
[s,r]
Aδ′,f

admits a basis with respect to which ∆πK
acts through an upper-triangular matrix with entries in Aδ′,f .

Finally, we pick δ′′ ∈ ((δ′)1/r, 1) so that

W
[s,r]
δ′′,f ⊂ Vδ′,f ×AK′

0
([p−cK ·r, p−cK ·s]),

which induces an injection
ι2 : R

[s,r]
Aδ′,f

→ C[s,r]
δ′′,f

compatible with DπK
. Since the composition ι2 ◦ ι1 is the natural inclusion and we have(︂

C[s,r]
δ′′,f

)︂ d
dπK

=0
= Aδ′′r,f

from the explicit description of C[s,r]
δ,f (cf. Lemma 4.26), we obtained the desired strong unipotence. □

We are now ready to prove Theorem 8.2. The idea is to use Frobenius to translate the arithmetic
unipotence from C[s,r]

δ,f to Cr
δ,f .

Proof of Theorem 8.2. To simplify notations, write N [s,r] := N[s,r]
dR (L|Xδ

). By Lemma 8.11, we may assume
that 0 < s < r/p and N [s,r] is free over C[s,r]

δ,f and admits a basis with respect to which ∆πK
acts as

(8.1) ∆πK
= πK

d

dπK
+ Z,

for some upper-triangular nilpotent matrix Z with coefficients in Aδr,f .
Write sn := s/pn and rn := r/pn. By [DMY26, Construction 10.7], there are compatible isomorphisms

ϕn : N [sn,rn] ⊗C[sn,rn]
δ,f

,φ
C[sn+1,rn+1]
δ,f

∼−−→ N [sn+1,rn+1].

Our goal is to construct a basis Bn of N [sn,rn] for each n ⩾ 1, such that Bn’s agree on the overlap and
∆πK

= πK
d

dπK
+ Z relative to these bases for the same Z as in (8.1). We will construct Bn inductively.

Recall that we have a well-defined element log(uπK
) ∈ Cr

K . Assuming Bn is given, we construct Bn+1 as
follows. Write Bn = {e1, . . . , ed}, and consider B′

n+1 = {ϕn(e1), . . . , ϕn(ed)} which is a basis of N [sn+1,rn+1].
Since ∆πK

is compatible with Frobenius (cf. [DMY26, Construction 10.7]), we have

DπK
(ϕ(x)) = dφ(πK)

dπK
· ϕ(DπK

(x))

for all x ∈ N [sn,rn]. Hence
∆πK

(ϕ(x)) = πK
φ(πK) ·

dφ(πK)
dπK

· ϕ(∆πK
(x)).

This implies
∆πK

(B′
n+1) = B′

n+1 · φ(Z) ·
(︁
p+ ∆πK

(log uπK
)
)︁
.

We modify B′
n+1 into a new basis

B′′
n+1 := B′

n+1 · exp
(︁
− log uπK

· φ(Z)
)︁
,

which is well-defined as Z is nilpotent. It is straightforward to check that ∆πK
(B′′

n+1) = p ·B′′
n+1 ·φ(Z). In

particular, B′′
n+1 is a strongly unipotent basis for N [sn+1,rn+1]. We will further modify it so that it agrees

32Note that replacing K by an unramified extension does not change πK .
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with Bn on the overlap C[sn,rn+1]
δ,f . To this end, let Cn ∈ GLd(C[sn,rn+1]

δ,f ) be the change of basis matrix so
that

(8.2) B′′
n+1 = Bn · Cn

on the overlap. Differentiating both sides of (8.2) gives ∆πK
(Cn) = p ·Cn ·φ(Z)−Z ·Cn. Since ∆πK

(φ(Z)) =
∆πK

(Z) = 0 and Z is nilpotent with Zd = 0, we deduce that ∆2d−1
πK

(Cn) = 0. On the other hand, using the
explicit description of C[s,r]

δ,f (cf. Lemma 4.26), one computes that

ker(∆m
πK

: C[s,r]
δ,f → C[s,r]

δ,f ) = Aδr,f

for all m ⩾ 1. Hence, the coefficients of Cn all lie in Aδrn+1 ,f ⊂ C[sn+1,rn+1]
δ,f . Applying the same argument

to C−1
n , we deduce that the coefficients of C−1

n also lie in Aδrn+1 ,f ⊂ C[sn+1,rn+1]
δ,f . Therefore,

Bn+1 = B′′
n+1 · C−1

n ,

is a well-defined basis of N [sn+1,rn+1] that coincides with Bn on C[sn,rn+1]
δ,f , as desired. This finishes the proof

of the theorem. □

8.5. Arithmetic horizontal sections.

In the remainder of the section, we prove Theorem 8.1. We want to show that, up to enlarging K and
shrinking Xδ, there exists a finite étale cover over which L becomes pointwise semistable. By Theorem 8.2,
we may assume that Nr

dR(L) is strongly unipotent with respect to the arithmetic differential operator DπK

over Cr
δ,f for some sufficiently small r. For any σ ∈ [δ, 1) ∩ pQ, consider the embedding AK′

0
([δ, σ];T ) ⊂ Xδ

which induces a natural map Cr
δ,f → Cr

[δ,σ]. Here Cr
[δ,σ] is the imperfect relative period ring for the annulus

AK′
0
([δ, σ];T ) constructed in §4.7.1. Then the base change

Nr
[δ,σ] := Nr

dR(L)⊗Cr
δ,f

Cr
[δ,σ]
∼= Nr

dR(L|AK′
0

([δ,σ]))

is a finite free Cr
[δ,σ]-module equipped with commuting differential operators D[T ♭] and DπK

, as well as a
Frobenius structure, where the last isomorphism follows from [DMY26, Proposition 10.13]. Moreover, Nr

[δ,σ]
is strongly unipotent with respect to DπK

for all σ ∈ [δ, 1) ∩ pQ.
To prove Theorem 8.1, we will first study the DπK

-horizontal sections after adjoining log πK . Then we
study the geometric differential operator on these arithmetic horizontal sections using the classical p-adic
local monodromy theorem of André–Kedlaya–Mebkhout. As a preparation, we first compute the arithmetic
horizontal sections in relevant relative period rings.

Lemma 8.12. For any 0 < σ1 ⩽ σ2 ⩽ 1 and 0 < s ⩽ r, we have(︂
C[s,r]

[σ1,σ2]

)︂ d
dπK

=0
=
(︂

C[s,r]
[σ1,σ2][log πK ]

)︂ d
dπK

=0
= ΓK′

0
([σr1, σs2]; [T ♭])

where the right-hand side is the ring of analytic functions on the annulus AK′
0
([σr1, σs2]; [T ♭]) (cf. §1.9).

Taking limit as s→ 0+, we obtain(︂
Cr

[σ1,σ2]

)︂ d
dπK

=0
=
(︂

Cr
[σ1,σ2][log πK ]

)︂ d
dπK

=0
=
{︄

ΓK′
0
([σr1, 1); [T ♭]) σ2 < 1

ΓK′
0
([σr1, 1]; [T ♭]) σ2 = 1

.

Proof. Since log πK is transcendental over C[s,r]
[σ1,σ2], it suffices to show(︂

C[s,r]
[σ1,σ2]

)︂ d
dπK

=0
= ΓK′

0
([σr1, σs2]; [T ♭]).

But this follows from the explicit description of the period ring C[s,r]
[σ1,σ2] in Lemma 4.20. □

Remark 8.13. Let us emphasize that the arithmetic horizontal sections of Cr
[σ1,σ2] and Cr

[σ1,σ2][log πK ] are
actually independent of the outer radius σ2 (when σ2 < 1).
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In what follows, we will mostly use “R?
?” (cf. §1.9) to denote the corresponding rings in coordinate “[T ♭]”.

More precisely, by a slight abuse of notation, we write

R
[s,r]
K′

0
:= ΓK′

0
([p−r·cK , p−s·cK ]; [T ♭]) and Rr

K′
0

:= ΓK′
0
([p−r·cK , 1); [T ♭]).

We also write wδ := − 1
cK

logp δ so that

Rwδr
K′

0
= ΓK′

0
([δr, 1); [T ♭]).

Now, we return to the situation at the beginning of §8.5. In particular, Nr
[δ,σ] is strongly unipotent with

respect to DπK
.

Corollary 8.14. After joining log πK , the arithmetic horizontal sections

Nr,∇arith :=
(︂
Nr

[δ,σ][log πK ]
)︂DπK

=0

(equipped with the geometric differential operator D[T ♭]) is a finite free differential module over (Rwδr
K′

0
, d
d[T ♭] ),

equipped with a Frobenius structure. Moreover, it is independent of σ.

Proof. Note that D[T ♭] commutes with DπK
. The statements (except those regarding Frobenius structures)

follow from the strong unipotence assumption and the Lemma 8.12.
For the Frobenius structure, first note that Frobenius preserves the arithmetic horizontal sections. Indeed,

we have an identity

(8.3) DπK
◦ ϕ = dφ(πK)

dπK
· ϕ ◦DπK

on Nr
[δ,σ], by the compatibility of the differential operators and Frobenius (cf. [DMY26, Construction 10.7]).

Since d
dπK
◦ φ(log πK) = dφ(πK)

dπK
· φ(πK)−1, the identity (8.3) remains valid on Nr

[δ,σ][log πK ]. Therefore, for
x ∈ Nr

[δ,σ][log πK ], if DπK
(x) = 0, then DπK

(ϕ(x)) = 0.
Finally, the original Frobenius structure ϕ on Nr

[δ,σ] induces a Frobenius isomorphism

ϕ : Nr,∇arith ⊗R
wδr

K′
0
φ R

wδr/p
K′

0

∼−−→ N
r
p ,∇arith

over R
wδr/p
K′

0
, as desired. □

8.6. Achieving semistability.

We are ready to prove Theorem 8.1. By Corollary 8.14,
N†,∇arith := lim−→

r→0+

Nr,∇arith

is a finite free differential module (of rank d) over (R†
K′

0
, d
d[T ♭] ) equipped with a Frobenius structure, where

R†
K′

0
:= lim−→r→0+ Rwδr

K′
0

is the geometric Robba ring in coordinate [T ♭]. Note that the mod p reduction of
the integral Robba ring inside R†

K′
0

is precisely κ((T ♭)). By the classical p-adic local monodromy theorem
(Theorem 3.23), there exists a finite separable extension E′/κ((T ♭)) with associated Robba ring extension
R†
K′

0
→ R′, such that N†,∇arith becomes (strongly) unipotent for the geometric differential operator D[T ♭]

after tensoring with R′. Our goal is to find a finite étale cover of Xδ (after enlarging K and shrinking Xδ if
necessary) that realizes this extension of Robba rings.

By [Kat86, Theorem 1.4.1], there exists a finite étale κ[(T ♭)±1]-algebra Q33 together with an isomorphism

α : Q⊗κ[(T ♭)±1] κ((T ♭)) ∼−−→ E′.

Recall from §4.7.2 the perfectoid algebra ˆ︁Aδ,f,∞ with its tilt ˜︁Rδ,f . Consider the finite étale map˜︁Rδ,f → Q⊗κ[(T ♭)±1]
˜︁Rδ,f .

33This corresponds to what Katz calls a special finite étale cover of Gm,κ
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By [DMY26, Proposition 5.28], this corresponds to some finite étale maps Rδ,f → R′ and ˆ︁Aδ,f,∞ → B. By
the same argument as in Construction 6.10, after replacing K by K(ζpn) and Xδ by its pn-th Kummer cover
Xδ,n for some n ⩾ 0 if necessary, we may assume that the finite étale map ˆ︁Aδ,f,∞ → B descends to a finite
étale map Aδ,f → B0. Let pr : X ′

δ → Xδ be the corresponding finite étale cover, and let Ar
X′

δ
, Br

X′
δ
, Cr

X′
δ
,

etc. denote the corresponding imperfect relative period rings (cf. §4.6). In particular, we have Ar
X′

δ
/p = R′

for r sufficiently small.
Theorem 8.1 is an immediate consequence of the following proposition.

Proposition 8.15. After enlarging K if necessary, there exists a finite étale cover X ′′
δ → X ′

δ such that L
becomes pointwise semistable after pulling back along the composition X ′′

δ → X ′
δ

pr−→ Xδ.

Proof. By assumption, L is already pointwise semistable on the outer boundary X1 ⊂ Xδ. So, it suffices
to construct a finite étale cover X ′′

δ → X ′
δ (after enlarging K if necessary) such that for any closed annulus

AK([δ, σ]) ⊂ Xδ with σ ∈ [δ, 1)∩ pQ, the pullback of L|AK ([δ,σ]) over X ′′
[δ,σ] := AK([δ, σ])×Xδ

X ′′
δ is pointwise

semistable.
Consider the finite étale cover X ′

[δ,σ] := AK([δ, σ])×Xδ
X ′
δ of the annulus AK [δ, σ] and let C†

X′
[δ,σ]

denote
the corresponding imperfect relative period rings (cf. §4.6). By [DMY26, Proposition 5.28, Corollary 5.31],
the isomorphism ˜︁RX′

[δ,σ]
= ˜︁R[δ,σ] ⊗κ[(T ♭)±1] Q

∼= ˜︁R[δ,σ] ⊗κ((T ♭))) E
′

induces an isomorphism
C†
X′

[δ,σ]

∼= C†
[δ,σ] ⊗RK′

0
R′,

which is compatible with both differential operators DπK
and D[T ♭]. Thus, by Lemma 8.12, we have(︃

C†
X′

[δ,σ]
[log πK ]

)︃ d
dπK

=0
= R′.

Now, since NdR(·) is compatible with finite étale covers by [DMY26, Proposition 10.13], we have(︂
NdR(pr∗L|X′

[δ,σ]
)[log πK ]

)︂DπK
=0

=
(︃

NdR(L|X[δ,σ])[log πK ]⊗C†
[δ,σ]

C†
X′

[δ,σ]

)︃DπK
=0

=
(︂
N†

[δ,σ][log πK ]⊗RK′
0

R′
)︂DπK

=0
= N†,∇arith ⊗RK′

0
R′.

which is (strongly) unipotent with respect to the geometric differential D[T ♭]. Therefore, we obtain a decom-
position

NdR(pr∗L|X′
[δ,σ]

)[log πK , log[T ♭]] ∼=
d⨁︂
i=1

C†
X′

[δ,σ]
[log πK , log[T ♭]] · wi

compatible with DπK
and D[T ♭] on both sides, where each wi satisfies D[T ♭](wi) = DπK

(wi) = 0. Finally,
note that all these wi’s are fixed by an open subgroup of Γ. By enlarging K and passing to a p-power
Kummer cover of X ′

δ (cf. Remark 4.17), we may further assume that all wi’s are fixed by Γ. Hence, we can
apply Proposition 4.30 (note that the functors NdR and D†

rig coincide after inverting t) and conclude the
proof. □

9. Around points of type V: general case

In this section, we prove Theorem 12 for general type V points by reducing to the special case treated in
§8. Since every type V point on XCK

is K ′-rational for some finite extension K ′/K, it suffices to assume
that ξ is K-rational and prove the following.

Theorem 9.1. Theorem 12 holds when ξ is a K-rational type V point on X.

A key ingredient in the proof is a spread-out argument (cf. Theorem 9.2), which will also play an essential
role in the proof of the main theorem in §10.
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9.1. A spread-out theorem.

The following spread-out theorem will be used in both §9.3 and in the proof of Theorem 1 in §10.

Theorem 9.2. Let X be a smooth projective curve over K and let Xad denote the associated adic space
over Spa(K,OK). Let ξ be a non-type I point on Xad and let U ⊂ Xad be an affinoid open neighborhood of
ξ. Let f : V → U be a finite étale cover. Then, up to shrinking U , there exists a finite cover f̃ : Y → X from
another smooth projective curve Y over K such that f : V → U is precisely the pullback of f̃ad : Y ad → Xad

along U ⊂ Xad.

Theorem 9.2 relies on the following approximation result (Proposition 9.3). This is closely related to a
result of Raynaud [Ray94, Corollaire 3.5.2] (in the setting of Berkovich curves), which he refers to as the
p-adic Runge’s Theorem, as it can be viewed as an analogue of Runge’s theorem in the theory of complex
Riemann surfaces. Although we only require the case of curves, we present the result in full generality.

Proposition 9.3. Let X be a smooth projective variety over K and let K(X) denote the field of rational
functions on X. Let ξ be a point in Xad and let U ⊂ Xad be a connected affinoid open neighborhood of ξ.
Then, after shrinking U if necessary, K(X)∩Γ(U,OXad) is dense in Γ(U,OXad) with respect to the topology
induced from the spectral norm on U . Here the intersection is taken in the fractional field of Γ(U,OXad).

Proof. The idea is to reduce to the case of the projective spaces PnK . Let n be the dimension of X over
K. Let us pick a finite surjective cover f : X → PnK such that f is smooth (thus finite étale) on an affinoid
neighborhood containing ξ. To see such a cover exists, one can embed X ⊂ PNK as a closed subscheme where
N > n, and consider a linear subspace L ⊂ PNK of complementary dimension (so L is isomorphic to a copy
of PN−n−1

K ) such that L is disjoint from X. The projection map from PNK that projects “away from L”
determines a finite map f : X → PnK . We will arrange L such that the singular locus does not contain ξ.
To see that this is possible, let ξ be a point of (cohomological) dimension d0 and let Z be a d0-dimensional
irreducible closed subscheme of X that contains ξ (i.e., such that ξ ∈ Zad). We need to arrange f so that
it is generically smooth on Z. For this, we pick a closed point z ∈ Z and arrange the linear subspace L so
that it does not intersect the tangent space TzX of X inside PNK . The resulting finite map f : X → PnK is
then smooth at the point z ∈ Z, so it is generically smooth on Z, as desired.

Now let U be an affinoid open neighborhood of ξ in Xad. By shrinking U , we may assume that f is finite
étale on U . Let η = f(ξ) and choose a connected affinoid open neighborhood W of η. We may assume that
W is contained the analytification of an affine open subscheme of PnK . Let V := f−1(W ). Then V is affinoid
as f is finite. Let us first consider the following commutative diagram

K(Pn
K) ∩ Γ(W,OPn,ad

K
) Γ(W,OPn,ad

K
)

K(X) ∩ Γ(V,OXad) Γ(V,OXad).

α

β

We caution the reader that V might be disconnected, in which case K(X)∩Γ(V,OXad) stands for the subring
of analytic functions on V obtained by restricting rational functions on X. We will first prove the density
result on V (after shrinking W around η if necessary), and then pass to a smaller neighborhood of ξ contained
in the neighborhood U that we start with.

Claim. If the map α has dense image, then β also has dense image.

To prove the claim, let us consider an affine open subscheme W0 = SpecA0 ⊂ PnK such that W ⊂W0, and let
U0 = W0×Pn

K
X be the pullback scheme. We may assume that W0 is small enough so that U0 = SpecB0 for a

finite étale algebra B0 over A0 (and we identify A0 as a sub-algebra of B0). In particular, there exist elements
x1, . . . , xm ∈ B0 which generate B0 as a module over A0. Let B = Γ(V,OXad) and A = Γ(W,OPn,ad

K
). Then

B is generated by x1, . . . , xm as an A-module. By scaling, we may assume that x1, . . . , xm all have spectral
norm ⩽ 1 on V . Now, for any b ∈ B, we can write b =

∑︁m
i=1 aixi with ai ∈ A. By assumption, for any ϵ > 0,
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there exists a′
i ∈ K(PnK) ∩ Γ(W,OPn,ad

K
) such that |ai − a′

i|W < ϵ. Take

b′ =
m∑︂
i=1

a′
ixi ∈ K(X) ∩ Γ(V,OXad).

Then |b− b′|V < ϵ (notice that |ai − a′
i|V ⩽ |ai − a′

i|W ). This finishes the proof of the claim.

By Lemma 9.4 below, we may further shrink the neighborhood W of η so that α has dense image.
Therefore, for this choice of W , the map β in the diagram above also has dense image. Next, let U0 ⊂ U ∩V
be a rational subset of V containing ξ, given by

U0 = {x ∈ V | |hj(x)| ⩽ |h(x)|, 1 ⩽ j ⩽ r ; h(x) ̸= 0};
namely,

Γ(U0,OXad) = B⟨h1, . . . , hr
h

⟩

where B = Γ(V,OXad) as above. Pick a ∈ K× such that |a| < |h(ξ)|. Taking the intersection of U0 with
{x ∈ V | |h(x)| ⩾ |a|}, we may assume that U0 has the form

U0 = {x ∈ V | |hj(x)| ⩽ |h(x)|, 1 ⩽ j ⩽ r, |h(x)| ⩾ |a|} .
By the density result for V proved above, there exist elements q, q1, . . . , qr ∈ K(X) ∩ Γ(V,OXad) such that
|h− q|V < |a| and |hj − qj |V < |a| for all j = 1, . . . , r. Then we can identify U0 as

U0 = {x ∈ V | |qj(x)| ⩽ |q(x)|, 1 ⩽ j ⩽ r, |q(x)| ⩾ |a|} ;
namely,

(9.1) Γ(U0,OXad) = B⟨q1, . . . , qr, a

q
⟩

Consider the inclusions of rings(︂
K(X) ∩ Γ(V,OXad)

)︂
[ 1
q

] ⊂ K(X) ∩ Γ(U0,OXad) ⊂ Γ(U0,OXad).

By the description in (9.1), we know that (K(X) ∩ Γ(V,OXad))[ 1
q ] is dense in Γ(U0,OXad). Therefore,

K(X) ∩ Γ(U0,OXad) is dense in Γ(U0,OXad). Finally, by considering the connected component of U0 that
contains ξ, we arrive at the desired proposition. □

The following lemma is used in the proof of the proposition above.

Lemma 9.4. Let U be a connected affinoid open neighborhood of some point ξ ∈ Pn,ad
K . Then, up to

shrinking U , the intersection K(PnK)∩Γ(U,OPn,ad
K

) is dense in Γ(U,OPn,ad
K

) with respect to the spectral norm
on U .

Proof. We first place U inside a standard n-dimensional unit polydisk DnK such that the coordinates t1, . . . , tn ∈
K(PnK) are global rational functions on PnK . Without loss of generality, we may assume that U is a Laurent
domain of the form

U = {z ∈ DnK | |fi(z)| ⩽ ai, |gj(z)| ⩾ bj}
for some fi, gj ∈ O(DnK) and ai, bj ∈ pQ. Now we may replace fi, gj by f ′

i , g
′
j which are polynomials in

t1, . . . , tn while keeping
U = {z ∈ DnK | |f ′

i(z)| ⩽ ai, |g′
j(z)| ⩾ bj}.

In particular, these f ′
i ’s and g′

j ’s are rational functions on PnK , in which case, the claim becomes evident. □

To proceed, we also need the following perturbation lemma.

Lemma 9.5 (p-adic perturbation of finite covers of affinoids). Let Y be an affinoid smooth rigid analytic
curve over K, viewed as an adic space. Let ξ be a non-type I point on Y and let V = Spa(A,A+) be an open
neighborhood of ξ that is a rational subset of Y . Let V ′ be a finite cover of V defined by a monic irreducible
polynomial

F (Z) = Zd + ad−1Z
d−1 + · · ·+ a0
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where ai ∈ A, which remains irreducible as a polynomial over OY,ξ. Then there exists sufficiently small
ϵ ∈ R>0 such that the following holds: for any polynomial

G(Z) = Zd + bd−1Z
d−1 + · · ·+ b0

with bi ∈ A such that |ai− bi|V < ϵ for the spectral norm | · |V on V , up to replacing V by a smaller rational
subset containing ξ if necessary, G(Z) defines the same finite cover V ′ → V .

Proof. It suffices to show that, as long as ϵ is sufficiently small, F (Z) and G(Z) define the same extension of
the stalk OY,ξ. First suppose that ξ has type II, III, or IV. Then the natural map OY,ξ → O∧

Y,ξ = H (ξ) induces
an equivalence between the categories of finite extensions ofOY,ξ and that of H (ξ). This follows, for example,
from considering the Berkovich stalk OY Ber,ξ and the fact that it is quasicomplete in the sense of [Ber93,
Theorem 2.3.3, Proposition 2.4.1], and using the fact that we have an identification O∧

Y Ber,ξ = O∧
Y,ξ = H (ξ)

(see §2.4). Therefore, it suffices to show that for sufficiently small ϵ, F (Z) and G(Z) define the same extension
of H (ξ). Note that the condition |ai − bi|V < ϵ in particular implies that |ai − bi|ξ < ϵ. Thus, the claim
follows from Krasner’s lemma since H (ξ) is a complete non-archimedean field.

Now suppose that ξ has type V and let ξII denote the unique type II point that specializes to ξ. Then
ξII ∈ V . By Lemma 2.12, the inclusion OY,ξ ↪→ OY,ξII induces an equivalence between finite extensions of
OY,ξ and that of OY,ξII . Given this claim, it suffices to check that F (Z) and G(Z) define the same extension
over OY,ξII . Notice that the condition |ai − bi|V < ϵ implies that |ai − bi|ξII < ϵ. So we are reduced to the
case of type II points, and we are done. □

Proof of Theorem 9.2. By shrinking U (and hence V ) and passing to connected components of V , we may
assume that

Γ(V,OXad) = Γ(U,OXad)[T ]/F (T )
for a monic polynomial F (T ) =

∑︁l
i=0 βiT

i with coefficients βi ∈ Γ(U,OXad) (in particular, βl = 1) such
that F (T ) is irreducible in OXad,ξ[T ]. By Proposition 9.3, upon further shrinking U if necessary, for any
ϵ > 0, there exists ˜︁βi ∈ K(X) ∩ Γ(U,OXad) such that |βi − ˜︁βi|U < ϵ for all 0 ⩽ i ⩽ l − 1 (set ˜︁βl = 1). Here
| · |U stands for the spectral norm on U . Applying Lemma 9.5, we deduce that for ϵ sufficiently small, up to
further shrinking U , the polynomials F (T ) and ˜︁F (T ) =

∑︁l
i=0

˜︁βiT i define the same finite étale cover V → U .
Now, since ˜︁F (T ) ∈ K(X)[T ], it defines a finite separable extension L/K(X). Let Y be the normalization of
X in L, so that we have V ∼= Y ad ×Xad U . □

9.2. Open neighborhoods of type V points.

Our proof of Theorem 9.1 will be based on the existence of a nice toric chart on a neighborhood of ξ, which
enables us to reduce to the case where X is a suitable open subset of a disk (cf. §9.3). To proceed, let us
first introduce some convenient open neighborhoods of type V points.

Let δ ∈ DK be the type V point corresponding to the open disk DK(0, < 1) and let δII be its associated
type II point, which is the Gauss point of the boundary circle. Let Xσ,f be a neighborhood of δ as described
in Notation 4.22, where σ ∈ pQ ∩ (0, 1). Let us introduce the following notation.

Definition 9.6. Let Y be a smooth connected projective curve over OK . Let Y be the adic generic fiber
over K and let Ys be the special fiber over k. Let sp: Y → Ys be the specialization map. Then the preimage
of the generic point of Ys under sp consists of a single type II point ξY on Y .

(1) For every closed point z ∈ Ys, let Dz denote the preimage sp−1(z). Note that the interior D̊z of Dz

is isomorphic to an open unit disk34 and Dz is the disjoint union of D̊z with a type V point ξz.35

We identify D̊z with an open unit disk under a choice of coordinate Tz.
(2) For σ ∈ (0, 1) ∩ pQ, let D̊z;σ denote the half-open annulus {σ ⩽ |Tz| < 1} inside D̊z, and let

Dz;σ := D̊z;σ ∪ {ξz}.

34In fact, D̊z is a virtual open unit disk (over K); namely, the disk does not necessarily contain a K-rational point. However,
when z is a k-point, the disk D̊z indeed contains a K-rational point, and hence it is a “genuine” open unit disk over K.

35Note that the closure of the type II point ξY ∈ Y precisely consists of ξY and all of such ξz ’s.
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(3) Let m ⩾ 1. Let z, z1, . . . , zm be m+ 1 (ordered) distinct closed points in Ys, and let σ ∈ (0, 1] ∩ pQ.
We define Yσ(z, z1, . . . , zm) to be the open subset of Y given by the conditions |Tz| ⩾ σ and |Tzi | = 1
for i = 1, . . . ,m.36 When the points z, z1, . . . , zm are understood from the context, we shall simply
write Yσ for Yσ(z, z1, . . . , zm).

Now, let X be as in Theorem 9.1, and let ξ be a K-rational type V point on X. Let ξII be the associated
type II point, which is necessarily also K-rational.
Lemma 9.7. (1) After enlarging K if necessary, there exists an open neighborhood V of ξ such that

• V = Yσ0(z, z1, . . . , zm) for a smooth connected projective curve Y over OK , distinct closed
points z, z1, . . . , zm on Ys, and a real number σ0 ∈ (0, 1) ∩ pQ as in Definition 9.6;
• ξII = ξY ;
• ξ = ξz (in particular, z is a k-point of Ys);37

Note that the special fiber Ys of Y is uniquely determined by the imperfect residue field of the
completed stalk H (ξII).

(2) In the situation of (1), the collection Ψ = {Y1(z, z1, . . . , zm, z
′
1, . . . , z

′
l)} forms a basis of open neigh-

borhoods of ξII in X, where z′
1, . . . , z

′
l are closed points of Ys distinct from z, z1, . . . , zm. Note that

Y1(z, z1, . . . , zm, z
′
1, . . . , z

′
l) does not contain the type V point ξ.

(3) In the situation of (1), the collection Ψ′ =
{︁
Yσ(z, z1, . . . , zm, z

′
1, . . . , z

′
l) ; σ ∈ [σ0, 1) ∩ pQ

}︁
forms

a basis of open neighborhoods of ξ in X, where z′
1, . . . , z

′
l are closed points of Ys distinct from

z, z1, . . . , zm.
Proof. This follows from [Ber07, Proposition 2.2.1]. □

9.3. The reduction step: a nice toric chart.

To prove Theorem 9.1, our strategy is to reduce the general situation to the case where X = Xσ as in
Theorem 8.1.

Let ξ be a K-rational type V point on X and let ξII be the associated type II point. Up to enlarging
K, we may assume that ξ admits an open neighborhood of the form V ∼= Yσ0 = Yσ0(z, z1, . . . , zm) as
in Definition 9.6. By further enlarging K and shrinking V (that is, enlarging the set of closed points
{z, z1, . . . , zm} and increasing σ0) if necessary, there exists a toric chart

h : V = Yσ0 → DK
such that the following holds.

(1) There exist c1, . . . , cn ∈ k
×
K and σ ∈ (0, 1) ∩ pQ, such that h factors as

(9.2) h : V → Xσ,f ↪→ DK
for some f =

∏︁n
i=1(T − [ci]) ∈ OK0 [T ], where the first map is finite étale;

(2) δII = h(ξII) is the Gaussian point of DK , and δ = h(ξ) is the type V point in DK corresponding to
the open unit disk centered at 0. Moreover, we have h−1(δII) = {ξII} and h−1(δ) = {ξ}.

(3) h−1 (AK [σ, 1)) = D̊z;σ0
∼= AK([σ0, 1);Tz);

(4) h−1 (X1,f ) = Y1 ⊂ Yσ0 ;
We remark that, by enlarging K if necessary, the affinoid neighborhood

U := Y1 = Y \(Dz ⊔ · · · ⊔Dzm)
of ξII can be realized as the adic generic fiber of a smooth affine formal scheme U, where the latter is the
completion of Y along the locally closed subscheme Ys − z, z1, . . . , zm}. Likewise, X1,f is the adic generic
fiber of a smooth affine formal scheme Df , obtained as the completion of the p-adic formal scheme ˆ︁A1

OK

along A1
k − {0, c1, . . . , cn}. By shrinking X1,f (and hence also shrinking V ) if necessary, we may further

assume that Df admits a formal model D◦
f over W (k).

Using the toric chart h, we construct another toric chart that behaves well at ξII.

36Roughly speaking, the condition “|Tz | ⩾ σ” means “removing the open disk of radius σi” inside Dzi . (Here, if σi = 1 for
some i, the condition |Tzi | ⩾ 1 simply means removing the entire Dzi .)

37Since z is a k-point of Ys, the disk D̊z is a “genuine” open unit disk over K; namely, D̊z
∼= DK(0, 1−), with coordinate

Tz . Hence, D̊z;σ ∼= AK([σ, 1); Tz) is a “genuine” half-open annulus over K with radius [σ, 1).
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Proposition 9.8. By enlarging K and shrinking both U and V (that is, enlarging the set of closed points
{z, z1, . . . , zm} and increasing σ0) if necessary, there exists a finite étale map

g : V = Yσ0 → Xσ′,f ′

where f ′ =
∏︁l
i=1(T − [c′

i]) ∈ OK0 [T ] for some c′
1, . . . , c

′
l ∈ k

×
K , and σ′ ∈ (0, 1] ∩ pQ, such that

(1) g(ξII) is the Gaussian point of DK , and g(ξ) is the type V point in DK corresponding to the open
unit disk centered at 0. Moreover, we have g−1(δII) = {ξII} and g−1(δ) = {ξ};

(2) g−1(︁X1,f ′
)︁

= U = Y1;
(3) the restriction g|U : U → X1,f ′ is the adic generic fiber of a finite étale map ˆ︁g : U → Df ′ between

smooth affine formal schemes.

Proof. We will first construct such a map on a neighborhood U of ξII satisfying condition (3), then show that
it extends to a neighborhood V of ξ, after possibly enlarging the base field K.

Step 1 (Factor h on the integral models).

We start with the finite étale map h : V = Yσ0 → Xσ,f from (9.2), which restricts to a finite étale map
h : U = Y1 → X1,f . Up to shrinking U and X1,f if necessary, there exists a finite map ˆ︁h : U→ Df that gives
rise to h upon passing to the adic generic fibers (a priori, we only have such a map up to taking admissible
blowing-ups, but this can be avoided once we are allowed to shrink the source and target; cf. [Ray74]).
Passing to special fibers, we obtainˆ︁hs : Us = Ys\{z, z1, . . . , zm} → Df ;s = A1

k\{0, c1, . . . , cn},

which extends to a finite map Ys → P1
k between smooth projective curves over k. This map factors as

Ys
ϕs−→ Y(N)

s
ψs−−→ P1

k,

where ϕs denotes the pN -th power relative Frobenius map and ψs is finite separable. After further shrinking
U and X1,f , this restricts to a factorization

Us
ϕs−→ U(N)

s
ψs−−→ Df ;s

of ˆ︁hs, where the second map ψs is finite étale.

Step 2 (Lift the finite étale map ψs).

After untwisting Frobenius, we have a finite étale map ψs : Us → D
(−N)
f ;s , which we still denote by ψs by a

slight abuse of the notation. It lifts to a finite étale mapˆ︁ψ : U→ D
(−N)
f := D◦

f ×Spf W (k),Frob−N Spf OK

and thus gives rise to a finite étale map ψ : U → X
(−N)
1,f on the adic generic fibers. Here X(−N)

1,f denotes the
adic generic fiber of D(−N)

f ; in particular, we have

X
(−N)
1,f

∼= X1,f ′

with f ′ :=
∏︁
i(T − [c′

i]), where c′
i = Frob−N (ci). Thus, we obtain a finite étale map ˆ︁ψ : U → Df ′ = D

(−N)
f

that gives rise to a finite étale map

(9.3) ψ : U → X1,f ′

on the adic generic fibers. This map sends ξII to the Gaussian point δII of the disk.

Step 3 (Construction of the desired map).

Next, we show that, up to enlarging K, shrinking U, V , and re-centering the unit disk DK (and thus modifying
the c′

i’s) if necessary, there exists a finite étale map

g : V → Xσ′,f ′
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for some σ′ ∈ (0, 1) ∩ pQ, which satisfies the requirement of the proposition. In particular, it sends the type
V point ξ to the type V point δ on DK corresponding to the open unit disk centered at 0. We will construct
this map g from ψ in (9.3).

First, by Theorem 9.2, up to shrinking U and X1,f ′ , there exist a smooth projective curve X ′ over K
(viewed as an adic space) and a finite map π : X ′ → P1

K , together with an isomorphism
i : U ∼−−→ (π)−1(X1,f ′)

satisfying π ◦ i = ψ, where we have identified X1,f ′ with a subspace of P1,an
K via X1,f ′ ⊂ DK ⊂ P1,an

K . In the
rest of this proof, for any smooth adic space Z over Spa(K,OK), let ZB denote the associated Berkovich
space over K; in particular, the underlying topological space of ZB is the maximal Hausdorff quotient of
that of Z. By [Ber07, Proposition 2.2.1], up to enlarging K if necessary, there exist a Berkovich open
neighborhood V ′

0 ⊂ X ′
B of i(ξII) and a smooth projective curve Y ′ over OK (with adic generic fiber Y ′) such

that V ′
0 can be identified with a Berkovich open neighborhood W0 of the Shilov point of Y ′

B.38 Let
λ0 : W0

∼−−→ V ′
0

denote the corresponding isomorphism. Let V ′ (resp. W ) denote the pre-image of V ′
0 (resp. W0) under

the natural projection X ′ → X ′
B (resp. Y ′ → Y ′

B). Then λ0 induces an isomorphism λ : W ∼−−→ V ′ of adic
spaces. By construction, V ′ contains every type V specialization of i(ξII). After shrinking U (and hence
shrinking U) if necessary, we may assume that i(U) ⊂ V ′. By further shrinking, we may assume that the
isomorphism λ−1 ◦ i : U ∼−−→ λ−1 ◦ i(U) comes from an isomorphism ι : U ∼−−→ U′ on smooth integral models
where U′ ⊂ Y ′ is an open affine formal subscheme, such that the reduction of ι extends to an isomorphism39

ι : Ys ∼−−→ Y ′
s.

Let x0 ∈ Ys be a closed point away from {z, z1, . . . , zm} and let x′
0 = ι(x0) ∈ Y ′

s. Let D0 ⊂ Y be the preimage
of x0 under the specialization map Y → Ys, and similarly define D′

0 ⊂ Y ′ using x′
0. Since the formal deforma-

tion of smooth affine schemes is unobstructed and in fact trivial, the isomorphism ι : Ys\{x0} ∼−−→ Y ′
s\{x′

0}
lifts to an isomorphism

j0 : Y \D0
∼−−→ Y ′\D′

0
of affinoid adic spaces on the generic fiber.

After shrinking V , the composition j := λ◦ j0 embeds V into Y ′. By construction, on U , we have j = i◦a
for a map a induced by an automorphism of the formal scheme U. In particular, π ◦ j|U agrees with ψ ◦ a,
which still has a finite étale integral model. Finally, after enlarging K, shrinking V (i.e., enlarging σ0), and
choosing a different coordinate of DK if necessary, we obtain the desired finite étale map

g := π ◦ j : V → Xσ′,f ′

that sends ξ to the type V point δ corresponding to the open unit disk in DK centered at 0. This finishes
the proof of the proposition. □

9.4. Proof of p-adic monodromy for type V points.

Finally, we prove Theorem 9.1.

Proof of Theorem 9.1. Let ξ be the type V point as in the statement of the theorem and let ξII be the
associated type II point. Recall that both ξ and ξII are K-rational. We want to show that, up to a finite
extension of K, there exist an open neighborhood W of ξ and a finite étale cover W ′ → W such that
the pullback of L|W to W ′ is pointwise semistable. By Proposition 5.2, we may assume that L is already
semistable in an open neighborhood of ξII.

Consider the map
g : V → Xσ′,f ′

given by Proposition 9.8. In particular, we have g−1(δII) = {ξII} and g−1(δ) = {ξ} where δII is the Gaussian
point of DK and δ is the type V point in Xσ′,f ′ that corresponds to the open unit disk in DK centered
at 0. Consider the p-adic local system g∗L on Xσ′,f ′ . By assumption (3) in Proposition 9.8, g restricts to

38Here, the Shilov point of Y ′
B is the preimage of the generic point of the special fiber Y ′

s under the specialization map
Y ′

B → Y ′
s. It is a point of type II.

39Notice that the function fields of both Ys and Y ′
s are determined by the residue field of the completed stalk H (ξII).
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U → X1,f ′ which admits a finite étale integral model U → Df ′ . Since L is assumed to be semistable in a
neighborhood of ξII, we deduce that g∗L is semistable in a neighborhood of δII by applying [GY24, Theorem
1.6].

By Theorem 8.1, up to enlarging K, up to further shrinking Xσ′,f ′ to a smaller neighborhood of δ, there
exists a finite étale cover ψ : X ′

σ′,f ′ → Xσ′,f ′ such that the local system (g∗L)|Xσ′,f′ becomes pointwise
semistable after pulling back along the map ψ. Let W := g−1(Xσ′,f ′) and W ′ := W ×Xσ′,f′ X

′
σ′,f ′ . They fit

into a commutative diagram
W ′ W

X ′
σ′,f ′ Xσ′,f ′ .

ψ′

g′ g

ψ

Then (ψ′)∗(g∗g∗L) = (g′)∗ψ∗(g∗L) is pointwise semistable on W ′. Note that for any classical point x ∈ W ,
the restriction L|x is a direct summand of (g∗g∗L)|x as Galκ(x)-representations. It follows that (ψ′)∗L is also
pointwise semistable. This finishes the proof of Theorem 9.1 (that is, the general case of Theorem 12 for
type V points). □

Remark 9.9. Combining the results established in §5.1, §5.2, §6, §7, §8, and §9, the proof of Theorem 12
is now complete.

10. Proof of the main theorem

We are ready to prove the main theorem.

Proof of Theorem 1. Applying Theorem 12 and Theorem 9.2 to each (adic) point ξ ∈ XCK
, we obtain a

triple (L(ξ), Uξ, fξ : Yξ → XL(ξ)) where
• L(ξ) is a finite extension of K;
• Uξ ⊂ XL(ξ) is an open neighborhood of the image of ξ in XL(ξ);
• fξ : Yξ → XL(ξ) is a finite cover between smooth projective curves over L(ξ);

such that the pullback of L to Yξ ×XL(ξ) Uξ is pointwise semistable. Notice that {Uξ,CK
} covers the adic

space XCK
. By compactness, XCK

is covered by a finite sub-collection {Uξ,CK
}ξ∈C . Pick a finite extension

L/K containing L(ξ) for all ξ ∈ C , so that {Uξ,L}ξ∈C cover XL.
Now, consider the normalization Y of the fiber product of all Yξ,L’s over XL. By construction, the pullback

of L to Y is pointwise semistable. By enlarging K, we may further assume that Y has semistable reduction.
It then follows from the pointwise criterion (Theorem 13) that the pullback of L to Y is semistable. □

Finally, we conclude the article with the proof of the Qp-version of the main result.

Proof of Theorem 7. Let L be a Qp-local system on X as in the statement of the theorem. Let ξ ∈ XCK
be

an (adic) point on XCp
. By [DJ95, Corollary 4.4], there exists an open neighborhood U of the image of ξ in

X, such that the restriction L|U of L to U admits a Zp-lattice. That is, there exists a Zp-local system Λ on
U such that L|U ∼= Λ⊗Zp Qp. By Theorem 12 and its proof, we know that, after shrinking U and replacing
K by a finite extension, there exists a finite étale cover f : V → U such that f∗(L|U ) is pointwise semistable.
The rest of the argument is identical to that of Theorem 1. □

Appendix A. Notations for period rings

In this appendix, we gather a list of notations of period rings that are commonly used in p-adic Hodge
theory. As the table below suggests, for the period rings in the classical setting (cf. §3), our notation is in
the same spirit as in the work of Kedlaya–Liu ([KL15, KL19]).
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Our choice [CC98] [Ber02] [Col08] [KL15, KL19]

AK — — — —

Ar
K A†

r′−,K
, (A†

r′−)HK A†,r′

K ,AHK

[r′;+∞] A(0,r]
K —

A†
K — — — —

BK — — — —

Br
K B†

r′−,K
, (B†

r′−)HK B†,r′

K ,BHK

[r′;+∞] B(0,r]
K —

B†
K — — — —

C[s,r]
K n/a BHK

[r′;s′] n/a —

Cr
K n/a B†,r′

rig,K ,B
HK

[r′;+∞[ B]0,r]
K —

C†
K n/a B†

rig,K B†
rig,K CK

• In the table above, a dash “—” indicates that the notation there agrees with the notation used in
this paper.

• s, r are real numbers with 0 < s ⩽ r and s, r ∈ pQ; while r′ = 1
r ·

p−1
p and s′ = 1

s ·
p−1
p .

• As the table suggests, we make one slight modification to the notation in [KL15, KL19] — we write˜︁C†
K and C†

K for the rings denoted by ˜︁CK and CK in [KL15, KL19] to emphasize that these rings are
obtained by taking the union over r > 0, as in Definitions 3.2 and 3.6, corresponding to “approaching
the boundary of the annulus”.

• There are similar tables for perfect period rings and for period rings without the subscript K, which
we omit here.

• For relative period rings, we use ˜︁Ar
X ,
˜︁A†
X ,
˜︁Br
X ,
˜︁B†
X ,
˜︁C[s,r]
X , ˜︁Cr

X ,
˜︁C†
X to denote perfect period rings, as

opposed to the notation ˜︁Ar
ψ,
˜︁A†
ψ,
˜︁Br
ψ,
˜︁B†
ψ,
˜︁C[s,r]
ψ , ˜︁Cr

ψ,
˜︁Cψ used in [KL19]. In fact, in both [KL15] and

[KL19], Kedlaya and Liu use ˜︁Ar
X ,
˜︁A†
X ,
˜︁Br
X ,
˜︁B†
X ,
˜︁C[s,r]
X , ˜︁Cr

X ,
˜︁CX to refer to sheaves of period rings.

References
[ABLB+25] Johannes Anschütz, Guido Bosco, Arthur-César Le Bras, Juan Esteban Rodríguez Camargo, and Peter Scholze,

Analytic de Rham stacks of Fargues-Fontaine curves, preprint, arXiv:2510.15196 (2025).
[AI12] Fabrizio Andreatta and Adrian Iovita, Semistable sheaves and comparison isomorphisms in the semistable case,

Rend. Semin. Mat. Univ. Padova 128 (2012), 131–285.
[AK00] D. Abramovich and K. Karu, Weak semistable reduction in characteristic 0, Invent. Math. 139 (2000), no. 2,

241–273.
[ALT20] Karim Adiprasito, Gaku Liu, and Michael Temkin, Semistable reduction in characteristic 0, Sém. Lothar. Combin.

82B (2020), Art. 25, 10.
[And02] Yves André, Filtrations de type Hasse-Arf et monodromie p-adique, Invent. Math. 148 (2002), no. 2, 285–317.
[BC08] Laurent Berger and Pierre Colmez, Familles de représentations de de Rham et monodromie p-adique, no. 319,

2008, Représentations p-adiques de groupes p-adiques. I. Représentations galoisiennes et (ϕ, Γ)-modules, pp. 303–
337.

[Ber90] Vladimir G. Berkovich, Spectral theory and analytic geometry over non-Archimedean fields, Mathematical Surveys
and Monographs, vol. 33, American Mathematical Society, Providence, RI, 1990.

[Ber93] , Étale cohomology for non-Archimedean analytic spaces, Inst. Hautes Études Sci. Publ. Math. (1993),
no. 78, 5–161.

[Ber02] Laurent Berger, Représentations p-adiques et équations différentielles, Invent. Math. 148 (2002), no. 2, 219–284.
[Ber07] Vladimir G. Berkovich, Integration of one-forms on p-adic analytic spaces, Annals of Mathematics Studies, vol.

162, Princeton University Press, Princeton, NJ, 2007.
[BGR84] S. Bosch, U. Güntzer, and R. Remmert, Non-Archimedean analysis: a systematic approach to rigid analytic

geometry, Grundlehren der mathematischen Wissenschaften, vol. 261, Springer-Verlag, Berlin, 1984.
[Bha17] Bhargav Bhatt, Lecture notes for a class on perfectoid spaces, Lecture notes.

https://websites.umich.edu/~bhattb/teaching/mat679w17/lectures.pdf (2017).



72 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO

[Bri08] Olivier Brinon, Représentations p-adiques cristallines et de de Rham dans le cas relatif, Mém. Soc. Math. Fr.
(N.S.) (2008), no. 112.

[BS23] Bhargav Bhatt and Peter Scholze, Prismatic F -crystals and crystalline Galois representations, Camb. J. Math.
11 (2023), no. 2, 507–562.

[CC98] F. Cherbonnier and P. Colmez, Représentations p-adiques surconvergentes, Invent. Math. 133 (1998), no. 3,
581–611.

[CKS86] Eduardo Cattani, Aroldo Kaplan, and Wilfried Schmid, Degeneration of Hodge structures, Ann. of Math. (2) 123
(1986), no. 3, 457–535.

[Cle77] C. H. Clemens, Degeneration of Kähler manifolds, Duke Math. J. 44 (1977), no. 2, 215–290.
[Col03] Pierre Colmez, Les conjectures de monodromie p-adiques, no. 290, 2003, Séminaire Bourbaki. Vol. 2001/2002,

pp. Exp. No. 897, vii, 53–101.
[Col08] , Espaces vectoriels de dimension finie et représentations de de Rham, Astérisque 319 (2008), 117–186.
[DJ95] Aise Johan De Jong, Étale fundamental groups of non-Archimedean analytic spaces, Compos. Math. 97 (1995),

no. 1-2, 89–118.
[DLMS24] Heng Du, Tong Liu, Yong Suk Moon, and Koji Shimizu, Log prismatic F-crystals and purity, preprint,

arXiv:2404.19603 (2024).
[DMY26] Hansheng Diao, Yong Suk Moon, and Zijian Yao, Relative (φ, Γ)-modules and p-adic differential equations,

preprint, arXiv:2609.08179 (2026).
[Du26] Heng Du, p-adic Hodge theory of de Rham local systems, I: Newton polygon and monodromy, preprint,

arXiv:2604.03220 (2026).
[DY25] Hansheng Diao and Zijian Yao, Monodromy and rigidity of crystalline local systems, preprint, arXiv:2509.19813

(2025).
[Fal02] Gerd Faltings, Almost étale extensions, no. 279, 2002, Cohomologies p-adiques et applications arithmétiques, II,

pp. 185–270.
[FF18] Laurent Fargues and Jean-Marc Fontaine, Courbes et fibrés vectoriels en théorie de Hodge p-adique, Astérisque

(2018), no. 406.
[Fon90] Jean-Marc Fontaine, Représentations p-adiques des corps locaux. I, The Grothendieck Festschrift, Vol. II, Progr.

Math., vol. 87, Birkhäuser Boston, Boston, MA, 1990, pp. 249–309.
[Fon94] , Représentations p-adiques semi-stables, no. 223, 1994, pp. 113–184.
[Gac99] F. Gachet, Structure fuchsienne pour des modules différentiels sur une polycouronne ultramétrique, Rend. Semin.

Mat. Univ. Padova 102 (1999), 157–218.
[Gri68] Phillip A. Griffiths, On the periods of integrals on algebraic manifolds, Rice Univ. Stud. 54 (1968), no. 4, 21–38.
[Gri70] , Periods of integrals on algebraic manifolds: Summary of main results and discussion of open problems,

Bull. Amer. Math. Soc. 76 (1970), 228–296.
[GY24] Haoyang Guo and Ziquan Yang, Pointwise criteria of p-adic local systems, preprint, arXiv:2409.19742 (2024).
[Han16] David Hansen, Quotients of adic spaces by finite groups, Math. Res. Letters, to appear. Available at

http://davidrenshawhansen.net/adicgpquotient.pdf (2016).
[Hub96] Roland Huber, Étale cohomology of rigid analytic varieties and adic spaces, Aspects of Mathematics, vol. 30,

Vieweg, Braunschweig, 1996.
[Kat70] Nicholas M. Katz, Nilpotent connections and the monodromy theorem: Applications of a result of Turrittin, Inst.

Hautes Études Sci. Publ. Math. (1970), no. 39, 175–232.
[Kat73] , p-adic properties of modular schemes and modular forms, Modular functions of one variable, III (Proc.

Internat. Summer School, Univ. Antwerp, Antwerp, 1972), Lecture Notes in Math., vol. Vol. 350, Springer, Berlin-
New York, 1973, pp. 69–190.

[Kat86] , Local-to-global extensions of representations of fundamentalgroups, Ann. Inst. Fourier (Grenoble) 36
(1986), no. 4, 69–106.

[Ked04] Kiran S. Kedlaya, A p-adic local monodromy theorem, Ann. of Math. (2) 160 (2004), no. 1, 93–184.
[Ked06] , Finiteness of rigid cohomology with coefficients, Duke Math. J. 134 (2006), 15–97.
[Ked07] , The p-adic local monodromy theorem for fake annuli, Rend. Semin. Mat. Univ. Padova 118 (2007).
[Ked08] , Semistable reduction for overconvergent F -isocrystals. II. A valuation-theoretic approach, Compos. Math.

144 (2008), no. 3, 657–672.
[Ked09] , Semistable reduction for overconvergent F -isocrystals. III. Local semistable reduction at monomial valu-

ations, Compos. Math. 145 (2009), no. 1, 143–172.
[Ked15] , Local and global structure of connections on nonarchimedean curves, Compos. Math. 151 (2015), 1096–

1156.
[Ked22] , p-adic differential equations, second ed., Cambridge Studies in Advanced Mathematics, vol. 199, Cam-

bridge University Press, Cambridge, 2022.
[Ked25] , Monodromy representations of p-adic differential equations in families, preprint, arXiv:2209.00593v3, to

appear in Simons Symposia (2025).
[KK05] Hagen Knaf and Franz-Viktor Kuhlmann, Abhyankar places admit local uniformization in any characteristic,

Ann. Sci. École Norm. Sup. (4) 38 (2005), no. 6, 833–846.
[KKMSD73] G. Kempf, Finn Faye Knudsen, D. Mumford, and B. Saint-Donat, Toroidal embeddings. I, Lecture Notes in

Mathematics, vol. Vol. 339, Springer-Verlag, Berlin-New York, 1973.
[KL15] Kiran S. Kedlaya and Ruochuan Liu, Relative p-adic Hodge theory: foundations, Astérisque (2015), no. 371, 239.



A p-ADIC MONODROMY THEOREM FOR CURVES 73

[KL19] , Relative p-adic Hodge theory, II: imperfect period rings, preprint, arXiv:1602.06899v3 (2019).
[KS17] Kiran S. Kedlaya and Atsushi Shiho, Corrigendum: Local and global structure of connections on nonarchimedean

curves, Compos. Math. 153 (2017), 2658–2665.
[KX10] Kiran S. Kedlaya and Liang Xiao, Differential modules on p-adic polyannuli, J. Inst. Math. Jussieu 9 (2010),

no. 1, 155–201.
[Lan66] Alan Landman, On the Picard-Lefschetz transformation, Ph.D. thesis, Ph. D. Berkeley thesis, 1966.
[LZ17] Ruochuan Liu and Xinwen Zhu, Rigidity and a Riemann-Hilbert correspondence for p-adic local systems, Invent.

Math. 207 (2017), no. 1, 291–343.
[Meb02] Z. Mebkhout, Analogue p-adique du théorème de Turrittin et le théorème de la monodromie p-adique, Invent.

Math. 148 (2002), no. 2, 319–351.
[Mor14] Kazuma Morita, Crystalline and semi-stable representations in the imperfect residue field case, Asian J. Math.

18 (2014), no. 1, 143–157.
[Mor19] Sophie Morel, Adic spaces, Lecture notes. https://web.math.princeton.edu/~smorel/adic_notes.pdf (2019).
[Ohk13] Shun Ohkubo, The p-adic monodromy theorem in the imperfect residue field case, Algebra Number Theory 7

(2013), no. 8, 1977–2037.
[Ray74] Michel Raynaud, Géométrie analytique rigide d’après Tate, Kiehl, · · · , Table Ronde d’Analyse Non Archimédienne

(Paris, 1972), Supplément au Bull. Soc. Math. France, vol. Tome 102, Soc. Math. France, Paris, 1974, pp. 319–327.
[Ray94] M. Raynaud, Revêtements de la droite affine en caractéristique p > 0 et conjecture d’Abhyankar, Invent. Math.

116 (1994), no. 1-3, 425–462.
[RZ82] M. Rapoport and Th. Zink, Über die lokale Zetafunktion von Shimuravarietäten. Monodromiefiltration und ver-

schwindende Zyklen in ungleicher Charakteristik, Invent. Math. 68 (1982), no. 1, 21–101.
[Sch73] Wilfried Schmid, Variation of Hodge structure: the singularities of the period mapping, Invent. Math. 22 (1973),

211–319.
[Sch12] Peter Scholze, Perfectoid spaces, Publ. Math. Inst. Hautes Études Sci. 116 (2012), 245–313.
[Sch13] , p-adic Hodge theory for rigid-analytic varieties, Forum Math. Pi 1 (2013), e1, 77.
[SGA72] Groupes de monodromie en géométrie algébrique. I, Lecture Notes in Mathematics, vol. Vol. 288, Springer-Verlag,

Berlin-New York, 1972, Séminaire de Géométrie Algébrique du Bois-Marie 1967–1969 (SGA 7 I), Dirigé par A.
Grothendieck. Avec la collaboration de M. Raynaud et D. S. Rim.

[Shi18] Koji Shimizu, Constancy of generalized Hodge-Tate weights of a local system, Compos. Math. 154 (2018), no. 12,
2606–2642.

[Shi22] , A p-adic monodromy theorem for de Rham local systems, Compos. Math. 158 (2022), no. 12, 2157–2205.
[Sta26] The Stacks Project authors, The Stacks Project, https://stacks.math.columbia.edu, 2026.
[Ste76] Joseph Steenbrink, Limits of Hodge structures, Invent. Math. 31 (1975/76), no. 3, 229–257.
[Tem] Michael Temkin, Valued fields, Lecture notes. https://math.huji.ac.il/~temkin/teach/math583/notes.pdf.
[Tsu08] Takeshi Tsuji, Crystalline sheaves and filtered convergent F-isocrystals on log schemes, preprint (2008).
[Wan24] Peiduo Wang, On generalized Fuchs theorem over p-adic polyannuli, Tohoku Math. J. (2) 76 (2024), no. 4,

483–520.
[Wed19] Torsten Wedhorn, Adic spaces, preprint, arXiv:1910.05934 (2019).

H.D.
Yau Mathematical Sciences Center & Department of Mathematical Sciences, Tsinghua University
Beijing, China
E-mail address: hdiao@mail.tsinghua.edu.cn

Y.S.M.
Beijing Institute of Mathematical Sciences and Applications
Beijing, China
E-mail address: ysmoon@bimsa.cn

Z.Y.
Department of Mathematics, University of California Santa Barbara
Santa Barbara, California, USA
E-mail address: yao@math.ucsb.edu

https://stacks.math.columbia.edu

	1. Introduction
	2. Preliminaries on p-adic geometry
	3. (, K)-modules and Galois representations
	4. Relative period rings and relative (, )-modules
	5. Around points of type I and II
	6. Around points of type III
	7. Around points of type IV
	8. Around points of type V: special case
	9. Around points of type V: general case
	10. Proof of the main theorem
	Appendix A. Notations for period rings
	References

