A p-ADIC MONODROMY THEOREM FOR CURVES
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ABSTRACT. We prove that every de Rham p-adic local system on a smooth projective curve over a p-adic
field is potentially semistable; that is, it becomes semistable after pulling back along a finite cover of the
curve. This establishes a relative version of the classical p-adic monodromy theorem of Berger and André—
Kedlaya—Mebkhout. Along the way, we show that every p-adic differential equation near a type IV point on
a curve becomes trivial after a finite étale extension.
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1. INTRODUCTION

1.1. Main result.

Let p be a prime number and let K be a p-adic field, that is, a complete discrete valuation field of mixed
characteristic (0,p) with perfect residue field. Let Galxy = Gal(K/K) denote the absolute Galois group.
The main goal of this article is to establish the following relative p-adic monodromy theorem.!

Theorem 1. Let X be a smooth projective curve over K and let I be an étale Zy,-local system on X. If L
is de Rham, then 1L is potentially semistable. That is, after replacing the base field K by a finite extension,
there exists a finite cover f: X' — X such that X' is a smooth projective curve with semistable reduction
over Ok and f*IL is semistable.

Before explaining the terminology, let us place our results into context. Consider a smooth projective curve
Sover Candlet S =S —{t1,...,t.} be a Zariski open subset. Let 7: Y — S be a smooth proper map and
denote by Yj the fiber over a point s € S. For a fixed integer i > 0, the singular cohomology groups H*(Y;, C)
form a local system on S. The “local monodromy theorem” of Borel-Griffiths—Grothendieck—Katz—Landman
[Gri68, Gri70, Lan66, SGA72, Kat70] asserts that, if we restrict this local system over a small punctured
disk A* around one of the “missing points” ¢; and pick a base point sy € A*, then the monodromy action
of w1 (A*,s0) on H(Y,,C) is quasi-unipotent. More precisely, the automorphism 7' on H*(Y;,,C) induced
by a generator of m (A*, sg) admits a Jordan decomposition T'=U - D = D - U, where U is unipotent and
D is semisimple of finite order. This result plays a fundamental role in the study of degeneration of Hodge
structures (for example, see [Sch73, Ste76, Cle77, CKS86]). Moreover, it implies, rather strikingly, that all
the eigenvalues of T" are roots of unity.

ITheorem 1 is stated in the setting of Zp-local systems. See Theorem 7 below for a version for Qp-local systems.
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Grothendieck’s proof (cf. [SGA72]) in fact implies the following uniform statement. Let X be a smooth
proper variety over K, and let I be an [-adic étale local system on X for a prime [ different from p. Then,
there exists a finite étale cover f: X’ — X such that, for every finite extension K'/K and every s € X'(K'),
the inertia group Ik acts unipotently on f*LL|s. Unipotence of the inertia action on the I-adic cohomology
of a variety is closely tied to semistable reduction (see, for example, Grothendieck’s semistable reduction
criterion for abelian varieties, as well as [RZ82]). This led Fontaine to conjecture a p-adic analogue: a p-adic
representation Galg is de Rham if and only if it becomes semistable after some finite extension of K (see
[Fon94], and also [Col03]). The conjecture of Fontaine was proved by Berger and André-Kedlaya—Mebkhout
[Ber02, And02, Ked04, Meb02] and later revisited by Colmez and others (see [Col08, FF18, ABLB*25]).

Extending the p-adic local monodromy theorem to the relative geometric setting has long stood as a
major open problem. Our main result provides the first such global generalization. From a more geometric
perspective, our result suggests the following question.

Question 2. For a smooth proper map Y — X of projective varieties over K, up to replacing the base field
K by a finite extension, does there exist a projective alteration X’ — X, that is, a proper generically finite
étale cover with X’ projective, such that Y x x X’ — X’ has (fiber-wise) semistable reduction?

The affirmative answer to this question would provide a mixed characteristic analogue of some well-known
conjectures on semistable reductions in algebraic geometry, notably the semistable reduction conjecture of
Abramovich-Karu [AK00, Conjecture 0.2] (also see [KKMSD73] and [ALT20]). This mixed characteristic
analogue has a positive answer when Y is a family of abelian varieties over X, by considering the relative
l-adic Tate module on X with [ # p. Setting X to be a point leads to a natural variant: does a smooth
projective variety Y over K always acquire semistable reduction after a finite étale extension? It is a folklore
conjecture that this latter question has a positive answer.

1.2. p-adic local systems.

Let us turn to the notions of de Rham and semistable p-adic local systems. Let X be a smooth rigid analytic
variety over K, viewed as an adic space over Spa(K,Ok). In this article, by a p-adic local system on X,
we shall exclusively mean a Zp-local system, that is, a lisse Z,-sheaf on the étale site X¢;. One may view a
p-adic local system on X as a geometric family of p-adic Galois representations parameterized by X. Indeed,
for each classical point € X with residue field k(z), the restriction of the local system at z gives rise to
(a Zy-lattice inside) a p-adic representation of Gal,(,). The notion of de Rham local systems is defined in
[Sch13] (also see [Fal02, Bri08, LZ17]).

Definition 3 ([Sch13, Definition 8.3]). A p-adic local system L on X is called de Rham if there exists a
filtered vector bundle with integrable connection (D, V,Fil*) on X in the sense of [Sch13, Definition 7.4],
together with an isomorphism

L ® OBar.x =D ®oy OBdr.x

of pro-étale sheaves on X, compatible with filtrations and connections. Here I denotes the lisse Zp—sheaf
on Xpro¢r associated with L. The readers are referred to §6 of op. cit. for the construction of the de Rham
period sheaf OBg4gr,x as well as the filtration and connection on it.

It is worth pointing out that Scholze’s definition [Sch13, Definition 8.3] naturally extends to Q,-local
systems in the sense of de Jong [DJ95]. In particular, one obtains the notion of de Rham Q,-local systems
(as used in [LZ17]; also see Remark 6 and 8). On the other hand, the notion of semistability is only defined
for Z,-local systems in the literature, and one typically requires a semistable integral model of X to start
with. This is developed in various generalities in [Fal02, Bri08, Tsu08, AT12, DLMS24, GY24]. Let X be a
p-adic formal scheme over Ok with semistable reduction and let X be its adic generic fiber. Let X4 denote
the special fiber of X and let X8 denote the log scheme (X, as) where the log structure a is obtained from
the pullback of the divisorial log structure

a: Ox e N (Oxe[1/p]) = Ox e

on X. The following definition is borrowed from [GY24].



A p-ADIC MONODROMY THEOREM FOR CURVES 3

Definition 4 ([GY24, Definition 4.4]). A Z,-local system L on X is called semistable if there exists a log
F-isocrystal® (&, ) over X198 together with a Frobenius equivariant isomorphism of Berys-vector bundles

ﬁ-\d ®/Z\ ]Ecrys = IB%crys (5)

Here Be,ys is the horizontal crystalline period sheaf and Be,ys(€) is the sheaf of Be,ys-modules on the pro-étale
site Xprost associated with (£, ). For the constructions of Berys and Beys(€), see [GY24, Definition 3.8,
Construction 4.1].

Remark 5. One can similarly define the notion of crystalline Zy-local systems. For this, we further require
the p-adic formal scheme X to be smooth. Then, crystalline local systems are defined in the same way as in
Definition 4, simply omitting all “log” therein (see [GY24, Definition 4.4]).

Remark 6 (Z,-local systems vs Q,-local systems). For rigid analytic spaces, the category of Q,-local systems
studied by de Jong [DJ95] is, in general, strictly larger than the isogeny category of Z,-local systems: a Q,-
local system need not admit a global integral lattice. In particular, de Jong constructs an example of a
Qp-local systems of rank 2 on IP’}Q;:II that is intrinsically analytic, whose geometric monodromy surjects onto
SL2(Qp). Perhaps surprisingly, the proof of our main result extends to these @,-local systems, yielding an

analogous result even in the absence of a global Z,-lattice.

Theorem 7 (p-adic monodromy for Q,-local systems). Let X be a smooth projective curve over K, and let
L be a Qp-local system on X. If L is de Rham, then, after replacing K by a finite extension if necessary,
there exists a finite cover f: X' — X such that f*IL is pointwise semistable, that is, the restriction of f*IL
to every classical point on X' is semistable.

Remark 8 (Rigidity). A remarkable theorem of Liu—Zhu [LZ17] asserts that de Rham Q,-local systems are
rigid. That is, if a Qp-local system on a smooth geometrically connected rigid analytic variety is de Rham
at one classical point, then it is already a de Rham local system, and hence is de Rham at every classical
point. Although the most naive analogues of this rigidity phenomenon fail for semistable and crystalline
local systems, it is natural to ask to what extent analogous rigidity results remain valid in these settings. In
the crystalline case, some of the authors (H.D. and Z.Y.) recently established the following rigidity result.

Theorem 9 ([DY25, Theorem 1.1]). Let X be a geometrically connected smooth projective scheme over Ok
and let X be its generic fiber. Let L be a p-adic local system on X. If there exists one classical point To on
X such that L., is potentially crystalline, then IL is potentially crystalline at every classical point on X.

Let us mention that the proof of Theorem 9 crucially relies on the main result of this article.

1.3. Related results.

We make a few more remarks on some relevant works in the literature. There have been several attempts
to generalize the p-adic monodromy theorem to the relative setting; for example, see [Shi22, Ked25, Du26]?
and the introductions thereof. Most of these works are of local nature. Notably, Shimizu [Shi22] shows that,
given a de Rham local system L on a smooth rigid analytic variety X over K, every classical point admits
an affinoid neighborhood U such that IL becomes semistable at all classical points on Uk~ for some finite
extension K’/K. In a more recent preprint, Du [Du26] shows that there exist a dense open subset U C X and
a (generally non-finite) étale cover V' — U on which L becomes semistable at all classical points by studying
Newton polygons. In contrast, the main result of this article provides the first general p-adic monodromy
theorem in the global setting. It is certainly worth mentioning that, in the global setting, Shimizu [Shil8]
proves a similar result similar to ours when the local system L has a single Hodge—Tate weight (for a general
class of analytic varieties).

Let us also mention the work of Ohkubo [Ohk13], Morita [Morl4], and Kedlaya [Ked07]. Ohkubo and
Morita extend the classical p-adic monodromy theorem to more general p-adic fields; they treat complete

2By log F'-isocrystals, we mean finite locally free isocrystals over the log crystalline site, equipped with a Frobenius structure.

3The proof of [Ked25, Theorem 3.2.6] relies on working with a “relative connection” in order to apply the techniques
developed in [Ked22] and [Ked25, §1-2]. More precisely, the argument requires working with a relative annulus of the form
A X X' over a base X’ together with a vector bundle £ equipped with an O -linear connection. However, one cannot expect
such an Oy -linear connection to exist, because the arithmetic and geometric directions are inseparably intertwined. This
appears to leave a serious gap in the argument in [Ked25, Theorem 3.2.6].
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discretely valued fields with imperfect residue fields. Their results, together with an argument of Guo—Yang
(cf. [GY24, §6-7]), provide what we need for the analysis near type I points (see §5). On the other hand,
Kedlaya establishes a quasi-unipotence result regarding p-adic differential equations over certain “fake Robba
rings”, which make a surprising appearance in our treatment of type II points (see §1.8).

In a different direction, Berger and Colmez [BCO08] prove the following result for arithmetic families of
p-adic Galois representations: consider a reduced affinoid Q,-algebra S and a finite locally free S-module V'
equipped with a continuous S-linear Galg-action. If for every point x in the maximal spectrum Spm(.S), the
fiber V, is a de Rham Galg-representation with Hodge—Tate weights contained in a fixed interval [a, b], then
all fibers become semistable over a single finite extension K’/K. It is an interesting problem to combine the
approach in this article with tools developed in [BC08] to establish a p-adic monodromy result for S-valued
local systems.

1.4. Relative p-adic Hodge theory.

Before explaining the proof of Theorem 1, it is instructive to first recall Berger’s proof in the classical
setting [Ber02]. By the works of Fontaine [Fon90] and Cherbonnier—Colmez [CC98], one can attach to a
p-adic Galg-representation V' a (¢, 'k )-module D}((V) (resp. Djig’K(V)) over the overconvergent imperfect

period ring BE( (resp. 0}4). When V is de Rham, Berger develops a systematic procedure to remove the
singularities of the differential operator on D;rig, (V) induced by the I'x-action. This construction yields

a p-adic differential equation (Ngr(V'),0y) with a Frobenius structure over the Robba ring C}{. By the
result of André-Kedlaya—Mebkhout (§3.8), such a p-adic differential equation is necessarily quasi-unipotent.
Consequently, there exists a finite extension L/K such that the equation admits a full basis of horizontal
sections after taking base change to C}[log 7]. Berger then shows that, after a further finite extension of the
base field, these horizontal sections are contained in the semistable periods of V', thus settling the classical
p-adic monodromy theorem. We refer the reader to §3 for more details.

Extending this strategy to the relative setting requires a theory of relative (p,T')-modules where T is a
p-adic Lie group of the form I' & I'geom % T’ x> together with a relative analogue of the main results of [CC9S].
This involves constructing imperfect relative period rings A}, B}, CE( inside their perfect counterparts and
developing a decompletion theory for relative (¢, T')-modules.® At the time of writing, the only reference in
the literature on the required generality is due to Kedlaya—Liu [KL19]. However, to our best knowledge, some
of the assertions and proofs in [KL19, in particular, §5] concerning (weakly) decompleting towers appear to
require further justification. In particular, the general descent of relative (p,I')-modules claimed in [KL19]
remains difficult to verify, as the proposed argument seems to omit several essential details.

In order to have a complete and coherent theory to work with, we develop the required foundations of
relative p-adic Hodge theory in a separate article [DMY26], where we systematically study imperfect relative
period rings and (¢, T')-modules over them. The treatment in [DMY26] is inspired by [KL19] but differs
substantially from loc. cit., especially in how imperfect period rings are treated. A central notion introduced
in [DMY26] is that of decompleting data, which is engineered to capture the idea of decompleting towers from
[KL19, Definition 5.2.3]. This allows us to establish a relative analogue of the Fontaine-Cherbonnier—Colmez
equivalence.

Theorem 10 ([DMY26, Theorem 1]). Let Bj\ and Cj\ be the imperfect relative period rings for X associated
to a decompleting data A. Then there are natural equivalences
~ ), ét ~ T),ét
D': Locz, (X)g = MOd%‘R) DLg: Locz, (X)g — MOd;f:j\)
from the isogeny category of étale Z,-local systems on X to the category of finite projective étale (p,T')-
modules over B}L\ (resp. CR)

4The period ring BIig,K from Berger’s article [Ber02] will be denoted as CJ}{ in this article. Also see Appendix A.

5More precisely, we work with an affinoid rigid analytic variety X over K, equipped with a toric chart to the closed unit
disk (see §4.1 for the setup). In this case, the geometric part I'geom of I' is isomorphic to Zg with d = dim X.

6The corresponding perfect relative period rings are constructed by Kedlaya and Liu [KL15] using the theory of perfectoid
spaces.
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To generalize the strategy of Berger to the relative setting, another missing ingredient is a relative analogue
of p-adic differential equations. With this objective in mind, we introduce the notion of strongly decompleting
data, which axiomatizes the process of “removing singularities” in [Ber02]. This eventually allows us to
construct relative p-adic differential equations.

Theorem 11 ([DMY26, Theorem 2], crude form). Assume that A is in addition strongly decompleting, and
let CR be the associated imperfect relative period ring. Then there is a natural functor
dR I
Ngr: Locy (X)g — MOd%:TA)
from the isogeny category of de Rham Z,-local systems to the category of finite projective (¢, I")-modules over

C}L\, where Nggr (IL) carries not only the arithmetic differential operator arising from the cyclotomic direction,
but also geometric differential operators describing the variation of the local system I over X.

For the reader’s convenience, we review the notions of decompleting and strongly decompleting data in
§4, as well as some explicit examples (see §4.7). These examples turn out to be sufficient for our application
towards the p-adic monodromy theorem.

1.5. Reduction of Theorem 1 to a local statement.

Finally, we explain the proof of our main result, which relies on careful analysis of (various forms of) p-adic
differential equations, together with several delicate arguments in p-adic geometry. A key step is a spread-out
argument (Theorem 9.2), which allows us to reduce Theorem 1 to the following local statement.

Theorem 12. Let X be a smooth rigid analytic curve over K, viewed as an adic space over Spa(K, Ok).
Let L be a de Rham local system on X. Let £ € X¢,, be any adic point. Then, there exists a finite extension
L/K, an open neighborhood U of the image of £ in X, and a finite étale cover f: V — U defined over L,
such that the pullback f*(L|y) is pointwise semistable (i.e., semistable at every classical point in V).

Granting Theorem 12, we complete the proof of Theorem 1 as follows. By compactness, X admits a cover
by finitely many U’s as in Theorem 12.7 Our task is to “glue” these local pieces into a global cover of X. To
achieve this, we spread-out each finite étale cover V' — U to a global finite cover over X and take the fiber
product of all of them to form a single finite cover over X. This spread-out step is obtained using certain
p-adic approximation techniques and is closely related to a result of Raynaud [Ray94], often viewed as the
p-adic analogue of Runge’s theorem on holomorphic functions on complex Riemann surfaces. This allows us
to obtain a global cover f: X’ — X, after enlarging K if necessary, such that f*IL is pointwise semistable.
Finally, we appeal to the following pointwise criterion of Guo—Yang [GY24] to conclude.

Theorem 13 ([GY24, Theorem 1.1]). Let X be a p-adic formal scheme over Ok with semistable reduction,
and let X be its adic generic fiber. A p-adic local system L on X is semistable if and only if its restriction
to every classical point on X is semistable.

For Theorem 12, our strategy is to perform a case-by-case study based on the type of the point £.% As
mentioned earlier, the case of type I points is settled by [Shi22]; while the case of type I points follows from
[Ohk13, Mor14] by an argument similar to that of [GY24, §6-7]. The remaining cases are points of type I,
IV, and V. For each of these types, we will need a different argument, which we summarize in the remainder
of this introduction.

1.6. Type I points.

By enlarging the base field K if necessary, a type II point ¢ € X admits a neighborhood isomorphic to a
closed annulus inside the standard unit disk, where ¢ corresponds to a circle of radius ¢ < 1 with o ¢ p<.
In this situation, a system of open neighborhoods of £ can be chosen to consist of closed annuli {07 < |T| <
o9} with 07 < 0 < 09 and 01,09 € pY. Our strategy is to consider the imperfect relative period rings

"Let us emphasize that it is crucial to consider all adic points on X. In particular, it is not enough to only consider classical
points arising from algebraic geometry (which are certain type I points on the curve), because a union of affinoid neighborhoods
taken over all classical points need not cover the entire X.

8See §2 for a review of the classification of points of type I-V on adic curves.
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CELO_I 2] associated with these annuli and study the p-adic differential equations Nyg |4, o,) OVer CELO_I 2] (cf.
Theorem 11). Thanks to the explicit description of CF in [DMY26, §11.1], a suitable completed colimit

01,02]

of these period rings as 01,09 — o is related to the fake Robba rings studied by Kedlaya in [Ked07, Ked09].
Using the analogue of the André—Kedlaya—Mebkhout quasi-unipotence theorem proved in loc. cit. for these
fake Robba rings, we can achieve unipotence of the differential operators “at the point £” after pulling back
to a finite étale cover of a sufficiently “thin” closed annulus. The idea is then to propagate this unipotence
from the point £ to nearby points. This propagation step relies crucially on the explicit descriptions of
relative period rings associated with closed annuli. In particular, via a monomial change of coordinates,
we show that C?Ul,gz] behaves like the ring of analytic functions on a product of two closed annuli, after

passing to suitable colimits.” Given this, we can apply the multivariable p-adic Fuchs theorem and conclude
the desired propagation of unipotence. Finally, as in the classical setting (cf. [Ber02]; also see §3.8), the
unipotence of the differential operators allows us to produce enough semistable periods in a neighborhood
of £ after passing to a finite étale cover.

1.7. Type IV points.

Type IV points are perhaps the most mysterious points on curves. They correspond to nested sequences of
closed disks Dy D Dy D - - with empty intersection, that is, N;>oD; contains no type I point. As the disks do
not share the same center, it is more difficult to analyze the relative p-adic differential equations Nggr (L|p,)
in a compatible way. The idea is instead to prove the following geometric result on vector bundles with
connection near a type IV point.

Theorem 14 (Theorem 7.2, crude form). Let £ € X be a type IV point and let (M, V) be a vector bundle
with connection on a neighborhood of £&. Then after shrinking the neighborhood and passing to a finite étale
cover, M becomes a trivial connection near §.

In other words, Theorem 14 says that all p-adic differential equations near a type IV point can be solved
locally after passing to a finite étale cover. A key observation is that, if a vector bundle with connection near
a type IV point with trivial determinant is irreducible of rank n, then either p|n or n = 1 (cf. Proposition 7.5).
Consequently, we deduce that if a connection near a type IV point remains irreducible after passing to all
possible finite étale covers, then it must be trivial of rank 1. This eventually implies Theorem 14. Applying
this result directly to Dqr (L), we deduce that L is horizontal de Rham in the sense of [Shi22], after pulling
back along a finite étale cover. Then, the main result of loc. cit. yields the following (stronger) local p-adic
monodromy theorem around type IV points.

Theorem 15 (Theorem 7.1, crude form). Let X and L be as in Theorem 1 and let £ € X be a type IV point.
Then, up to replacing K by a finite extension, there exists an affinoid neighborhood U of £ in X, and a finite
étale cover g: V- — U, such that the pullback g*(L|y) is horizontal semistable in the sense of [Shi22].

1.8. Type V points.

The only remaining case is that of type V points. Let £ be a type V point and let £y denote the associated
type I point. By the discussion above, we may assume that IL is already semistable in an open neighborhood
of & (but this neighborhood might not contain £). With some careful analysis on integral models (see §9.3),
we reduce to the special situation where ¢ admits an open neighborhood U isomorphic to a closed annulus
{o < |T| < 1} with finitely many open unit disks removed from the boundary circle {|T| = 1}, such that &g
is the Shilov point corresponding to the boundary circle and £ is the type V point corresponding to the open
unit disk centered at 0. We refer to such U as a “Swiss-cheese neighborhood” of £. In fact, these Swiss-cheese
neighborhoods form a basis of open neighborhoods of &.

Our approach is to study the p-adic differential equations Ngg (L) over these neighborhoods. Similar to
the case of type Il points, we want to achieve unipotence of the differential operators after passing to finite
étale covers. Since LL is assumed to be semistable at the type I point £, we already have unipotence there.
The idea is then to propagate this unipotence to a Swiss-cheese neighborhood. This time, however, only

9n fact, we further show that this behavior persists when the annulus is replaced by a certain class of finite étale covers,
which suffices for our applications.
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information about the differential operator in the arithmetic direction can be extracted from &y. Therefore, we
deal with the arithmetic direction first, before turning to the geometric one (this is one essential difference
between the case of type Il points and that of type V points). More precisely, we show that Ngg(LL) is
arithmetically unipotent on a small enough Swiss-cheese neighborhood U. Then, we make full use of the
explicit description of the relative period rings over such neighborhoods from [DMY26, §11.2] to show that,
after further enlarging K and shrinking U, the arithmetic horizontal sections of Ngg (LL)[log x| looks like
a p-adic differential equation with Frobenius structure over an annulus. Finally, we apply the classical
André-Kedlaya—Mebkhout quasi-unipotence theorem to conclude.

1.9. Notation and convention.

Throughout this article, we follow the conventions on adic geometry in [Hub96] and [Sch12], and we adopt
the following notation unless otherwise specified.

e Let K be a p-adic field with ring of integers Ok and residue field k = kx. Let @w be a uniformizer
of K. Let Ko = W (k)[1/p]. Let Galx = Gal(K/K) be the absolute Galois group of K.

e Fix an algebraic closure K of K and let Cx be its completion. Note that Cg is a perfectoid field;
let C5 denote its tilt. Let Oc, (resp. O%K) denote the ring of integers in C (resp. Cl).

e Fix a compatible system of p-power roots {(yn},>0 of unity and a compatible system of p-power
roots {p'/P"},>0 of p in Oc,. In particular, this gives rise to elements ¢ = (1,¢p, Cp2, - --) and
P = (p,pl/p,pl/p2, ...)in O%K. Let T =¢ —1, and let 7 = [¢] — 1 viewed as an element in W((’)(bCK)
lifting 7. Let ¢t = log[e] = log(m + 1) be “Fontaine’s period” in the de Rham period ring Bgr.

e For each n > 0, let K,, = K((») and let Ko, = Un>0 K, be the cyclotomic extension. Let IA(OO
be the p-adic completion of K, and let K’ be its tilt. Let Oz (resp. (’)% ) denote the ring of

integers in K. (resp. I?go)
e Let K|, denote the maximal unramified extension of Ky inside K. Let k = Kk denote the residue

field of K.

o Let ex = [Koo 1 (K()oo] and let cx = S5 - i

e The standard norm |- | on Cg, normalized by |p| = %, induces a norm (still denoted by |-|) on C’.
In particular, | - | restricts to a norm on IA(gO Note that [7] = [e — 1| = p~71.

e Let v: Cx — RU{+00} (resp. v: Cj — RU{-+00}) denote the valuation given by v(y) := —log, |y|.
We have v(7) =v(e — 1) = ﬁ.w

o Let Hy = Gal(K/K.) be the Galois group of K., which equals the kernel of the cyclotomic
character x: Galg — Z,.

o Let 'y = Gal(K/K). Note that I'x = Galg /Hg.

e Let Di(«,0) (resp., Di(a, < o)) denote the closed disk (resp., open disk) defined over K centered
at o with radius o. (See Definition 2.5 for precise definitions.)

e For a complete non-archimedean field L and an (open, closed, or half-open) interval I C R with
end-points in p?, we denote by Ar(I) the annulus over L (viewed as an adic space) centered at 0
with radius |T'| € I. When I = [0, 0] consists of a singleton, the annulus Ay [o, 0] is referred to as
a circle. We write I',(I) = O(AL(I)) for the ring of analytic functions on A (I). Sometimes we
emphasize the coordinate T' for the annulus by writing A7 (I;T) and I'(I; T') instead of Ar(I) and
T'r(I). -

e Throughout the article, for all the period rings A%, Bl Cr., C™ and A7 B, Ch, C" ete., as
well as their relative counterparts, we always assume 7, s € QQ in the superscripts.

e Moreover, we adopt the following notation for rings arising in the theory of Robba rings. Suppose
A is a K/-algebra equipped with a norm | - | extending the p-adic norm on K, and let A° be the

101y [Ber02] and [Col08], the valuation v is denoted by vg, the ring OEK (resp. (CEK) is denoted by Et (resp. E‘), and the

ring O;{\ (resp. I?ZO) is denoted by ]T]}; (resp. EK)
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subring of power-bounded elements. For any r > 0, let
%(Tt’r = {Z a; 1z’ ‘ a; € A°, |a; cpTCK 5 0 as i — —oo}
i€Z
int .__1; int,
and let 23" :=1lim . Z,"". Forany 0 <s<r, let

%I[Lf,r] — {Zaﬂi

1€EL

a; € A, |ag|-p~ % — 0 as i — +oo, forall t € [s,r]} .

For r > 0, we write #Z} = Jim %f’r] and Z4 = lim X'y. We refer to Z'0% (resp. %a) as the
s—=0t r—0+
integral Robba ring over A (resp. Robba ring over A). In practice, the variable x will mostly be taken

to be 7, except in §8.5 where we will take the variable to be [T°]. Note that when A = K}, and
r,s € Q, we have %EZ] =Tk ([p77 %, p~*°F];2) and %;(6 =Tk ([p77 %, 1);2).
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2. PRELIMINARIES ON p-ADIC GEOMETRY

In this section, we recall some basic results from p-adic geometry that will be used throughout the article,
including a classification of points on a smooth rigid analytic curve (regarded as an adic space). We adopt
the notation introduced in §1.9. Although this article only concerns the case where K is a p-adic field, all the
results in §2 remain valid for an arbitrary discretely valued non-archimedean field equipped with a nontrivial
valuation.

2.1. Classification of points on closed unit disks.

We start with the classification of points on a closed unit disk over Cx. We refer the reader to [Wed19,
Example 7.57] (also see [Sch12, Example 2.20]) for a detailed exposition on this subject. Consider the closed
unit disk centered at 0

Dc, = Spa ((CK <T>7 Ocy <T>) = Dc, (07 1)
over Cg, with coordinate T'. For any o € O¢,, and any 0 < o < 1, let D¢, (a,0) = {|T — a| < o} C D¢,
denote the closed disk of radius r centered at «. Similarly, let D¢, (o, < 0) = {|T — «| < ¢} denote the open
disk of radius o. The points on D¢, fall into the following five types.

Type I. Each a € Oc, gives rise to a continuous valuation z,: Cx (T) — R3¢ sending f — |f(a)|. Such a
valuation is referred to as a type I point. There is a one-to-one correspondence between O¢, and the type
I points on D¢, .

Type I and . For each closed disk D¢, (o, 0) with a € O¢,. and 0 < ¢ < 1, consider the continuous
valuation
LTo,o - CK<T> HRZOa f'_> sup ‘f(6)|

BEOc
[B—al<o
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Such a point x4, is type I if 0 € ‘(CIX(| = pQ; otherwise z, , is type I In the case of type I, the point x4 o
is called the Gaussian point of the disk D¢, («, o).

Type 1V. Consider a sequence 7 of closed disks Iy D Dy D -+ in D¢, such that their intersection Niez. s
contains no type I point. Then 7 gives rise to a continuous valuation
zy: Cx(T) = Ryo, fr— inf sup |f(B)]
1€Z>0 BEOC
BED;
Such a point is called type IV. We often write x,, = “N;ez.,D;” and view the intersection of these nested
disks as the type IV point itself.

Type V. These are the points of rank-2 valuations (and thus do not appear in the theory of Berkovich spaces).
Let us start with the type I point z,, corresponding to the closed disk D¢, (v, 0). For a sign ? € {>, <},
consider the totally ordered abelian group

e = +

,le,o<y<o foralo >0

I'ceg =Rsg x7” wherey=0", ie,0 <y<oforalo <o
I'se =Rsg x7” wherey=o

(When o = 1, we only allow ? = “<”) Let 8 € Oc¢, such that |5 — «| < . In particular, 8 corresponds
to a type I point zg in D¢, (o,0). Notice that every element f € Cg(T) can be uniquely written as
[ =>7oa(T —B)" with a; € Ck. Consider the continuous rank-2 valuation Cx(T') — I's, U {0} sending

o0

f=) aiT—=p)" — suplaily".

i=0 !
Such a valuation is referred to as a type V point.'> When ? is “>”, the valuation does not depend on the
choice of xg; it only depends on the disk D¢, (o, 0). We denote this type V point by z4,>s. On the other
hand, when ? is “<”, we denote the corresponding point by zg <,. This point xg <, only depends on the
open disk D¢, (8, < o) C D¢, (e, r); it does not depend on the specific choice of 25 in this open disk.

Remark 2.1. Points of type I, I, IV, and V are closed. The closure of a type Il point z, , precisely consists
of 2, and the type V points x5 <, and z, >, described above; this closure is homeomorphic to Pllc when
0 <o <1 (resp., A]lc when o = 1), with z, , being the generic point.

Next, we describe points on the closed unit disk (centered at 0)
Dk = Spa(K(T), Ok (T)) = Dk(0,1)
defined over K. The following lemma and corollary allow us to identify Dx as a quotient of D¢, .

Lemma 2.2. Let A be a Banach K-algebra. Let L/K be a finite normal extension and consider the Banach
L-algebra Aj, := A®k L. Let A° and A$ be the subring of power-bounded elements in A and Ay, respectively.
Let 7: Spa(Ar, A3) — Spa(A, A°) be the natural map (of sets) induced by the inclusion A — Ay, sending
a—a®l.

(1) If L/K is separable, there is a natural action of Gal(L/K) on Spa(Ar, A%) and 7 induces a home-
omorphism Spa(Ar,AS)/ Gal(L/K) = Spa(A, A°), where the left-hand side is equipped with the
quotient topology.

(2) If L/K is purely inseparable, 7 is a homeomorphism; namely, Spa(Ay, A}) = Spa(A4, A°).

Proof. These are likely well-known to experts. For completeness, we include a proof (also see [Ber90, Propo-
sition 1.3.5] for a proof in the setup of Berkovich spectra). For part (1), the natural action of Gal(L/K) on
Ay preserves A and hence induces an action on Spa(Ar, A%). Notice that

(Agal(L/K)’ (Az)Gal(L/K)> = (A, A°).

The desired result follows from [Hanl6, Theorem 1.2]. For part (2), we construct an inverse of 7. By
assumption, we must have char(K) = p > 0 for some prime number p, and there exists an integer m > 1
such that 2" € A for all x € Ap. Let | -|a € Spa(A4, A°); namely, |- |4: A — T'U {0} is a continuous

HWe have excluded the case ¢ = 1 and ? = “>”. In this case, the valuation does not live in D¢, but rather lives in the

. 1,an
closure of D¢, in ACK .
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valuation such that |z|4 < 1 for all z € A°. By enlarging I if necessary, we may assume that T'U{0} contains
*/|A|a. Consider a continuous valuation |- |4, : Ay — T U{0} given by |z|4, = (|1:”m|,4)ﬁ. Then |- |4,
is a continuous valuation on Ay, satisfying |z|4, <1 for all x € AS. Using the multiplicativity of valuations,
one sees that |- |4 +— |- |a, is indeed the inverse of . O

Corollary 2.3. Let A be a Banach K-algebra and let Ac, be the completed tensor AR Ck. Let A°
and Az be the subring of power-bounded elements in A and Ac,, respectively. Then the natural map
m: Spa(Acy, A%, ) — Spa(A, A°) induces a homeomorphism

Spa(Acy, A, )/ Galg = Spa(A, A°).
Proof. Note that the natural map

Spa(Ac,, Ag, ) — @ Spa(Ar, A7)
L/K

is a homeomorphism, where the limit runs through all finite normal extensions L/K inside K. Then the
desired statement follows from the previous lemma. O

Applying Corollary 2.3 to our situation, the natural map m: D¢,, — Dx is surjective and induces a
homeomorphism D¢,/ Galg = Dg; in particular, the points on Dy can be identified as the Galg-orbits of
the points on D¢, .

Definition 2.4. For x € {I, I, M, IV, V}, we say that a point on Dx has type * if it is the image of a point
on D¢, of type *.

For later use, we also introduce the following notation for closed/open disks over K.

Definition 2.5. For @ € O¢, and 0 < o < 1, let Dg (o, 0) (resp. Dg(a, < o)) denote the image of
Dc, (v, 0) (resp. De, (o, < o)) under the projection w: D¢,, — Dg. We still refer to them as closed (resp.
open) disks of radius o centered at a.

We warn the reader that, even when o € | K|, the disk D (o, o) is not necessarily isomorphic to Dg (0, o)
as rigid analytic spaces over K in fact, Di (o, 0) = Dk (0, 0) if and only if D¢, (o, o) contains some zg with
B e Ok.

2.2. Points on smooth curves.

Now, we describe the points on a general smooth curve. Let Y be a smooth rigid analytic curve over K,
viewed as an adic space over Spa(K, Ok). By Corollary 2.3, there is a natural surjection 7: Y¢,, — Y and
the points on Y can be identified as the Galg-orbits of the points on Y¢, .

Definition 2.6. For x € {I, I, I, IV, V}, we say that a point z € Y, has type * if for an/any étale map
f: U — Dg, from an open neighborhood U of z in Y¢,., the image f(z) € D¢, has type . We say that a
point on Y has type « if it is the image of a point on Y¢, of type * under the surjection 7: Y, — Y.

Note that an étale morphism between smooth rigid analytic curves over K sends a point to a point of the
same type.

Definition 2.7 (K-rational points). Let Y be a smooth rigid analytic curve over K, viewed as an adic space
over Spa(K, Ok). Recall that a point on Y corresponds to a Galk-orbit of points on Yg,..

(1) We say that a point on Yg, is K-rational if its Galg-orbit consists of a single element.

(2) We say that a point on Y is K-rational if it is the image of a K-rational point on Y, . More
generally, we say that a point on Y is K’-rational for some finite extension K’/K if it is the image
of a K'-rational point on Yg, .

(3) We say that a type I point on Y is classical if it is K’-rational for some finite extension K'/K.
Classical points are precisely those points on Y that belong to the underlying rigid analytic space.

Remark 2.8. If z is a K-rational point on Y, and K’/K is a finite extension, then the pre-image of = under
the projection Yy, — Y consists of a single element; thus, it can also be viewed as a K’-rational point on
Yir.
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Example 2.9. Consider the closed unit disk D = Dk (0, 1) over K. A type I point on Dy is a Galg-orbit
of a type I point z, on D¢, with a € O¢,.. This point is K-rational precisely when o € Ok (in which
case the Galg-orbit consists of just z,, itself), and it is K’-rational if it is the Galk-orbit of some x, where
a € Ogs. A point of type I or III, given by the Galx-orbit of 24, € D¢y, is K'-rational if one can choose
a € Okr. A similar remark holds for type V points given by the Galg-orbit of 24 >, or 2 <. In particular,
every point of type I, I, or V is K’'-rational for some finite extension K'/K.

Example 2.10. More generally, for a smooth rigid analytic curve Y over K, every point x € Y of type I,
I, or V is K'-rational for some finite extension K'/K. In this case, all points in the pre-image of this z
under the projection Yx+ — Y are K'-rational.

2.3. Stalks and residue fields.

For any point z on a smooth rigid analytic curve Y over K (viewed as an adic space), we write Oy, for the
stalk of the structure sheaf at z, and denote the residue field of Oy, by k(z). The continuous (multiplicative)
valuation corresponding to x extends to a valuation v, on k(z). The completion of k(x) with respect to v,
is denoted by 52 (x). The field k(x) (resp. 52 (x)) is referred to as the residue field (resp. completed residue
field) at .

Example 2.11 (Stalks of non-type I points). For a non-type I point £ on a smooth rigid analytic curve Y
over K, its stalk Oy ¢ is a field and is equal to k(&). Hence, the completed stalk agrees with J#(£). Moreover,
suppose & is a type V point and &y is the unique type Il point specializing to &, then we have an injection
t: k(&) — k(&n) by [Hub96, Lemma 1.1.10]. In fact, ¢ is a homeomorphism onto its image and «(k(§)) is
dense in k(&) (also see [Mor19, Theorem I1.1.5.4(b)]). Passing to completions, we obtain an isomorphism

H(§) = A (&n)-
The following lemma will be used in the proof of the main theorem.

Lemma 2.12. Let Y be a smooth rigid analytic curve over K, viewed as an adic space. Let £ € Y be a
type V point and let &g be the unique type I generalization of £&. Then the inclusion

L: Oyyg = k(f) — OY#E]I = k(fﬂ)
induces an equivalence between the category of finite extensions of Oy¢ and that of Oy ;.

Proof. For simplicity, we identify k() as a subfield of k(£y) via ¢. We first fix the following notation.

e Let v denote the rank-2 (multiplicative) valuation on k(&) and let w denote the rank-1 (multiplicative)
valuation on k(y).
o Let u = wly(¢) denote the restriction of w to k(§), which is a nontrivial rank-1 valuation on k(¢).
o Let kT(£) = (9;575 = {a € Oygl|v(a) < 1}, kT (&) = (9;&I = {a € Oyg|w(a) < 1}, and
k(&) = {a € Oyg¢|u(a) < 1} be the corresponding valuation subrings. For simplicity, we write
V =kT (&) and W =k} (¢).
Note that W = k(¢) N k™ (&r) and V' C W. Also note that (W,u) is a rank-1 valuation ring, while (V,v)
is a rank-2 valuation ring. Let p (resp. q) denote the unique height-1 prime in V' (resp. in W, that is, the
maximal ideal in W).

We claim that the non-archimedean valued field (k(§),w) is quasi-complete in the sense of [Ber93, Definition
2.3.1]. By [Tem, Theorem 1.9.13], this is equivalent to claiming that (W, q) is a Henselian pair. It follows
from [Mor19, Corollary 1.1.4.4] that W = V}, and q = pV},. In fact, since V is a valuation ring, we must
have p = pV, as subsets of k(§). Therefore, by Gabber’s criterion (cf. [Sta26, Tag 09XI (5)]), it suffices to
show that (V,p) is Henselian. Next, we observe that p = rad(w). To see this, note that for every prime
ideal q’ C /p properly contained in the radical of p, we have w” ¢ q for all n, and hence q' C (@w™) for
all n. This forces ¢’ = (0) by the topological nilpotence of w. Since being a Henselian pair is insensitive
to passing to radicals of the relevant ideal, it suffices to show that (V, (w)) is Henselian, but this is [Mor19,
Proposition I11.6.3.7] (also see [Bhal7, Proposition 7.5.5]). This finishes the proof of the claim. In fact, the
same argument implies that (k(&p),w) is also quasi-complete.

Let k(¢)7> denote the completion of k(£) with respect to u, and similarly define k(¢))) and k(&p),. Note
that k(&) (resp. k(&n)s) is precisely the completed residue field J#(¢) (resp. #(&x)). We have

(2.1) k(&) = k(&)1 = k(&) = H(§) = A (&)
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by Example 2.11. Now, by [Ber93, Proposition 2.4.1], taking base change along the inclusion k(&) < k(&)
(resp. k(&n) — k(&p)2) induces an equivalence between finite extensions of k(¢) and that of k(£)7 (resp.

finite extensions of k(&) and that of k(&y)2 ). Combining this with (2.1), we are done. O

2.4. Comparison with Berkovich curves.

Let Y be a smooth affinoid rigid analytic curve over K associated with an affinoid K-algebra 7. Let YBer
(resp. Y*) be its associated Berkovich space (resp. adic space). Note that Y2 is identified as the maximal
Hausdorff quotient of Y24 as a topological space. Let Oyse: denote the structure sheaf of the Berkovich
space. For an open subset'? U C YB®'| the global sections are given by I'(U, Oyser ) = limy cy %4, where the
limit is taken over all V' C U that are finite unions of affinoid subdomains (that is, special subsets) in Y, and
4 is the ring of analytic functions on V' (see [Ber90, 2.2.6]). Let x be a point on Y which we also view
as a point on Y4 (it has type I, I, I, or IV). By the Gerritzen-Grauert Theorem (see [BGR84, 7.3.5/3] and
[Ber90, Proposition 2.2.3]), the Berkovich stalk Oyser ,, can be computed as Oyser , = Cg?g[l}l limycy <y,

where the colimit is taken over all open neighborhoods U of z (in the canonical topology), and for each such

U the limit is taken over all rational subsets V contained in U. On the other hand, the stalk of the structure

sheaf Oy.a of the adic space Y24 is given by Oyaa , = coli‘r/n @y where the colimit is taken over all rational
S

subsets V' C Y that contain the point x. Thus, we have a natural inclusion
OYBer’l‘ — Oyadyr

of local rings. This inclusion is an isomorphism when x is a type I point but not necessarily an isomorphism
in general. When z has type I, I, or IV, both the Berkovich stalk Oyser , and adic stalk Oya , are fields
(cf. Example 2.11). The valuation corresponding to x extends to a valuation v, on both stalks, making
them topological fields. We claim that, in this case, the inclusion Oyser , < Oyaa , has a dense image and
thus becomes an isomorphism upon taking completions, which we identify and simply denote by #(z) as in
Example 2.11. To see the claim, let h € T'(V, Oy.a) be an analytic function on a rational subset V' containing
x, we want to show that for any e € Ry, there exists an open subset U C YB°" (in the canonical topology)
containing V' and an analytic function b’ € T'(U, Oyse: ), such that v, (h—h') < e. Without loss of generality,
we may write

voy (fgf) = {yev|n(f) < v, vi)
where f1,..., fn € A generates the unit ideal, g € A, and f,, = @™ for some sufficiently large integer N (see
[Sch12, Remark 2.8]). By the construction of rational subsets, there exists some h’ of the form

n = Z ar - (f1/9)" (f2/9)" -+ (fn/9)'™, ar € A,

I=(i1,...yin)
finite sum

such that |h — /|y <€, where | - |y, denotes the spectral norm on V. In particular, v,(h — k') < e. Since A’
is defined on the Zariski open subset Y'\V(g), it is defined on some open subset U C VB (in the canonical
topology) that contains V. This justifies our claim.

Finally, let us remark that, when x has type Il or IV, the inclusion Oyser , < Oyaa, is in fact an
isomorphism since Berkovich neighborhoods are cofinal among adic neighborhoods at a point of type I or
IV (cf. [Ber07, Proposition 2.2.1]).

3. (¢,T'k)-MODULES AND GALOIS REPRESENTATIONS

In this section, we review the classical theory on how to associate overconvergent (¢, 'i)-modules and
p-adic differential equations to (de Rham) p-adic Galois representations, following [CC98, Ber02, Col08].
We largely follow the notation of Kedlaya—Liu [KL15] on period rings although the content in this section
predates op. cit. Experts familiar with [CC98] and [Ber(2] should feel free to skip most of this section.

With much regret, we remind the reader that standard references in the literature use slightly different
notations for period rings. To orient the reader, we compile a list of these conventions in Appendix A.

12This is an open subset in the Hausdorff topology of Y BT also referred to as the canonical topology.
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3.1. Perfect period rings.

Let A = W((Cz() and At = W((’)%K), equipped with natural Galgx- and Frobenius actions. Let ;&K =
(A)Hx = W(K",) and A;r( = (AT)Hr = W(Oz, ) denote the H-invariants. Every element z € A (resp.
T € KK) can be uniquely expressed as z = >0 p"[y,] with y, € C¢ (vesp. yy, € I?f)o) We refer the reader

to [Fon94] for the construction of period rings Byr, Berys, Bst, and their variants.

Definition 3.1 ([Ber02, §2.1], [Col08, §5.2]). (1) For every r > 0, define

P B <~ 5 n_

A= {w— ;}p y] € A Tim v(ya) + . —+00}
and define 1171’{ = (A7)Hx

(2) For any s € (0,7], we define a norm A; on A" by

As(x) =sup{p™" - lyn|"}.
n>=0

This restricts to a norm Az on ;&’K Note that A" and K}”{ are complete with respect to A,.

(3) Define AT := h—n>1r20 ~AT a~nd é}( ~:: li%qr>0 :A}(, Wher~e the transition maps are natural inclusions.

(4) The period rings B, B*,B", B, B, B}, B%, and Bk are obtained from the corresponding period
rings of type A with p inverted.

One checks that A (resp. Ag) is the p-adic completion of AT (resp. ;&J}()
Definition 3.2 ([Ber02, §2.3, Definition 2.16], [COIO& §5.4]).

(1) For 0 < s < r, we define Cl*"] (resp. C ol ) to be the completion of B" (resp. of B%.) with respect

to max{As, A} (or equivalently, completlon with respect to the family of norms {At}te[s r] )

(2) For every r > 0, we define cr (resp. cr ) to be the Fréchet completion of B" (resp. B To) with
respect to the family of norms {As}se(0,r]

(3) Define C' and C}( to be the union Cf := lg C" and CJ}( =lim o

Remark 3.3. (i) For each r > 0, we have A% = (A")Hx = A" N Ak as subrings of A. Similarly
we have ]A?;}"( = (B")Hx and (NJ% = (C")Hx | and therefore 11}( = (AT)HK,]~3}( = (BN)Hx  and
éT = (ChHx | In particular, our definitions agree with the ones in [Ber02] and [Col08].

(ii) For each r > 0, the natural map C" — lim Clsl is an isomorphism. A similar isomorphism

<—0<s<r
holds for C7. and CL".

Remark 3.4 (Frobenius structures). The Frobenius maps on AT and A extend to Frobenius maps on B+
and ]§, which we denote by ¢. Moreover, for 0 < s < r, we have Frobenius isomorphisms ¢: AT =y AT/P ,
p: B" = ]~3T/p, p: cr = CNJT/Z’, ! Clsrl =~ Cls/p.r/p] extending the Frobenius on AT, Passing to
colimits, we obtain Frobenius maps ¢ on the period rings KT,]T)»T, and CT. Similarly, there are natural
Frobenius structures on A%, Bh., C7, 6[1‘?7'], ATK, ﬁ}(, and (NZTK

3.2. Imperfect period rings.

Let E := k((7))*P be the separable closure of k((7)) inside C’.. Let E = (E)x which is a discretely-valued
field with residue field kg . Let E; be its ring of integers. By choosing a uniformizer 7Tx of E;, we have
Ex & k(7)) and B = ki[7x]. (Note that when K = K, we have Ex, = k((7)).) Moreover, the
theory of fields of norms supplies an isomorphism

lm O, /a = B
where a is the ideal consisting of elements x satisfying |z| < p~ % and the inverse limit is taken over the
Frobenius maps Ok, ., /a — Ok, /a sending x — 2P. By [Col08, Proposition 4.12], Ex is a totally ramified

extension of Ex; = rx (7)) of degree ex = [Koo 1 (H)oo] as in §1.9; thus, we have [Tx| = p_ﬁ’“; .
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There are subrings A C A and A K C A K, which are both p-adically complete and satisfy
A/(p) = E, Ak /(p) = Ex = k(7))

Moreover, A is stable under the - and Galg-actions on A, and we have A = (A)Hx  which thus carries
an action of I'x. We omit the constructions here and refer the reader to [Col08, §6.1] for details, noting
only that, for a finite unramified extension Lo = W (ko)[1/p] over Ky, the ring Ay, is precisely the p-adic
completion of W (ko)[x][1/7] in A. We write A} C Ay, for the subring W (ko)[n].

Construction 3.5 ([Col08, §6.2]). We construct a lift 7 € A of Tx as follows. Let Px € E+6[X] =
#x [7][X] be the minimal polynomial of Ty over Eg;. Choose a monic polynomial Px € A+6[X ] of the
same degree that reduces to P modulo p. By Hensel’s Lemma, Px has a unique root g in A g lifting 7.

Moreover, Ak is a free Ag,-module with basis {1, 7K, .. ,W%Kfl}.

Using [Col08, Proposition 7.5], one can identify Ay with the p-adic completion of Og; [[WK]][i] More
explicitly, we have

Ag = {Zcm% ¢ € OK(’) and ¢; — 0 p-adically as ¢ — —oo} .
i€z
Definition 3.6 (Classical imperfect period rings). (1) For r > 0, define A” := A N A" and Al =
A N A%, where the intersection is taken inside A and A respectively.
(2) Define AT and AE( as the unions AT := lim A" and A}( =lim A%
(3) The period rings B, Bk, B", B, Bf, and B}( are obtained from the corresponding period rings of
type A with p inverted.
(4) For every 0 < s < 7, we define CI*"] (resp. C[I‘?T]) to be the completion of B (resp. B ) with
respect to max{As, A} (or equivalently, completion with respect to the family of norms {A;}ie(s )
inside Cl*") (resp. C2"). Note that, for any +’ € [s, 7], the norm A, extends to Cl*7) and C".
(5) For every r > 0, we define C” (resp. C% ) to be the Fréchet completion of B" (resp. B%) inside C”
(resp. CY ) with respect to the family of norms {As}se(0,-
(6) Finally, define C' and Ci. as the unions C' = lim _ C" and cl = lim _ Ci.

Remark 3.7. (i) Since A K is the p-adic completion of ATK, we deduce that A g is the p-adic completion
of Al.
(ii) For each r > 0, the natural map C" — yinoq < Cls7l is an isomorphism. A similar isomorphism

holds for C7. and CL".
(iii) Remark 3.3 continues to hold for imperfect period rings defined above. In particular, we have
Al = (AhHHx B = (BN)x, and Cl, = (Ch)¥x.
(iv) Finally, we remind the reader again that the rings C! and CE( are denoted by B!

rig and BIig,K in
[Ber02] and [Col08] (see Appendix A).

Remark 3.8 (Topology). We endow ;&% with the topology induced by the A,.-norm and endow K}( with
the inductive limit topology (i.e., the finest topology making A% < ATK continuous for all r > 0). Inverting
p, we obtain natural topologies on B’ and B}. The ring C[I‘?T] is endowed with the topology induced by

max{A, As }, which then induces a Fréchet topology on 6’;{ Finally, we equip ék with the inductive limit
topology (i.e., the LF topology). The topologies on the imperfect period rings are defined similarly.

Remark 3.9 ((¢, Tk )-structures). (i) The Frobenius ¢ on Ag (resp. on K}() preserves A (resp.
ATK) For 0 < s < r, we also have Frobenius maps ¢: A% — A%p,go: By — B%p,gp: Cl —
CTK/p7 ©: C[I‘?T} — C[Ii/p’ "/?] a5 well as Frobenius maps on Bl and Ci.. We caution the reader that
p: Ay — ATK/p is no longer bijective.
(ii) All period rings K’"K, ;&}(, ]§’"K, ﬁ}(, é[;’r], 6%, 6}(, as well as their imperfect counterparts, are
equipped with continuous actions of ', where 'k is endowed with the profinite topology. The
I'g-actions commute with the Frobenius actions.
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Notation 3.10. Let ¢t = log(1 + 7). This is an element that lies in CTK but not in BTK.
Lemma 3.11 ([Col08, Lemme 6.5]). Let

. (QW(DEK/EKO))il if e > 1,
Tk =
1 ifep =1.

Then for all 0 < r < rg, we have T € A} and the element u = [;—’;] is a unit in the ring of integers of A%

with respect to the norm \,.). More precisely, if we write u = p"|uy,] with u,, € K’ , then ug = 1 and
n=0 o0
rv(u,) +n >0 for all n > 1.

—_P_.
In particular, for 0 < r < rgx, we know that A\, (7x) = [Tx|" =p 7T °x.

3.3. Explicit (geometric) descriptions.

There are explicit descriptions of imperfect period rings in terms of double-ended power series subject to
certain convergence conditions.

Proposition 3.12. If 0 < r < rg, there is an isomorphism

- ,
‘%}?{JT = {E cix'

<vA

__p_ _ir . ~ .
cie(’)Ké, lei| -p~ 77T oK —>Oasz—>—oo} — A%

sending f — f(7k). Moreover, the isomorphism preserves the norms on both sides, where the norm on the

left-hand side is sup;¢y, {|cl| . piﬁ'ﬁ} and the norm on the right-hand side is A,.

Proof. This is [CC98, Proposition I1.2.1] (also see [Ber02, Proposition 1.4] and [Col08, Proposition 7.5(i)]).
O

Remark 3.13. We have similar explicit descriptions of C% and C[]?T}. For example, for 0 < r < rg, the
isomorphism in Proposition 3.12 induces an isomorphism

ki = {chml ‘ ¢ € K, |cil p T 50 as i — +oo for any ' € (0,7‘]} = C%
=

sending f — f(7mx). In other words, we can identify C} with the ring of analytic functions I'g; ([0, 1); 7x)

on the half-open annulus A Ké([é, 1); i) with open outer boundary at radius 1 and closed inner boundary

r

at radius § = p_ﬁ'i. Likewise, we have an identification C[f?r] = I'k; ([01,02]; mrc) where 01 = p_%'c

and dp = p_f’%'i. Consequently, the ring CTK can be identified with the Robba ring Zx; with coefficients
in K,. We refer the reader to [Col08, Proposition 7.5 & 7.6] and [DMY26, Proposition 3.25] for more details.

3.4. The rings Cirog’K, C;rog, and (NJITOg.

To study semistable representations, we also need the “logarithmic variants” of the imperfect period rings.

Definition 3.14. For 0 < s < r, we define

Tog,K = C;{ [IOg 77]’ CL&K = CTK[log ﬂ-] = %ﬂ C{og,K
r>0

equipped with commuting ¢ and I'kx-actions extending the ones on CJ}(. The Frobenius map ¢ on log 7 is
induced from ¢(7) = (7 +1)P — 1 and can be written as ¢(log 7) = plog 7 + log(¢(m)/7P). The I' k-action on
log 7 is given by vy(log7) = log 7 + log(y(m)/7) for v € I'k. The rings C! and C]  are defined in similar

log log
ways, by adjoining log 7 to Ct and CT, respectively.'?
13The rings C! c! and C! are denoted by Bl B! ,and Bl in [Ber02], respectivel
g log,K’ log’ log y log,K’ log’ log ’ P ¥
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3.5. Overconvergent (p, 'k )-modules.

For every Q,-representation V' of Galg, one can associate a (¢, ' )-module D}( (V) = (V ®q, BN)#x over
B}(, as well as (¢, 'k )-modules over C}( and CL&K given by

DIig,K(V) = D;{(V) ®B}F< (j.rK7 Dirog,K(V) = D}((V) ®BL Cfog,K'

Theorem 3.15 ([CC98], [KL15, Theorem 9.5.6]). The functors D}, and D!

rig, K induce equivalences of
categories

Repg, (Galx) — {étale (¢, T k)-modules over BJ}(}
= {étale (¢, 'k )-modules over CTK}

between the category of finite dimensional continuous Galg -representations over Q,-vector spaces and the
category of (finite free) étale (p,T'k)-modules over B}{ (resp. C}().14

Remark 3.16. One can also consider (¢, Tk )-modules over perfect period rings. Indeed, we have equiva-
lences of categories between the category RepZP(GalK) of continuous Galg-representations over finite free
Z,-modules, that of (¢, I'k)-modules over :&}(, and that of (p, 'k )-modules over Ay. Similarly, we have
equivalences of categories between Repr(Gal K ), the category of étale (p, 'k )-modules over B}(, and that
of étale (p, 'k )-modules over (NJ}( For V' € Repy, (Galk) or Repg (Galk), let INDiI?t(V)7 INDiI?t’T(V), lN)}{(V),
ﬁ:ig, K(Y) denote the associated (¢, Tk )-modules over A, Al Bl Ci, respectively. In particularN, Di (V)
(resp. DjigﬁK(V)) is the base change of D}((V) (resp. D;rigyK(V)) along B}( — B}( (resp. CJ}( — C}() We
refer the reader to [CC98] and [KL15] for more details.

3.6. Differential modules.

Before proceeding further, let us recall some basic notions on p-adic differential equations. Firstly, a dif-
ferential ring is a commutative ring R equipped with a derivation d: R — R (cf. [Ked22, §5]), that is, an
additive map satisfying the Leibniz rule d(ab) = ad(b) + bd(a) for all a,b € R. A differential module over a
differential ring (R, d) is an R-module M equipped with a differential operator D: M — M compatible with
d, that is, an additive map satisfying D(ax) = aD(x)+d(a)z for all a € R,x € M. When R is equipped with
more than one differential operator ds, ..., d,,, we abuse the terminology and say that (M, D1,...,D,,) is a
differential module over (R,dy,...,dy) if (M, D;) is a differential module over (R, d;) for alli=1,...m.
We are primarily interested in the Robba ring CJ}( on which the action of the Lie algebra of I'x induces a

differential operator V defined by V = log(7)/log(x (7)) for any ~ sufficiently close to 1, where x: T'xx — Z

is the usual cyclotomic character. By [Ber02, Lemme 4.2], one has V. =t-0 =t (1 +m) - -,

defined in Notation 3.10 and 9 = (1+)- % is a well-defined differential operator on CJ}(. Then, a differential

module (M, dpr) over (C}(, 0) can be viewed as a connection

where ¢ is

. 1
Var: M = M ®g Qg

where Vs (x) = Oy () - dlog(l + 7)) = % -dr.'> A finite free differential module over (CTK, 9) is known
as a p-adic differential equation in [Ber02].

Recall that a (¢, T )-module over BL is a finite free B}(—module M with a semilinear Frobenius action ¢ inducing an

isomorphism ¢ ® id: M ®4+ . B} —~» M and a continuous semilinear I' -action that commutes with . There is a similar
T

notion over C}(. Such a (¢, 'k )-module over (either B}( or C}{) is étale if there is a finite free module Mg over A}{ equipped

with a continuous semilinear I'-action and a Frobenius semilinear endomorphism ¢: My — My commuting with I'i, such

that the induced linear map ¢ ® id: My Qpt 5 A}{ —+ My is an isomorphism, and that M is the base change of My as a
K

(¢, 'k )-module.

L5Note that this is a connection extending dx = 16_‘; dm.
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Remark 3.17. In practice, one may replace (CTK, 0) with the differential ring (Cl;(7 ﬁ) without changing
the underlying theory of p-adic differential equations, as 0 = ug - # for some nonzero element ug € B}{

(hence, a unit in C}()
Definition 3.18. Let (M, 0)s) be a finite free differential module over (C},@). A Frobenius structure on
M is a p-semilinear map @: M — M such that

(1) @ induces an isomorphism @*(M) = M, i.e., ®(M) generates M as a C}(—module;
(2) @ is compatible with the differential structures; namely, the diagram

M My M 0L

{ Lp@dw

7 _Vu 1
M Moy Qb

commutes. Equivalently, @ satisfies dy; 0 @ = p® o J);.

3.7. p-adic differential equations attached to de Rham representations.

Let D:fig’K(V) be the étale (¢, 'k )-module over CTK associated with some V' € Repg (Galg). The action
of the Lie algebra of ' induces a differential operator Vy = log(y)/log(x(7y)) on Djig’K(V). To obtain a
differential module over (CJ;(, 0), we consider

1 1

NV T A

; Vy.

In general, this operator does not preserve D;[ig, «(V), as it might introduce poles at the vanishing locus
of t. The main technical result of [Ber02] states that, when V is de Rham, these poles can be removed
systematically to produce an actual p-adic differential equation over (C}(7 9).

Theorem 3.19 ([Ber02, Théoréme 5.10]). Let V' be a de Rham representation of Galg of dimension d with
non-negative Hodge—Tate weights.'® Then there exists a unique free C}(—submodule Nar (V) C DIig,K(V) of
rank d that is stable under Oy. Moreover, Ngr(V') is stable under ¢ and 'k -actions,'” and, consequently,
it is a finite free differential module over (C}(,a) with a Frobenius structure. Furthermore, the inclusion
Ngr (V) C D;[ig’K(V) induces an isomorphism after inverting t.

Remark 3.20. The construction of Ngg (V) can be interpreted as a functor
Nyr : Rep%ﬁ(GalK) — {(gp, Ik )-modules over C}(},

from the category of all de Rham representations of Galg, without any assumption on Hodge-Tate weights.
We refer the reader to [DMY26, §3.4.2] for details.

3.8. The classical p-adic monodromy theorem.

To conclude this section, we recall the proof of the classical p-adic monodromy theorem, which asserts that
every de Rham representation is potentially semistable. The first step is the following result of Berger, which
recognizes the F-isocrystal Dy (V) from the (o, 'k )-module DITOg (V).

Theorem 3.21 ([Ber02, Théoreme 3.6]). For V € Repg (Galk), we have

DarysV) = (DlrcWIF)) " and  Duv) = (Dl M) "

as subspaces of (V ®q, (NZT[%DGMK and (V ®q, éfog

11\Gal ;
(1] respectively.

L6por general de Rham representations, one can first twist the representations by powers of cyclotomic character to make
the Hodge-Tate weights non-negative.

L7Note that, as a (¢, Tk )-module, Ngg (V) is not necessarily étale.
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The second ingredient (perhaps the most important one) is the following quasi-unipotence theorem, in-
dependently proved by André, Kedlaya, and Mebkhout (see [And02, Ked04, Meb02]). To state the theorem,
let us first record the following remark on the theory of Robba rings.

Remark 3.22. Recall that A;( and C}( can be identified with '@?Z and Zr;, respectively, and that
A}(/P =% /p = k(TK)). By the basic theory of Robba rings, any finite separable extension r1/k((Tx))

0
can be uniquely lifted to a finite étale extension A}( =R — #™. We then obtain a finite étale extension
0
CJ}( = XK, — X' where #' = %’K;) Rapine ™. Tt turns out %’ is itself a Robba ring with coefficients in
K/

0
certain finite unramified extension of K. In what follows, we often use Z (k1) to denote %’ to emphasize
the role of 1. Note that the differential operator 9 uniquely extends to Z(k1).

Theorem 3.23 (André, Kedlaya, Mebkhout). Let (M,0y) be a differential module over (Ck,@) equipped

with a Frobenius structure. Then there exists a finite separable extension k1/k(Tk)) with induced finite

étale extension C}( = Zx; — (k1) such that M @1 (k1) becomes unipotent, that is, it is a successive
K

extension of trivial differential modules over (%#(x1),0).

Corollary 3.24. Let (M, 0)s) be a differential module over (C}O@) equipped with a Frobenius structure.
Then there exists a finite extension L/K such that M ® s CTL becomes unipotent. In particular, (M, das)
K

admits a full basis of solutions in Cfog, . = Cl [logn].
Now, we are ready to finish the proof.

Theorem 3.25 (The classical p-adic monodromy theorem, [Ber02, Théoréme 0.7]). Let V € Rep%f}(GalK).
Then, there exists a finite extension L/K such that V|gal, is a semistable representation of Galy,.

Proof. Without loss of generality, assume that V' is a de Rham representation of dimension d with non-
negative Hodge-Tate weights. Let (Ngr(V),0yv) be the rank d differential module over (Ck,@) with a
Frobenius structure as in Theorem 3.19 and Remark 3.20. By Corollary 3.24, there exists a finite extension
L/K such that

(Nar(V) @y Clog )™~
has full rank. Therefore, there exists a large enough m such that, after passing to the finite extension
L., = L({m) over L, the I'y,  -invariant subspace

(Nar(V) ®c1 Clyg p, ) o
has full rank. By Theorem 3.21 and the fact that Ngg (V') coincides with DL& x (V) after inverting ¢, we
conclude that Dy (V|ga1,,, ) has full rank and thus V|ga,,, is semistable. O

4. RELATIVE PERIOD RINGS AND RELATIVE (¢, ')-MODULES

The goal of this section is to summarize the results from [DMY26] on imperfect relative period rings and
relative (¢, T')-modules over such rings. These generalize the (¢, 'k )-module theory in the classical setting.
To maintain the flow of the exposition, we present only those definitions and theorems required for this
article and refer the reader to loc. cit. for complete proofs. As this section is somewhat technical, the reader
may wish to skip the technical details on a first reading and return to them later if necessary. This section
is organized as follows.

e In §4.1 and §4.2, we recall the notion of toric tower and perfect relative period rings following [KL15].

e In §4.3 and §4.4, we introduce imperfect relative period rings associated with decompleting data,
as well as the notion of (¢, I')-modules over such period rings. We also collect some descent results
under the assumption of decompleting data, including the main descent result in [DMY26] for (¢, T')-
modules over C-type period rings. (cf. [DMY26, §5 — 7].)

e In §4.5 and §4.6, we extend Berger’s Ngr functor to the relative setting for strongly decompleting
data (cf. [DMY26, §8 — 10]) and discuss the effect of passing to finite étale covers.
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e In §4.7, we provide an explicit description of imperfect period rings in the case of (punctured) annuli
(cf. [DMY26, §11].).
e Finally, in §4.8, we provide a criterion for semistability of p-adic local systems in terms of I'-invariants
of relative (¢, I')-modules.
Although this article only requires the theory of relative (¢, I')-modules over a rational subdomain of an
annulus, we present the theory in a more general setting for the sake of completeness.

4.1. Toric chart and toric tower.

Throughout §4, let Ax be a reduced affinoid K-algebra and let X = Spa(Ax, A}) be the associated affinoid
adic space over Spa(K, O). In particular, A} = A%. For any integer d > 1, let D% denote the d-dimensional
closed unit polydisk over K; that is, D% = Spa(K(T1,...,Ta), O (T1,...,Ta)). Recall from [DMY26, §4.1]
that a toric chart of X is an étale morphism

h: X — D%
of adic spaces that is a composition of rational localizations and finite étale maps, such that the image of h
does not intersect the locus {73 --- Ty = 0}. Let us fix such a toric chart h. For each n > 0, consider

1 1
" "

D%, == Spa (Kn<Tf’ s T, Ok, (TP, T >>.

1 1
m

This is a d-dimensional closed unit polydisk over K,,, with coordinates Tf’T, ..., T7". When the base field
K and dimension d are understood, we often write D, = Df(’n to simplify the notation. For each n > 0, let

1 1
n n

X, =X X D,,. The natural maps ¥, : D,, — ID)% induced by the inclusion of rings give rise to a tower of
finite étale maps ¥ = {¢,: X,, — X} over X, which we refer to as the toric tower over X relative to the
toric chart h. This tower is Galois with Galois group I' = I'yeom X 'k, Where I'geom is the Galois group of
Xoo = lngn — l&nX X Spa(K,0k) Spa(Kn,(’)Kn).
n=0 n=0
In particular, I'geom acts on K trivially and permutes the p-power roots of T;’s. On the other hand, I'x
acts on the p-power roots of unity via the usual cyclotomic character xy and acts trivially on the prescribed
p-power roots Til/pn s of T;.'® Note that Igeom = Z;‘?d and ' C Z,; is an open subgroup; for any o € I'x
and 7 € I'geom, we have oro~t = x(9), Finally, let us note that the tower X, = l&nn X,, — X is an affinoid

perfectoid object in the pro-étale site Xpr0s¢ of X with associated perfectoid space X.

Definition 4.1. (1) For every n > 0, write X,, = Spa(AX,n,A;n). Each Ax , is equipped with the
spectral norm | - |, which extends to a norm | - | on Ax oo = U, 50 4x,n-
(2) Let ﬁx,oo denote the completion of Ax o with respect to the norm |- |, and define

2;2,00 = {x € EX,OO | ] < 1}.

Then A\X,oo is a perfectoid affinoid @p-Banach algebra, (gxm, A\}OO) is a perfectoid Huber pair,
and we have )?Oo = Spa(ﬁx,m,g}’w).
(3) Denote the tilt of (Ax o, A}m) by
(R, BY) 1= (A oo A%).
We again write | - | for the norm on Rx induced from the norm |- | on Ax .
(4) Define a valuation v: Rx — R U {400} by setting v(y) := —log, |y|, extending the valuation v on
[A(go C Ry defined at the beginning of §3.
(5) Note that w is a pseudouniformizer in A},oo' We fix a tilt @’ € RY of w.

Remark 4.2. Throughout the paper, we often need to “extend the base field”, that is, replacing K by a
finite extension L. Whenever we do so, we implicitly replace the toric chart h: X — D% by its base change
h: Xp, — ]D)‘i. In particular, the group I' = I'geom ¥ ' is replaced by I'geom % I'z.

181 fact, a choice of compatible system of p-power roots of T;’s determines a splitting I' = I'geom X 'k .
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4.2. Perfect relative period rings.

We briefly recall the constructions of perfect period rings in the relative setting following [KL15]. These are
natural extensions of the classical perfect period rings reviewed in §3.1.

Definition 4.3. Let h: X — D% be a toric chart.
(1) Define Ax = W(Rx) and A% == W(E;EV)
(2) For each r > 0, we define a norm A, on A% by A (307 o p"[an]) = sup, {p~"|z,|"}, which extends
the norm A, on A;g.
(3) For each r > 0, define A% to be the completion of A% [[w’]~!] under the norm \,. Equivalently,

~TX = {an[wn] € AX
n=0

Let AE( be the union AE( = @00 A7

p x| > 0asn — +oo}.

(4) The period rings B X, E&, and B} are obtained from the corresponding period rings of type A with
p inverted.

(5) For every 0 < s < r, define 6[;’7“] to be the completion of the period ring ]§}( with respect to
max{As, A} (or equivalently, completion with respect to the famﬂy of norms { ¢ }vefs,r))-

(6) For every r > 0, define 6 to be the Fréchet completion of B with respect to the family of norms
{Ns}se(0, Finally, define c} to be the union Cl, := lim

Remark 4.4 (Topology). We endow A with the topology induced by the A,-norm and endow A with
the inductive limit topology (i.e., the finest topology making AT < Al ' continuous for all > 0). Inverting
p, we obtain natural topologies on BS( and B}. The ring C X’T] is endowed with the topology induced by

max{A, As }, which then induces a Fréchet topology on (~37’X Finally, we equip (le with the inductive limit
topology (i.e., the LF topology).

Remark 4.5. (i) Strictly speaking, the perfect period rings A X, AS( etc. depend on the choice of the
toric chart h: X — ]D)%. In the cases relevant to this article, however, the toric chart is evident from
the context.

(ii) Remark 3.4 applies in the relative setting. In other words, the Frobenius maps on A} and Ay
extend to Frobenius structures on AS(, A}, ]~3X, ]§§(, ﬁ}, é[;é’r], (Njg(, and 6}, which we again
denote as ¢.

(iii) The natural I'-action on RX induces an action on A x. Notice that the A.-norm is preserved under
the T'-action. Consequently, for every r» > 0, the subspace A CA x is stable under the I'-action
and the action is isometric with respect to A.. This in turn induces a continuous I'-action on A;.
Similarly, there are natural isometric (resp. continuous) I'-actions on 153( and 6[)‘2’7“} (resp. on ]é},
C, and CL).

4.3. Imperfect relative period rings, I: decompleting data.

As mentioned in the introduction, our construction of imperfect relative period rings is phrased in terms
of decompleting data introduced in [DMY26]. Given a toric chart (X, h) as in §4.1, a decompleting datum
consists of a pair A = (R, A ), where
e Ry C Ry is a p-stable «((T g ))-subalgebra such that Ry is complete with respect to the norm | - |
inherited from Ry;

e A\ C A x is a p-stable A g-subalgebra, which is complete with respect to the p-adic topology, such
that the image of the composition

AA/p—> Ax/p = ﬁX

lies in Rj;
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satisfying an extensive list of axioms; in particular, they acquire (¢, I')-actions. Since most of the axioms are
of technical nature, we refer the reader to [DMY26, Definitions 5.6 & 6.3] for the precise definition, noting
only that Ry and A, intuitively play the roles of Ex and Ak in the classical setting (cf. §3.2). From such
a pair (Ra, Ay), one can further build imperfect relative period rings
R’ATA7 BT C[ST R’Cj\
for r > 0 sufficiently small and for 0 < s < r, all equipped with suitable (¢, T')-actions, in a fashion similar
to Definition 3.6. For the convenience of the reader, let us recall the definition.
Definition 4.6. Let A = (Rp, A)) be a decompleting datum for (X, h).
(1) Forany r > 0, let A} = A, ﬂ]&& equipped with the inherited A,-norm from ;U;( Let B} = ATA[%]
(2) Let A} be the union A} :=1lim _ A} and B) == A{[2]. It follows that A} = Ay Al
(3) For 0 < s < 1, let CE'\Q’T} be the completion of B} with respect to max{\,, \s;} (or equivalently,
completion with respect to the family of norms {;:},c[s,,7). Let C} be the Fréchet completion of
B, with respect to the family of norms {A;}s¢(0,r) and let cl = hﬂmo Ci.

These imperfect relative period rings form relative analogues of the classical imperfect period rings A%

A}(, BY%, B}(, C[I?T], Chk, CTK. For later use, let us record several properties enjoyed by the imperfect relative
period rings associated with a decompleting datum.

4.3.1. (p,I)-structures. The Frobenius map ¢: KS( = ;&Tx/p induces a Frobenius ¢: A} — Af\/p for all

r. Similarly, we have Frobenius maps ¢: B} — Bj\/p,go: Cy — Cj\/p,cp: Ck’r} — Ck/p’ n/vl,

Moreover,
AR, BR, CR are all stable under Frobenius. Moreover, all of the imperfect period rings Ay, AR, B,,BY, B:[\,

CE‘:’T], Ch, C}L\ are stable under the I'-actions.

4.3.2. Topology. The imperfect period ring A\ (resp. A;‘\, B, Bj\, C[,f’T], Cy, C:[\) is naturally identified as
a subring of 113( (resp. .&}, ]~3§(, ﬁ;, 6;’70], C~3§(, (NJ;() We equip these period rings with the corresponding
subspace topologies (cf. Remark 4.4).

4.3.3. Affinoid structure. Part of the axioms requires that, for r sufficiently small and for each 0 < s < r with
s, € Q, the Banach K-algebra Ck’ﬂ is a reduced affinoid K{-algebra. Moreover, the norm max{)\r, As}is

a complete power-multiplicative K|-algebra norm on Ck‘" and agrees with the spectral norm on C s,

4.3.4. Intersection properties. There exists a sufficiently small rg > 0 such that the following statements
hold.

(1) For any r € (0,70], the natural map C} — @oqgr Ck’r] is an isomorphism.
(2) AfX N C[é - = A7, for any 0 < s < r < 719, where the intersection is taken inside (EE( Similarly,
AE( N C}r\ = AR where the intersection is taken inside (NJE(
(3) We also have C[/f’ﬂ N Cf,’rl] = CEf"TI] for any 0 < s < s’ < r <1’ < rg, where the intersections are
taken inside Cgf/’T].
We refer the reader to [DMY26, Propositions 5.25 & 5.26] for more details.
4.3.5. Normalized differential operators. Recall the sphttmg I' = lgeom X'k as 1n §4.1 and choose topological
generators 7i,..., 74 € I'geom such that 7; (T” ) = (pn T” for each i and 7; (T]” ) = 17 *" for all j # i. This

determines an 1somorph15m n=(m,...,N4): Dgeom — Zg. For r sufficiently small and for each 0 < s < r
Ck""ﬂ is equipped with (d + 1) differential operators
= M’ V, = % =p . log(Tvpm),
log x(70) mi(r) '
which are well-defined for vy € 'k sufficiently close to 1 and for m sufficiently large. Passing to the limit, we
obtain differential operators Vo, Vy,..., V4 on C} and CR. Let us further define the following normalized

differential operators
do::til'vO and diiztil'vi, 121,,d
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on these rings.

4.4. Relative ¢-modules and (¢, T')-modules over imperfect relative period rings.

The axioms of a decompleting datum ensure that there is a robust theory of finite projective (p, I')-modules
over these imperfect relative period rings. Throughout §4.4, let A = (R, A ) be a decompleting datum for
a toric chart (X, h). Let A%, AR, B, B}L\, Ck’r],Cz, CR be the associated imperfect period rings. We make
precise the notion of ¢p-modules and (¢, I')-modules over these rings.

Definition 4.7. (1) Let D" be one of the rings from {A}, B}, C}\,KSO]?D)}OGVX} for some r > 0. A
p-module over D" is a finite projective D"-module M together with an isomorphism

¢r: M @pr, DP =5 M @pr, D7/

of D"/P-modules, where ¢: D" — D"/? is the Frobenius map (cf §4. 3) and ¢ is the inclusion map.

(2) Similarly, let D be one of the rings from {Aj, AA,BA,BA, CA,AX7 AX, BX,BX7 CE(} A p-module
over D is a finite projective D-module M together with an isomorphism ¢y : M ®p , D == M of
D-modules.

Definition 4.8. (1) Let D be one of the rings from Definition 4.7. A T'-module over D is a finite
projective D-module equipped with a continuous semilinear action of T.'> A (¢, T')-module over D
is a ¢p-module M over D, equipped with a continuous semilinear action of I" that commutes with the
action of . L

(2) A ¢-module (resp. (¢,I')-module) over one of the following rings {BA7BA,CA,BX,B},C}} is
étale if it is the base change of a p-module (resp. (¢, ')-module) over {AA7AA, AA, AX,A Al 19
respectively.

(3) Write Mod“/"D (resp. ModlfD, resp. Mod%;m) for the category of w-modules (resp. the category of I'-

modules, resp. the category of (¢,I')-modules) over D. Similarly, write 1\/Iod“/"]’§‘t (resp. Modﬁ%m’ét)

for the category of étale p-modules (resp. the category of étale (p,T')-modules) over D whenever
appropriate.

Remark 4.9. Our notion of étale (¢, I')-modules requires the corresponding lattice over period rings of type
A to be stable under both ¢ and I'. This is similar to [CC98, Definition 1.4.2]. In contrast, [KL19] only
requires the lattice to be stable under . In other words, the definition we use is more restrictive, but seems
more suitable for the purpose of decompletion and descent.

The following result is one of the main results of [DMY26] (cf. Theorem 10).

Theorem 4.10 ([DMY26, Theorem 1, Theorem 7.18, Corollary 7.20]). Given a decompleting datum A =
(Rp, AR) for (X, h), the base change functors

Mod?) — Mod®: >, Mod &1 é —y Mod 2!, Mod(‘p Dt Mod®: f )ét
/A% /A /B} /B c} /C

are all equivalences of categories. Moreover, the same statements hold if we replace I' by an open subgroup.

Remark 4.11. Given a decompleting datum A = (Rp, Ap) for (X, h), we frequently need to understand
the behavior of the base change functors for (¢, I')-modules across the following diagram of period rings (for

For a finite projective D-module M, we may identify M as a direct summand of some finite free D-module and equip M
with the subspace topology. This topology is independent of the choice of the presentation. On the other hand, I" is equipped
with the usual profinite topology.
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instance, whether these functors are equivalences or fully faithful).

A A @
|
®)
(4.1) Bl —© Bl ‘ k
T ®

9)

) an ol
Cc, — Ck
The horizontal arrows correspond to so-called “decompletion questions” while the diagonal arrows correspond
to “overconvergence questions”. The theorem above provides equivalences of categories of (étale) (¢,T)-
modules across the arrows (1), (5), (11) in the diagram.
e TFor arrows (2) and (4), we have equivalences Mod}ii) =5 Mod'2"™ and Mod'2?) =5 Mod&"

/Ax /AT JAx’

e For arrows (6) and (8), we also have ModypB’F)’ét =5 Mod 2" and Mod(i’f)’ét = Mod 24,
A ) /Bx ) /B Bx
e For arrow (9), we have a fully faithful functor Mod(/‘gp’et — Mod%’p’et;
A A
e Arrow (10) induces an equivalence Modigf)’et = (.1,
X

Notably, with the exception of arrows (1), (5), and (11) (which are established by Theorem 4.10), all preceding
equivalences and full faithfulness properties remain valid under milder hypotheses on A, formalized as weakly
decompleting data in [DMY26]. In fact, some of descent assertions already hold for (étale) p-modules. On
the other hand, the proof of the essential surjectivity of the functor on étale (p,I')-modules along arrow (11)
crucially relies on I'-structures and is a key innovation of loc. cit. We refer the reader to [DMY26, §7] for a
comprehensive list of such descent statements as well as their proofs.

Remark 4.12. It is unclear whether the functor Modigf) — Modi%r) (on general, not necessarily étale,
A X

(¢,I')-modules) is fully faithful or essentially surjective. Nevertheless, we have the following partial result
for a decompleting datum A = (Rj, Ap): a descent of a finite free (o, I')-module over CE( to a (¢, ')-module

over CR, if exists, is necessarily unique. This is [DMY26, Theorem 7.17].

Remark 4.13 (Relation with local systems). Let Locz,(X) denote the category of étale Z,-local systems
on X and let Locz, (X)q denote its isogeny category. By [KL15, Theorem 8.5.5], there is an equivalence of
categories

D™ : Locy, (X) = Mod%:")

D /AX

which reduces to the Riemann—Hilbert correspondence of Katz after reducing modulo p (cf. [Kat73, Propo-

sition 4.1.1], also see [BS23, Proposition 3.4]). Consequently, under the assumption of decompleting data,

Locz, (X) (resp. Locz, (X)q) is equivalent to the categories of (¢,I")-modules across all the arrows (1)-(4)

(resp. categories of étale (¢, I')-modules across all the arrows (5)-(11)). In particular, we obtain equivalences
of categories

Dint,f. Locz, (X) — Modi“%f).

X

in ~ I
pint,t. Locz, (X) — Mod(/i;)

Di,: Locz, (X)g = Mod%r)’ét.

rig - T
X

~ )6
D;fig: Locz, (X)q — MOdng) t

where the last equivalence can be viewed as a relative version of the base change functor DLg, i in §3.5.



24 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO

4.5. Imperfect relative period rings, II: strongly decompleting data.

Going one step further, we need a more restrictive condition called strongly decompleting data, which is a
decompleting datum A = (Rp, A ) that satisfies an additional set of axioms. We refer the reader to [DMY26,
Definition 8.8] for the precise definition. These axioms will allow us to extend Berger's Ngr functor to the
relative setting.

Theorem 4.14 ([DMY26, Theorem 2]). Given a strongly decompleting datum A = (Ra,An) for (X, h),
there is a natural ®-functor

NdR: LOC%E(X)Q — Modi“gf)
A

from the isogeny category of de Rham Z,-local systems to the category of finite projective (¢, I")-modules over
C}L\, such that the following properties hold for every IL € LOC%?(X)Q.‘

(1) Nar(L)[1/t] coincides with D;fig(]L)[l/t] after inverting Fontaine’s period t;
(2) Ngr(L) is equipped with commauting differential operators Dy, D1, ..., D4, making (Ngr(L), D;) a
differential module over the differential ring (Cj\, d;) for alli=0,...,d, where d; is the normalized

differential operator on Cj\ defined in §4.3.5.

Remark 4.15. In the case where X is a suitable affinoid subdomain of a closed annulus, we will give an
explicit description of the differential operators on Ngr (L) (cf. §4.7). In particular, as we shall see, CR
carries the “correct” differential operators ﬁ and ﬁ, up to units in the imperfect relative period rings.
See Remark 4.28.

4.6. Imperfect relative period rings, III: passing to finite étale extensions.

Next, let us briefly discuss the behavior of (strongly) decompleting data under finite étale extensions. Let
h: X — D% be a toric chart and let A = (Ra, Aj) be a decompleting datum for (X,h). Consider a finite
étale map g: X’ — X. Let h': X’ — D% be the composition hog. Note that the finite étale map g: X’ — X
induces a finite étale morphism A\X,oo — A\X/m, which corresponds to some R’ € (Rp )z and A’ € (Ay)
via the following natural equivalences of categories of finite étale algebras

(An)ger = (Ba)gsy = <2X7w>

fét

fot
from [DMY26, Proposition 5.28].

Proposition 4.16 ([DMY26, Theorem 5.30, Theorem 8.13]). If A = (Ra, Ap) is a decompleting (resp.
strongly decompleting) datum for (X, h), then (R, A’) is a decompleting (resp. strongly decompleting)
datum for (X', h').

Remark 4.17 (Passing to p-power Kummer cover). For the proof of Theorem 1, we often need to “replace
X by a p-power Kummer cover”. More precisely, assume that K contains (,» for an integer n > 1 and
we consider p"-th Kummer cover g: X,, — X. The new toric chart becomes h': X,, — ]I))‘Ii{ which is the
composition of g: X,, - X and h: X — D‘Ii( while I" stays the same. Note that I';, := Gal(X/X,) is an
open normal subgroup of I' of index p"?. A key observation is that

(Xn)oo = Xn Xpy ps Doo & Xoo X (Z/p"Z)"

is isomorphic to p™? copies of X.,. Moreover, the I'-action on (X,,)s is given by the action of I',, on X,
and the finite subgroup I'/T",, = (Z/p"Z)¢ permutes the p™? copies of Xo,. If A = (Rp,Ay) is a strongly
decompleting datum for (X, h) and (R’, A’) is the associated strongly decompleting datum for (X,,, k'), then
R’ (resp. A') is isomorphic to the direct product of p"® copies of Ry (resp. A,). The I'-action on R’ (resp.
A’) is given by the I',-action on R (resp. A) and the finite subgroup I'/T,, & (Z/p"Z)? permutes the p™?
copies. The same assertions hold for all the induced perfect and imperfect relative period rings.
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4.7. Examples of strongly decompleting data.

In this subsection, we recall from [DMY26, §11] two important classes of examples of strongly decompleting
data: one for closed annuli and the other for “closed annuli with punctures” (more precisely, closed annuli of
outer radius 1 with finitely many open unit disks removed from the boundary circle |T'| = 1). In particular,
we provide explicit descriptions of the associated relative period rings, which will play essential roles in the
remainder of the article.

4.7.1. Closed annuli.

We first consider the case of closed annuli. Let [o1,09] C (0,1] be a closed interval with oy, 09 € p?, and
consider the closed annulus A ([o1,02); T). Let Dg be the closed unit disk and take the natural inclusion
t: Ak ([o1,02]; T) < Dg to be the toric chart. To simplify the notation, in the subscripts of period rings we
write [0, 02] instead of A ([o1,02];T). The constructions in §4.2 produce perfectoid rings Ajy, o,],00 and
Ri;, 5, and yield perfect period rings

A AT nr nt sl " o f

A[“lv@]’A[01,02]’A[01,02]7B[”1»02]7B[01’02]7 [o1,02]" To1,02] Tlo1,02] C[tfl,oz]'
Explicitly, let 77 := (T,T%,Tr%", S R}DK using the prescribed p-power roots of T', then f{[ahaz] can be
identified as the rational localization of

R, = K2,(T°)7)

given by o1 < |T”| < 02; namely, R[olm] consists of Zjez[l] a; (T°)7 with a; € IA(EO such that for any € > 0,

there are only finitely many indices j such that |a;] - U{ > ¢ and likewise only finitely many j satisfying
laj| - 03 > e. All these period rings are equipped with commuting actions of ¢ and I' 2 Igeomy X I'x. The
choices of p-power roots of T' and p-power roots of unity induce an isomorphism 7: I'geom = Zj, and the

cyclotomic character x: I'x < ZX. Let [T”] denote the Teichmiiller lift of 7" in :“[01,02] = W(R[Uh@]).

Definition 4.18. (1) Let Riy, 5y = Dy (lo1,02];T°) (cf. §1.9) as a subring of E[glm]. In other
words, Ry, o, is the ring of functions on the closed annulus

Aoy (01,02 T) € Dy -

(2) For any 0 < r < rg, define Af . to be the ring of formal sums }_,, b;[T°]" with b; € A% such

that \.(b;) - 0" — 0 as i — o0, for all 01 < 0 < 05. Define a norm A\ on A" by

[o1,02]
A <Z bi[TbV) = sup sup {)\T(bi) ~0”} .

icZ o€lo1,02] 1€EZL

(3) Let AELUIM] be the union A?Ulﬂz] = li_n>10<T<TK Afmm] and let Ap,, ,,) be the p-adic completion of
Note that every element in Aj,, 5, can be uniquely expressed as ) ;. b;[T’ "]* with b; € Ak.
i ; r I
B[alm] be the rings A, o, A[Ulm], A[mm]

(5) For 0 < s <7 < rg, let cl*  be the completion of Bf . with respect to the norm max{\,, A}

[1,02]

(or equivalently, with respect to the family of norms {S‘t}te[s,r])- Let

[o1,02]"

(4) Let B[01,02]7 Bf

[o1,02] with p inverted.

r 1 [s,7] t _ . r
[o1,02] " @ C[0'170'2]7 and [o1,02] — h—n>1 C[UhUz]'
0<s<r 0<r<rg

Proposition 4.19 ([DMY26, Proposition 11.11, Lemma 11.2]).
(1) The pair (R[JI’@],A[JIM]) forms a strongly decompleting datum. The associated imperfect period
rings are precisely

r i r i [s,7] r T
[o1,02]° [01,02]7]3[01»02]7 [o1,02]° Po1,02]7 [o1,02]’ [01,02]70[01,021'

(2) The norm A, coincides with A, for all 0 < 7 < 7.

We will also need the following explicit descriptions of CE’:]@} and C[Tohgz].
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Lemma 4.20 ([DMY26, Corollary 11.5]).

(1) For 0 < s < r < rg, the ring C{a’ ]U | consists of S iez bilT°]F with b; € C[S " such that A, (b;)-0""t —
0 as i — Foo, for all 7/ € [s,r] and for all o € [0y, 02].%°
(2) For 0 <r < rg, the ring Cf . consists of } ;. bi[T' *]* with b; € Ch such that A (b;) - 0" — 0

as i — o0, for all ' € (0,7] and for all o € [o7, 03].

Remark 4.21. By Remark 3.13, C[I‘?T] can be identified with the ring of analytic functions I'x; ([01, 02]; 7k )
on the closed annulus AK(’)([(Sl,dQ];TrK) where 01 = piﬁ'#, dg = piﬁ'i. Moreover, for any r’ € [s, 1],
[s,7]

’

the As-norm on CY coincides with the p-Gauss norm on Ag; ([01, d2]; T ) with p = p_l’pj'eLK. Therefore,
by Lemma 4.20, the ring C (o0

that

. . . o J b14 . o /
U2] consists of two-variable power series >, ;7 ¢; jm[T°]* with ¢; ; € K such

P

'y »
p PR oot =0

¢ g
as |i| + |j| = +oo, for all v’ € [s,r] and all o € [01, 03] (again, one only needs to verify this condition for
' =s,r and 0 = 01, 03).

4.7.2. Closed annuli with punctures.

We now consider a closed annulus of outer radius 1, with finitely many open disks removed.

Notation 4.22. Let § € (0,1] N p? and let f(T) € Ok, [T] be a monic polynomial that factors as f(T) =
[T%, (T — [Bi]) for some f; € EIX( Let X5 ¢ be the rational subset?’ of Dy defined by

Xsp=A{IT| =0, [f(T)| =1} C Dk.
When f is understood from the context, we often write X; for X; y and X5 for X5 ;.

Remark 4.23. Let £ denote the Gaussian point of Dg and let £ denote the type V point corresponding to
the open unit circle centered at 0. Then the collection ¥ = {X ;} forms a basis of open neighborhoods of
& inside Dg; while the collection ¥/ = { X, f} forms a basis of open neighborhoods of £ inside Dg.

Let § € (0,1]Np? and let f € O, [T] be a polynomial which takes the form f(T) = [[,(T — [8:]) € K[T]
with 8; € E]X( Take the natural inclusion ¢: X5 ¢ — D to be the toric chart. To simplify the notation, in
the subscripts of period rings we write d, f instead of Xs ;. From the construction in §4.2, we have perfectoid
rings 25, f.00 and fi(;, ¢ and associated perfect period rings

Asy A5, Al By Bj Bl ClL Gy, CL

5f
equipped with commuting actions of ¢ and I'. Let f denote the reduction of f modulo p. Then 1?35, s is the
rational localization of Rjs ) given by |£(T*)] = 1.

We have the following explicit imperfect relative period rings for Xs ; where the corresponding datum is
strongly decompleting. Let h denote the degree of the polynomial f (7).

Definition 4.24. (1) Let Rs s be the subring of E&f defined by

Rs. ;= Za (T*) +i}LZ1 jk Tb ai’bjkeff((fk)% bjk] = 0 as j — +oo,
! zeZZ =1 k=0 )| Jailo* -+ 0asi— oo forall d <o <1

(2) For each 0 <7 <7k, let Aj , be a subring of As ¢ given by

5.f = ZaZT“—FZ Jk
j=1 k=0

€L

@i, bk € A, Ar(bji) = 0as j — 400,

)\r(ai)cf” —0asi—tooforalld <o <1

201 fact, one only needs to verify this condition for v’ = s,r and o = 01, 02.
21Roughly speaking, X5, is D minus finitely many open unit disks on the boundary circle {|T'| = 1} (these disks are
centered at [3;]’s), then further remove an open disk of radius § centered at 0.
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Consider the norm ), on Aj ; given by

o h—1 k‘
Ar Zal [T°]" + Z Z b]kf = max{ sup sup{A-(a;)0™},  sup {/\,.(bjk)}} .
icZ =1 k=0 6<o<L1 i€Z j=21,0<k<h—1

(3) Let
Al = lim A,

0<r<rg
and let As r be the p-adic completion of Aj;yf. Note that As s is a subring of Ag’f.
(4) Let Bs r, Bj 4, B} s be the rings A ¢, Af ., Ag s with p inverted.
(5) For 0 < s < r < rg, let C[S "l be the completion of Bj ; with respect to the norm max{\., As} (or
equivalently, with respect to the family of norms {)‘t}te[s,r])' Let

Ci= lm Cyyl,  and Cl,= lm Cj,.

0<5<7 0<r<rg

Proposition 4.25 ([DMY26, Proposition 11.19, Lemma 11.14]). (1) The datum (Rjs,f, As r) is strongly
decompleting. The associated imperfect period rings are precisely

s AL Bs g By Bl CTCh L

5 f 5f 1

(2) The norm A, coincides with )., for all 0 < r < 7.

We also have the following explicit descriptions of C([;S}T] and Cj ;

Lemma 4.26 ([DMY26, Corollary 11.15]). (1) For 0 < s < r < rg, the ring CE{?}T] consists of elements
oo h—1
> aill”] Z*Zzbﬂkf ai,bjx € C"
= j=1k=0

such that A (a;)o”" — 0 as i — oo for all 7/ € [s,7] and § < o < 1, and A (bj1,) — 0 as j — 400
for all v’ € [s,r].
(2) For 0 <r <rg, the ring Cj ; consists of

oo h—1
Zal [T°) + ZZ bjk ai, bji € Ck
i€EZ j=1 k=0

such that A (a;)o” " — 0 as i — oo for all 7/ € (0,7] and § < o < 1, and Ay (bjx) — 0 as j — +oo
for all " € (0, 7].

Remark 4.27. We have normalized differential operators dy and d; on C o1 02] CE'JI 2] and C (01,02] for
0<s<rwithr sufﬁmently small from §4.3.5. A direct computation shows that we have dy = (14+7)-ug- d;lK
and d; = [T] - W on these imperfect period rings, where ug = % (see Remark 3.17), which we may

assume to be a unit in C; after shrinking r if necessary. The same statements hold for the imperfect period
rings over X ¢.

Remark 4.28 (From de Rham local systems to p-adic differential equations). Let X be either X5, 5,1 or
Xs,5, and let I be a de Rham local system on X. We make a few remarks on the differential operators on
the associated p-adic differential equation Ngg (L) from [DMY26, §11]. To simply the notation, we mainly
explain the case X = X, ,,); analogous statements hold for X = X ;. Given any finite projective module

M over Cgol oy (O clrl

[o1,02]° 0?01702])

differential operators Vgeom and Varitn on M defined by

equipped with a continuous I'-action, the action of LieI" also induces

log(Tpm)
n(r?™)

log(70)

vauri =1\
7 Jog x(70)

and Vgeom =
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as in §4.3.5 (where 7 is denoted by 71 therein), with vy € I'k sufficiently close to 1 and m sufficiently large.
For our purpose, we again normalize these differential operators by putting

D[Tb] = t_l . [Tb]_l . vgeom

Dy =t (14 7)) up) ™ - Varitn
Note that [Tb] and (14 ) - ug are units in the corresponding imperfect relative period rings. We caution the
reader that, a priori, (M, Dr,) (resp. (M, Diz»1)) could have poles along the vanishing locus of ¢ = log(1+)
when viewed as a differential module over the differential ring (CLIM], ﬁ) (resp. (CErUhUz], ﬁ) ). Note,
however, that Ngg (L) is obtained from Djig(]L) (cf. Remark 4.13) by modifying along the “¢ = 0 locus”.

In particular, part of the content of Theorem 4.14 (Theorem 11 in the introduction) asserts that, after this
modification procedure, (NdR(]L), Dy, DﬂK) does not have poles, hence it is a genuine differential module

(i.e., a relative p-adic differential equation) over the differential ring (C[Tal,@p d[g“b]’

ﬁ). In other words,
K

the modification along the “¢ = 0 locus” removes the singularities from D (L) in both the arithmetic and

rig
geometric directions! When X = X ¢, we similarly obtain Ngg (L) from Djig (L), and Ngg (L) is a differential

module over the differential ring (Cj;f, ﬁ, ﬁ) (see [DMY26, §11.3]). We refer the reader to [DMY26,
§11] for more details.

4.8. A criterion for semistability.

For later use, we establish a criterion for (pointwise) semistability of p-adic local systems. Throughout §4.8,
we assume (X, h) is one of the following:
(1) Let X be a closed annulus X|,, ,,] = {01 < |[T'| < 02}, with 01,09 € pRand 0 < 01 <09 < 1,asin
§4.7.1. Let h: X5, 5,] = Dx be the natural embedding.
(2) Let X be a closed annulus with punctures X5, = {0 < |T| < 1, |f(T)] = 1} as in §4.7.2. Let
h: X5 5 — Dg be the natural embedding.
(3) Let X be a finite étale cover of either X, ,,) or X5 and let h be the composition of this finite
étale map and the natural embedding into Dg.
We have constructed an explicit strongly decompleting datum for (X, h) using §4.7 and Proposition 4.16
(also see [DMY26, §11]). Let A};(, BE(, C;,, etc. denote the corresponding imperfect relative period rings.
Let L be a de Rham Zy-local system of rank d on X and let D;rig(IL) be the associated étale (¢, I")-module
over C&. Let Ck[log 7k, log[T?]] denote the ring obtained by adjoining free variables log mx and log[T?] to
C};(, equipped with ¢ and I'-actions given by

Vs
p(logmk) = plog mx + log <SOS_‘_1)K)) . p(log[T”]) = plog[T”]  and

1(I7°))
7] )

A(log i) = logmxc + log (T) . (log[T”]) = log[T"] + log (

for y € T

Remark 4.29. It is computed in [Ber02] that (C}([logm(,%])r’( = Ky. Using the explicit descrip-
[log 7, log[T?], 1))7 = K{ and

tions of the imperfect period rings in §4.7, one can deduce that (CT h

[o1,02]
(C llog 7, log[T”], 1T = K.

Proposition 4.30. Suppose that the Ck[log[Tb], log 7g, %]—module

DT

1
rig () Ot CE{ log[T"],log 7k, ;]

is free and admits a basis wi,...,wq such that y(w;) = w; for all v € T and all 4 = 1,...,d. Then L is
pointwise semistable on X (i.e., semistable at every classical point on X).
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L) and DLg( =) for a classical

point z. Instead, we directly relate D;rlg(L) with Dg(IL,) and use the I'-invariant basis to produce enough

semistable periods at each classical point.

We point out that there is no direct “specialization map” relating Dmg(

Proof. Let x € X be a L-rational classical point for some finite extension L/K. Then z is represented by a
ring map f,: Ax — L (actually z is determined by the Gal(L/K)-orbit of such a ring map). Consider the
ring map h*: K(T) — Ax induced by the toric chart h. Let a := f, o h*(T) € L* where T is the coordinate
of Dg. Pick a compatible p-power roots {a'/?" },,0 of a. This induces a map 1: Ko (T*/?™) — Ck sending
TYP™ 5 o/P™ | Since

Ax o = AX®K<T>IA(<>0<T1/]DOO>’
the maps f, and 7 induces a ring map e, : EXM — Cg.

In fact, the map e, can be made Gal-equivariant in a suitable sense. First, the action of Galy, on a'/?™,
given by g(a'/?") = C;l"r;(g)al/pm for a unique ¢, (g) € Z/p™, determines a continuous cocycle c: Galy, — Zj,
relative to the cyclotomic character; namely, ¢(g192) = ¢(g1) + x(g1)c(g2). Next, recall that the choice of
{TY/P"},,50 determines a splitting I' 2 Tyeom ¥ I'rc (cf. §4.1). Then consider a group homomorphism
pz: Galp — T sending g — (c(g9),9|k..). Now, consider the action of Galy, on ﬁxm given by the natural
T-action and p,: Galy, — I'. Then e, : A\X,oo — Cg is Galp-equivariant. Indeed, it suffices to check Galy-
equivariance for . On IA(OO, the map 7 is just the identity and Galy, acts naturally on both the source and
target; on the other hand, we have

N(pa(g) - (TVP")) = (G TP ) = a7 = g (@' P7") = g - (17",
as desired.

The map e, induces a Galy-equivariant map e RX = A\bX,oo — (Cg( which sends T” — a’ == (a, al’r, .. )
and thus a Galp-equivariant map €, : Ay — A. Tt further induces Galp-equivariant maps € : KE( — Af
and €, : (NJE( — Ct. Composing with the natural inclusion Ci( - (NJE(, we arrive at the “specialization map”
Syt CE( — Ct. This in turn induces a Galy-equivariant specialization map

1 1
sz Ch [log[T"), log 7k, ;1= cjog[t]

sending log[T”] ~ log[a’] and log mx ~ log 7.

Observe that if M is a finite locally free Z/p™-local system on Spec Ry and D,, (M) is the associated
¢-module over W,,(Rx) by [KL15, Proposition 3.2.7], then we have a canonical ¢- and Galy-equivariant
isomorphism

D, (M) ®Wm(§x),e!; Wm(@d = DM((ei)*M)

where (ei)*M denotes the local system on Spec (Cb obtained by base change along e”, : Ry — (Cb Conse-

quently, by unwinding the construction of D™*(L) (cf. Remark 4.13 and the references therein), we obtain

a canonical - and Galp-equivariant isomorphism D™(IL) ®x . o A =Ly ®z, A, which further induces an

isomorphism D™t (IL) %t & AT~L, ®z, A' by [KL15, Theorem 8.5.3 (d)(e)]. This further induces a -
Tea

and Galy-equivariant isomorphism

DI (L) Oct o, Ch=Df,(L)®g ., C'=L,®z, C".
: A

rig rig

Finally, joining log[T"], log g, % and using the I'-invariant basis in the statement of the proposition, we
arrive at Galy-equivariant isomorphisms

1 X 1
L. ®z, ClTog (@ C} [log[T"], log 7k, ] 1) Bt log[T*],log 7xc, 2,54 log @Clog

=1

Here, Galy, acts on w; via p,: Gal;, — T', thus Galy, fixes each w;. By [Ber02, Proposition 3.4] (combined
with a Tate twist argument), we have

GalL
DSt,L(LLL‘) = <]L1 ®Z Cfog[ }> :
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Therefore, Dy 1,(L;) has Lo-dimension d (where Ly denotes the maximal unramified subfield in L) and thus
L, is semistable, as desired. ]

5. AROUND POINTS OF TYPE I AND II

As mentioned in the introduction, to prove the main result, we first prove Theorem 12, which is a local
version of the p-adic monodromy theorem. We will prove Theorem 12 by a case-by-case analysis based on the
type of the point &; in fact, points of type I, II, I, IV, V are treated in §5.1, §5.2, §6, §7, §3-9, respectively.

5.1. Around type I points.

The case of classical type I points is handled in [Shi22]. In fact, we will show that, with some modifications,
the proof of [Shi22, Theorem 9.2] remains valid for all non-classical type I points.

Proposition 5.1. Theorem 12 holds for type I points.

Proof. Let X and LL be as in the statement of Theorem 12. Let x € X¢, be a type I point. First, by the
same argument as in [Shi22, Proposition 9.6],  admits an open neighborhood U, that is isomorphic to a
closed unit disk over Cg. The p-adic Riemann-Hilbert functor of Liu—Zhu [LZ17] yields a vector bundle with
connection (Dgr (L), V) over X. By base change, we obtain a vector bundle with connection (Dar (L)c, V)
over X¢, . By [Shi22, Theorem 9.7], up to shrinking the disk, we may assume that the connection is trivial
on U,.

Notice that U, contains a K’-rational point for some finite extension K’/K. In particular, the image U, of
U, in X is isomorphic to the closed unit disk over K’. By construction, the vector bundle with connection
(Dar(LL) g, V) is trivial over U, hence |y, is horizontally de Rham. By shrinking, we may replace U,, by
some U isomorphic to

T%, = Spa (K'(TF), O/ (TF)) .
Finally, by the same argument as in [Shi22, §9.4], there exists a finite extension L/K' such that L|y» is
horizontally de Rham and semistable at every classical point. ’

5.2. Around type I points.

Let us turn to type I points. First, note that every type Il point is K'-rational for some finite extension
K'/K. Therefore, when £ is a type Il point, we may assume that ¢ is K-rational after replacing K by a finite
extension if necessary (cf. Remark 2.8). In other words, in the case of type I points, it suffices to prove the
following.

Proposition 5.2. Theorem 12 holds when ¢ is a K-rational type Il point on X.

Proof. We first claim that, by enlarging K if necessary, £ admits a connected affinoid open neighborhood
U which admits a smooth formal model over Ok. Indeed, by [Ber07, Proposition 2.2.1] (which corrects the
original statements in [Ber93, Proposition 3.6.1]), by enlarging K if necessary, there exist

e a smooth connected projective curve Y over Ok with generic fiber Y (viewed as an adic space over
Spa(K, O ));

e finitely manly closed points z1, ..., 2z, on the special fiber Y; and

e an open neighborhood U of &,

such that U is isomorphic to sp~! (Vs — {z1,...,2,}), where sp: Y — Yj is the specialization map, and that
¢ is the preimage of the generic point of Y. It follows from the construction that U is affinoid connected
and it admits a smooth affine formal integral model.

Given this, the rest of the proof follows from the arguments in [GY24, §6 & 7]. For the reader’s convenience,
we recall the proof here (using terminology from loc. cit.). Notice that £ is the unique Shilov point of U. Let
L = (&) be the completed residue field of &, which is a complete discrete valuation field. Write U = U,
for some smooth connected formal scheme U = Spf R over O. The restriction L|¢ corresponds to a de
Rham representation V' of Galy. By either [Ohk13, Main Theorem] or [Mor14, Corollary 1.2], there exists a
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finite Galois extension L’/L such that V|ga1,, is a semistable representation. According to [GY24, Theorem
6.11, Proposition 6.16, and Theorem 6.17], by shrinking U/ and replacing L’ by a further finite extension if
necessary, there exists a finite Galois extension K’/K and a finite cover U’ — U such that

e U/’ is affine smooth connected over Og;
o U' — U factors as U" — Up,., — U where Uo,, — U is the extension of scalars and U’ — U induces
a finite étale map Z/l{7 — Uy, ik on the generic fibers;

e the inverse image of § in U; is the unique Shilov point &’ of Uy;

e the extension J#(§) — H#°(£') coincides with L — L’.
In particular, the restriction LL|¢ is a semistable representation of Galy:. Let U’ = U,’7. By the purity theorem
of Du-Liu-Moon—Shimizu (Theorem 13), we conclude that L|y is a semistable local system; in particular,
the pullback of IL to U’ is pointwise semistable. O

6. AROUND POINTS OF TYPE III

The goal of this section is to prove Theorem 12 around type II points. Since each type II point on X¢,
is K’-rational for some finite extension K'/K, we may again assume that ¢ is K-rational after replacing K
by a finite extension (cf. Remark 2.8). That is, we shall prove the following

Theorem 6.1. Theorem 12 holds when & is a K-rational type I point on X.

To prove Theorem 6.1, we will carefully study relative p-adic differential equations constructed in [DMY26]
(recalled in §4) over suitable open neighborhoods of the type I points £. As mentioned in the introduction,
our strategy is to relate a completed colimit of the imperfect relative period rings over neighborhoods of £ to
the fake Robba ring studied by Kedlaya in [Ked07] and [Ked09]. This implies that the differential operators
are unipotent “at £” after pulling back to a finite étale cover. Our goal is to “propagate” this unipotence
to an open neighborhood of £&. This propagation procedure is the technical core of this section and occupies
§6.5—6.6: the special case is treated in §6.5, and the general case in §6.6. Finally, we use the results from
§4.8 to conclude the proof of Theorem 6.1.

6.1. The fake Robba ring (a la Kedlaya).

By [Ber07, Proposition 2.2.1], up to replacing K by a finite extension, we may assume that & admits an open
neighborhood of the form X, o, = Ak ([o1,02]) (i.e. the closed annulus {0y < |T| < 02}) with 01,05 € p©
and ¢ is the type I point corresponding to the circle of radius ¢ where o1 < 0¢ < 05 and o¢ & pU. Write
1
o¢ = p 717, Then
(p— ek 1
a= E— -log,(0¢) = T -log,,(0¢)
is an irrational number, where cx = m
for i = 1,2. If [0, 02] Tuns through closed intervals containing o¢ with 01,02 € p@, then the closed annuli
X[o,,05)'s form a basis of open neighborhoods of §. Recall the imperfect relative period rings
(6.1) T T [s,7] T

+ .
[01,02]’A[al,az]’B[Ulﬁﬂ’ EUI,UQ]’B[O'l,O'z]’ [o1,02]? [01,02]70[01702]

. Similarly, consider the rational numbers «; = —é log,, ()

from §4.7. Let us introduce some auxiliary period rings Ag, A;, Bg BZ, C[ES’T]7 Cg, and Cz, which are
certain “completed colimits” of the period rings in (6.1).

Definition 6.2. (1) On each AT we define a norm A, ¢ by setting

[o1,02]
A e [T =sup { A\ (¢;) - oF!
E<Z | 1) up [ (c) o

for each 3, ¢;[T°]" € AT ,] With ¢; € A% Then we define A{ to be the completion of the colimit

lo1,0

Ag,colim = hgl A’[ral ,02]

01<0¢<02
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with respect to A ¢. It follows that Af consists of ), ¢; [T°]" with ¢; € A% such that Ar(ci)-oft =0
as 1 — Foo0.
(2) Define By = Ag[%]

(3) Define Az (resp. Bg) as the colimit lim . A¢ (resp. lim . By).

The norm A, ¢ naturally extends to Ay and Bf. If we express an element in Bf as . =}, . ci i [T
with ¢; ; € K, then
Arg(x) = sup {\Cz‘,ﬂ p T '”gi} = sup {|Cz‘,j| 'P_”%li‘r'(jm)}'
1,JEZ 1,JEZL
Definition 6.3. (1) Define C[;’T] as the completion of By under the norm max{\s¢, Ar¢} and let Cg
be the Fréchet completion of B with respect to the family of norms {AXs.e}se,-

(2) Define Cg =lim . Ce.

Note that Cz and Cg are equipped with Frobenius structures, as well as geometric and arithmetic differ-

ential operators, inherited from those of ci and CT .
[0’1,0’2] [0'1’0'2]

Remark 6.4. Equivalently, we can define C[ﬁs’r] as the completion of Kj[xt!, [T°]*'] under the norm

max{As¢, A\r¢}, that is, it consists of >, , ¢ [T°]" with ¢; € C[I‘?T] such that A;(c;) - o — 0 as i — F00

for both t = s and t = r. This is precisely the fake annulus '%)[/1\9 in the language of [Ked09,

—CKT pT¢K )
Definition 5.1.1]** where A stands for the linear functional A: R? — R sending (z,y) + = + ay. Similarly,

Cg (resp. Cg) can be identified with the fake annulus %’Q,CKT 1 (resp. the fake Robba ring %#*) in loc. cit.

Moreover, under this identification, the fake Robba ring % is equipped with a Frobenius structure in the
sense of [Ked09, Definition 5.1.6].

Remark 6.5. The mod p reduction R¢ = Az/p can be described as the completion of s[(Fx)™!, (T°)*!]
under the valuation

— Njbyi ) P 1 . . .
e L B B

(or equivalently, completion with respect to the norm p~"~). Note that R is a field. In fact, if we consider
the type II point £ on the annulus A, ¢, ([o1, 02]; T") (in characteristic p) corresponding to the circle of

radius o¢, then R agrees with the completed residue field J#(&).

6.2. Geometric realization of extensions of fake Robba rings.

For any interval [0y, 03] as above, the machinery in §4.5 produces a finite projective module Ngg (5,0, =
Nar (L] X[awzJ) over CErUI o]’ equipped with both an arithmetic operator D, and a geometric differential
operator Dip»), as well as a Frobenius structure. We also consider the integrable and Frobenius compatible

connection (“the full connection”)
V = Dy, dri + Digwyd[T"],

on Nyg,[s,,0,)- Moreover, for r sufficiently small, we have a finite projective (¢, V)-module NSR,[Jl,GQ]

T
[o1,02]°

| are compatible with restriction to a smaller [o1, 03] according to [DMY26, Proposition 10.13].

over C

NT‘
dR,[o1,02
Taking colimits as o1, 02 — ¢, we obtain finite projective (¢, V)-modules

also equipped with differential operators Dy, and Djp»). The formations of Nyg (5, ,0,) and

_ . r _ . r
NdR,colim = hﬂ :l\IdR7 lo1,02]» NdR,colim = hg ]‘\IdR7 [o1,02]

01<0e<02 01<0e<02

22Fake annuli and fake Robba rings are first introduced in [Ked07] using a different notation.
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T — T T — |1 T 3 T 3
over C¢ i = hggl<gg<02 Clor o) a0 Cp i = hggl<ag<62 Ci,, 0.)> Tespectively. Note that Cg is the
Fréchet completion of Cf ;,,, under the family of norms {As ¢}oc(o,r- Write

SR’g = NQR’COHm ®Cg,001ixn Cg = N£R7[0'170'2] ®CQ=[U1,02] Cg

and
CE = NdR,[al,az] ®C1‘ CE

lo1,02]

Nar,¢ = lm Nig ¢ = Nar colim Bt
r—0+

Recall that Cz is isomorphic to the fake Robba ring #*. We view (Ngr ¢, V) as a finite projective (¢, V)-

module over %#*, also equipped with differential operators D, and D).
The following is Kedlaya’s p-adic local monodromy theorem for fake Robba rings.

Theorem 6.6 ([Ked07, Theorem 5.2.4]). There exists o finite separable extension R'/R¢ with associated
fake Robba ring Z' such that Nare Qg Z' becomes unipotent for the full connection V; that is, it is a
successive extension of trivial connections over %' of rank 1.

For the reader’s convenience, let us explain the construction of the fake Robba ring %’ associated to R’.
This is in fact an analogue of the construction in Remark 3.22. Firstly, the valuation v, in (6.2) uniquely
extends to R/, which we still denote as v, by a slight abuse of notation. The value group of v, contains
Z + oZ as a subgroup of finite index. In particular, R’ is a nearly monomial field in the sense of [Ked07]
(see [Ked07, Definition 2.1.1, Remark 2.1.4]). Let (2™, R’) be the henselian pair that is finite étale over
the henselian pair (AE7 R¢). Then #' is defined as

%/ = Cz ®A£ %int/.

Moreover, for sufficiently small 7, the finite étale map AE — Z™ descends to a finite étale map Ag — R
Then we put

R = Cgoar ™,
and we have ' = hﬂr_m Z'". By [Ked07, §2] (in particular, see Proposition 2.3.4 and Remark 2.3.5),

R (resp. #') is indeed an integral fake Robba ring (resp. a fake Robba ring). Since Cz — %' (resp.

C; — Z'") is finite étale, the differential operators and ﬁ uniquely extend to %’ (resp. Z'"). As a

d
d[T"]
corollary of Theorem 6.6, there exists a sufficiently small r, such that the full connection V on NQR’E ®cy Z'"
is unipotent.

In the remainder of §6.2, let us realize this cover of fake Robba rings Cz — %' in geometric terms. First,
write Ry, 5,] = AELUI 02]/p = A{,, ,,/p for r sufficiently small, as in §4.7 (also see [DMY26, §11]). Recall

01,0
that Rj,, ) is the ring of analytic functions on the closed annulus over s (7)) with radius in [0, 02] and
variable T7; in particular, it is an affinoid ((Tx))-algebra. Write A(,, ,,] for the corresponding spectral
norm. Equivalently, define v,, as in (6.2) but use a; instead of a. Then R, ,,] is the completion of
k[(Tr)T, (T°)*!] with respect to the valuation min{ve,,va,}. Moreover, write R¢ colim for the colimit
@056[61,02] R[Ulm]. Then R¢ agrees with the completion of R¢ colim under the valuation v, from (6.2).

Lemma 6.7. There exist 01, 02 sufficiently close to o¢, and a finite étale map Ry, ,,] — Rfm o2 such that

/ /
R = Rf ®R[01102] R[

o1,02]"
Proof. The assertion is an immediate consequence of Corollary 6.9 below. (]
Lemma 6.8. (1) For o1 < 0 < 0 < 02, the restriction map Ry, 5,) = R/ o) 15 submetric.

(2) The colimit Rg¢ colim = @01<0§<02 Rio, o, is a field.
(3) Consider the seminorm A, on lim Ri;, o,] defined as the infimum of the quotient seminorms
- _ 01<0e<02 '
induced by A, 5,)’s. Then A, agrees with p~"». In particular, it is multiplicative and the completion
of ligm<0§<d2 R, 5, With respect to A, is precisely Re.

Proof. This is standard. In particular, Re colim is simply the (uncompleted) residue field k(€) of the type II
point ¢ in Remark 6.5. ]
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Corollary 6.9. The base functor induces an equivalence of categories of finite étale algebras.

( hgl R[o1,02]> — (Rf)fét :
01<0¢<02 fét

Proof. This follows from Lemma 6.8 and [KL15, Lemma 2.2.4]. O

Construction 6.10 (Geometric realization of Cz — #'). Write Ay, 5,] = O(X|s,,0,]) for the ring of ana-

lytic functions on the annulus X|,, ,,) and recall the perfectoid algebra 2[01’02]’00 from §4.7. By the diagram
of equivalences of categories in [DMY26, Proposition 5.28], the finite étale map Rj,, 5, — REUI »p) from

Lemma 6.7 corresponds to a finite étale map A\[ULGQ]M — B. By [Sch12, §7] (also see [KL15, Proposi-
tion 2.6.8]), up to replacing K by K ((pn), we may assume that this finite étale map descends to a finite étale
map Ay, 0,),n — Bo where A, 5, is the ring of analytic functions on the p"-th Kummer cover X5, 5, n
of X5, 0,)- Note that, for the purpose of proving Theorem 6.1, we are always allowed to extend the base field
and replace X|,, 5, by a finite étale cover. By Remark 4.17, we may further assume that n = 0; namely,
there exists a finite étale cover g: X[U1 2] = Spa(Bo, By) — X[o,,0,] S0 that the corresponding strongly
decompleting data given by [DMY26 Proposition 5.28] (also see Proposition 4. 16) gives rise to relative
imperfect period rings A'T [o1,02]" Bl [0, C’[ etc., satisfying A (01,03] /p for r sufficiently

small. Let £ denote the pre-image of £ in X/

o2s o1,02]3 [01,02]

This is again a point of type . By Lemma 6.7 and the

[o1,02]"
henselianity of Z'™, we have
%int/ A’[ QAr A/T

[o1,02] [o1,02]

for r sufficiently small, and thus #Z'" = Ci ®cr C'T [ Let

[o1.02] o1,02]"

Cf’,colim = hﬂ C”{

01,02]"
01<0e<02

Then #'" can be identified as the completion Ci of G,

the norm A, ¢ on Cf  j;,,, and thus Z' = lim . C.

= NQR(L\X{ ) and Njp (o = NdR(L\X[/ ]). Then for r sufficiently
1,02] 01,02

colim With respect to the unique extension /\/r,g of

. I
Moreover, write N'gg (5, 5,1

small, we have

NSR,g ®Cg %/T <NdR colim ®C Cg) ®Cg %”ﬂ

£,colim

A8

/v
= ( hi>n NdR [o1,02] ®C lo1,0] C [le02]> ®C2/ colim %

01<0¢<02

_ . Yis YIS
—< lim Ndmwz}> DL coim Z

01<0¢<02

Note that, in the last identification, we make use of the compatibility of the Ngr functor under finite étale
extensions (cf. [DMY26, Proposition 10.13]).

6.3. Subrings of constants.

For later use, we need to compute the subrings of cl [ and &’ consisting of horizontal elements with

01,02]

respect to Let 1 denote the maximal algebraic extension of k(7Tk)) contained in R’. In particular,

d[Tb] .
k1 is a finite separable extension of k(T k).
Lemma 6.11. There exists 01,09 sufficiently close to o¢, such that the inclusion x; C R’ factors as

/<c1<—>R (—>R’.

0'1 0’2

Proof. Recall that the colimit R¢ colim is precisely the uncompleted stalk k(€) at the type II point £ on the
annulus A, (=) ([01,02]; T”) corresponding to the circle of radius o¢ (cf. Remark 6.5, Lemma 6.8).** For
simplicity, let Y denote A, ([01, 02]; T") so that O(Y) = Riy, 5,]- Let h: Y' — Y be the finite étale cover

23Hcrc, the stalk can be taken in either the Berkovich or the adic topology. See §2.4.
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given by the finite étale map R, ,,) — Rfol 5p) and let E’ € Y’ denote the preimage of £. Since h is finite

étale and h~1(€) consists of a singleton, the preimage of a system of open neighborhoods of € in Y is cofinal

/
[01,02]

k(?) of the point E’, and R’ = %(E/) is the completed stalk. By [Ber93, Theorem 2.3.3, Proposition 2.4.1],
we know that k(gl) is quasicomplete and is a henselian subfield of .77 (E/) By [Tem, Theorem 1.9.5], we

conclude that k(g/) is relatively algebraically closed in J7 (?) This implies that x; C k(gl) and thus proves
the lemma. 0

among the neighborhoods of E’ in Y’. In particular, the colimit hgl R is the uncompleted stalk
01<0¢<02

Remark 6.12. By construction, r; is relatively algebraically closed in R’. Therefore, by elementary field
theory, if ko/k1 is any finite separable extension, then R’ ®,, ko is a field.

By the classical theory of Robba ring (cf. Remark 3.22), the finite separable extension ki /k((Tr)) cor-
responds to a finite étale extension of Robba rings C;( — Z(k1). In terms of the notation in §1.9, Z(x1)
is abstractly isomorphic to Zg for some finite unramified extension K of Kj. Note that the differential

operator °— on CJf uniquely extends to %Z(k1). Moreover, Z(k1) can be naturally identified as a subring

of C'1 for o1, 0o sufficiently close to oe.

[o1,02]

Proposition 6.13. Let “log[T”]” be a free variable with d[Tb] (log[T"]) = ﬁ and ﬁ(log[Tﬂ) = 0. Then,

after shrinking [o7, 03] if necessary, we have

=0 —_—g
(C/ELUI’UZ]) d[T?] ((3/[01 02][10g[TbH) d[TP] _ %("{1)'

identifying the differential operators ﬁ on both sides. As an immediate corollary, we have

@) T = (@ oglT)) T = ()

Proof. Unwinding the constructions and applying Lemma 6.11, we know that

f FEah f o1y 7T =0

! da[rr] / da[rr]

H) € (Ol )™ € (L gl

for o1, o9 sufficiently close to o¢. It remains to show the reverse inclusions. It suffices to show that

—d_
(C’Jr ) 4IT?] 0 Z(k1). Indeed, using the explicit description of clr)

[o1,02] in Lemma 4.20, we have
(C[s,r] )WZO — ¢l

01,02]

[”170-2]

—d__
for r sufficiently small and for all 0 < s < r. This implies (CELU1 02}) i = CTK7 and hence

<C[Ul702] ®C}( ‘@(K1>) = %(Kl).

Consider the finite étale map
g: C[U1 2] ®C+ X (k1) — cf [o1,00]"

The map g realizes the target as a finite projective module over the source, say of rank m. Take an

element « € C/E[J o) Such that d[T,,]( a) = 0. Let Ty, : C’[U o] C/[a o] denote the linear map given by

multlphcatlon by « and let P,(z) € (CELU1 os] @ct. Z(k1))[x] denote the characteristic polynomial. Since
K

d[T,,] (tr(T2)) = tr(d[Tb] (T)) = 0 for all i > 1, we know that all coefficients of P, (z) are ﬁ—horizontal

sections, and thus P, (z) € Z(k1)[x].
Next, we construct a finite separable extension kq /7 (with associated extension of Robba rings Z(k2)/ % (k1))
together with a ring map n: CE‘Ul o] @t % (k1) — Z(k2) such that the base change of g along 7 splits into a
» K
direct product HZ1 2 (r2). For this, we first choose any finite separable extension ks/k1 such that k1 — ko
factors through natural inclusion £1 < R; This induces a finite étale map 6: Z(k1) — Z(k2) which

01,02]"

factors as Z(k1) — C'} [01,02] £ %(k2). Now, the composition CE[U] o] C’E:Tha?] £ % (ko) and the map
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t

[o1,02]
of Z(k2). Replacing ko by a further separable extension, we can make sure that this finite étale cover splits
into direct products []\"; Z(k2). To sum up, we obtain a commutative diagram

0 induce a ring map n: C ®at #(k1) = #(k2). The base change of g along 7 is a finite étale cover
K

| O(ny) X (k2) — [1iZy Z(k2)

o] o] |

t <%(/€1) e C[ 1,02] ®CT e@(/ﬁg) _ t@(liz)

% (k1) : X (k2)
where each square is a push-out square.

Let (a1,...,am) € [11%, Z(k2) be the image of o under the composition of the top row of the diagram.
Also consider term C’le] ®(ry) #(k2) in the middle column. Since taking base change commutes with
taking characteristic polynomials, the multiplication-by-a map on C’ ®g,,) Z(k2) and the multiplication-
by-(a1,. .., ) map on [[;*, #(k2) both have characteristic polynomial P, (z) € %(k1)[z]. In particular,
we have

Py(z)=(z—a1) - (x — am) € Z(k)|z]
By Cayley-Hamilton, we have an identity (o — 1) -+ - (@ — @) = 0 0on C’E[Jlm] O(ry) X (K2).

Now, consider R” := R’ ®,, ko, which is a field by Remark 6.12. Let #Z' — %" be the extension of
fake Robba rings associated with the finite separable extension R”/R’. Then there is a natural embedding

C’Fal 2] B (k1) H(k2) = Z", and thus C’ELUI 2] ®(x1) 2 (k2) is an integral domain. Consequently, a = «;
as an element in C'] ®% () #(k2), for some i. By the injectivity of Z (k1) — c’l and the faithful

[o1,02] [o1,02]

flatness of Z(k1) — % (k2), we conclude that
a®1e ({1} @) N (Ch, 0 @ {1}) = Z(m);
namely, « € #(k1). This finishes the proof of the proposition. |

From now on, we shrink [0, 03] so that Lemma 6.11 and Proposition 6.13 apply.

6.4. Unipotence implies semistability.

Recall from Construction 6.10 that we have realized the finite extension Cz — %' of fake Robba rings

. . , . / : s : / —
via a finite étale cover f: X[ =, — X[, o). The finite projective module Nyg (. = NdR(L|Xf01162])
over C’ Erm,az] is equipped with an arithmetic differential operator D, and a geometric differential operator

D7+, as well as a Frobenius structure. We also consider the full connection V = Dy drx + D[T»]d[Tb] SO

that (N:iR,[ahoz]’ V) is a finite projective (p, V)-module over C’[TU . Similarly, for r sufficiently small, we

1,02]
have a finite projective (¢, V)-module N'4g (5, -1 = Nig (L‘X[[cl,oz]> over C'|,, .1, equipped with differential
operators Dy, and D). Moreover, we know that
!/ / /

Nare = Naw fo1,00 O #
is unipotent with respect to V. A key ingredient for the proof of Theorem 6.1 is the following proposition,
which states that the unipotence of (N&R’g, V) can be spread out to (NiiR7[0'170'2]7 V) for some sufficiently
small interval [o1, 03].

Proposition 6.14. After shrinking [0, 03] if necessary, the differential module N/, (o1,09] 18 strongly unipo-
tent for V; that is, N’ is free over C'!

dR,[01,02] (01,02
of [Tb]D[Tb] and g Dy, relative to this basis are both upper-triangular nilpotent with entries in K{/. In
particular, N/ [o1,00] is unipotent for the full connection V.

] and admits a basis wi,...,wy such that the matrices
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The proof of Proposition 6.14 will occupy §6.5—6.6. Granting Proposition 6.14, let us finish the proof of
Theorem 6.1.

Proof of Theorem 6.1 assuming Proposition 6.1/.
The first step is to compute the geometric horizontal sections after adjoining “log[T”]”. Let o1, 02 be suffi-
ciently close to o¢ as in Proposition 6.14. Consider

D, 5. =0
[T7]
N' i= (Nl o 108[T°]]) :

By Proposition 6.13 and Proposition 6.14, and noting that D7») commutes with Dy, and is compatible with
Frobenius, we deduce that N’ is a finite free %(r1)-module of rank d (where d is the rank of L) and (N’, D)
is a differential module over (Z(k1), ﬁ) equipped with Frobenius structure. By the classical p-adic local
monodromy theorem of André-Kedlaya—Mebkhout (Theorem 3.23), there exists a finite separable extension
ka/k1 (with the associated Robba ring extension denoted by Z(k2)/Z%(k1)), such that N’ ®@gp(.,) Z(k2)
becomes unipotent with respect to D,,. By replacing K by finite extension K’ so that C}(, contains
X(k2), we may assume that N’ is already unipotent with respect to D,,.. Hence, the Z(x1)[logmk]-
module N'[log mx] admits a horizontal basis wy, ..., wq with respect to D,,.. Note that wy,...,wq are also
geometrically horizontal as ﬁ(log 7w ) = 0. We arrive at a decomposition

N:iR,[olm] [log[T”], log 7] @ C’ (01,001 108[T " log ] - w

with each w; satisfying D (w;) = Dy, (w;) = 0. Note that all these w;’s are fixed by an open subgroup of
I'. By enlarging K and passing to a p-power Kummer cover of X/ [01,02] (cf. Remark 4.17), we may further
assume that all w;’s are fixed by T'. This allows us to apply Proposition 4.30 (note that the functors Nggr
and D;rig coincide after inverting t) and conclude the proof. O

6.5. Unipotence over annuli: special case.

In the remainder of this section, we prove Proposition 6.14. Thanks to Theorem 6.6, we already achieve
unipotence of V “at £” by passing to a finite étale cover. We want to propagate this unipotence to an open
neighborhood of £. This is akin to the process of extending the region of convergence for solutions of p-adic
differential equations over a (fake) poly-annulus.
We first prove Proposition 6.14 in the special case where Z’ = Cg. In this case, NER5 is already unipotent
with respect to V, for r sufficiently small. Our goal is to show that
NdR,colim = hﬂ NER,colim = h_I)n hg NSR,[Ul,Uz]

r—0+ r—0t 01<0¢<oq
is strongly unipotent. Since

Nar ¢ = NaR colim @t CL,

&,colim

this can be viewed as a “decompletion question” from CT to CZ colim®

6.5.1. Intrinsic generic radii over log RP subsets.

We first recall the notion of generic radius of convergence, originally developed by Dwork, Robba, Kedlaya,
and others. In the classical setting, suppose (V, D) is a finite nonzero differential module over (F,, dt) where
p > 0 and F, denotes the completion of K(t) under the p-Gauss norm (cf. [Ked22, Definition 9.4.1]).
Consider the spectral radius of the operator D defined by |D|sp v = lims_, 4 o0 |D? %//S, where |D®|y denotes
the operator norm of D*. Then the generic radius of convergence of (V, D) is defined to be R(V) = w- \D\Sp Vi
where w = p~ /(=1 The intrinsic generic radius of convergence is defined to be

d

IR(V) = p (V) = [t
|D |sp7V

which is a real number in (0, 1] (cf. [Ked22, Definition 9.4.4, 9.4.7, 6.1.2, 6.1.3]).
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0 pokT pmexs 1 T =|mk]

FIGURE 1. A cartoon illustration of S[S ¢ (left) and log, glerl (right)

lo1,02] lo1,02]

To treat the type Il point of interest, we will need generalizations of these notions from [Ked09]. For the
setup, let us describe C [o1,02] (resp. C[o_ " ]) in terms of log-RP subset (resp. ind-log-RP subset) of (Rq)?
in the sense of [Ked09, Dcﬁmtlon 4.1.2]. For an interval I = [o7, 03], consider the subset

Sl = {0 o) | u e [s,7), 0 € [0, 0]}
- {<x,xﬁ>

as in Notation 1.9. The subset S

v —CK-S 1 1
x e [p KT pT ], B e [-—log, 09, —— log, 01]} C (Rso)%
CK CK

(0,r]

HerecK—( [o1,0]

T is defined in a similar way.
p— ) ex

Remark 6.15. In the language of [Ked09], S[[jﬂg ] (resp. S[(U’ }7 ]) is referred to as a log-RP subset (resp.
ind-log-RP subset) because its image under the logarithmic map is a rational polygon (resp. limit of rational

polygons); namely,

g, (S571,) = { (. 80

1 1
€[—ck-r,—ck 8], € [—CKlogpcrg,—CKlogpm]} c R2.

See Figure 1 for an illustration of the log-RP subset. (In the figure, 5_ = fi log,, 02 and 3 = fi log,, o1).

We adopt the notation from [Ked09, Notation 4.1.3]. Let A?Zn denote the analytic affine plane with
coordinates 7 and [7”]. For any (ind-)log-RP subset S C R%, let A K, (S) denote the open subset of Aiézn
defined by the condition (|7x/, |[T?]|) € S. Then we have

cil =T (A (L), 0),

[o1,02] [o1,02

T(Ag, (S0 ), 0)

7[:71702] [o1,02]/?

(note that A, (7mx) = p~°«™). For any o € [01,02] and s € (0, 7], consider the point

R(m S) _ (p_CK'S,O'S) _ (p—cK-s7 (p—cK-s) ) S(O 7]

[o1,02]
where § = — logp o. This point gives rise to a norm A, , on CEJ ]U 2] given by?*
As.o cini =sup{As(c)-o
(e e
Definition 6.16 ([Ked09, Definition 4.2.1]). Let (M, Dz, , Dir»)) be a finite projective differential module
over (C(SITUQ], dT‘fK, d[Tb]) and let R(o,s) € S[S T};z] be a point as above. Let F, s denote the completion of

Frac(C(0 o] ) under A, s, and consider the base change V,,  := M Qg Fos. Define the intrinsic generic

lo1,02]

24T his norm is denoted as | - |R(0,s) in [Ked09, Definition 4.1.6].
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radius of M at R(o,s) to be

gl |2 ls
IR(M, R(o,s)) == min {17 i L el D

|D[Tb] |8p,V<y,s , | Dre e |Sp7V0,s

By assumption, we know that Njj ¢ Is unipotent for some sufficiently small r; that is, it admits a filtration
whose graded pieces are trivial differential modules. In particular, for 01,02 sufficiently close to o¢, there
exists rg > 0 such that

IR(NQ‘{:{ (01,05] R(o¢,8)) =1

for all s € (0,79] (cf. [Ked09, Remark 4.2.4] and [KX10, Lemma 1.2.9]). Note that o = filogp o¢ is
irrational by the assumption. Therefore, according to [Ked09, Proposition 6.2.1], by decreasing ry and
shrinking the interval [0, 03] if necessary, we may assume that

(6.3) IR(NS%{,[ULQVR(U’ s))=1

for all o € [01,09] and s € (0,7¢].

6.5.2. A monomial change of coordinates.

From the above discussion, we may assume that N'? dR,[or,00] has intrinsic generic radius equal to 1 at all

points R(o,s) € S(flr(‘i] To deduce unipotence from this condition, we would like to put ourselves in

a setting where we can apply the multivariable p-adic Fuchs theorem® of Wang [Wan24, Corollary 3.20]
(which slightly generalizes the work of Gachet [Gac99]). However, Wang’s theorem only applies to honest
poly-annuli rather than the fake ones. The key is to use a change of coordinates to transfer the ind-log-RP
subsets into a “standard rectangle”.

Let A= (%) be a matrix with a,b,¢,d € Z and det A = £1. Consider the map pa: R2; — R2 sending
(z,9) = (2%, 2°y?). We refer to ua as a monomial change of coordinates.*® In fact, if we take logarithms
on both the source and target, the resulting map

log pua: log,(R%) = R? — log, (R2,) = R?

is simply the affine transformation given by the multiplication of the matrix A. Now, for any § > 0, let
S denote the ind-log-RP subset [p~°,1) x [p~%,1) C (Rs¢)?. Note that log,, 8% = [—4,0) x [~4,0). For a
suitable choice of A and shrinking [0}, 03] if necessary, we can ensure that the image of S° under 4 lies in

S[(fir(]m] for sufficiently small 6. Indeed, we first choose A such that the image of the third quadrant (i.e.,
(—00,0) X (—00,0)) under log 14 lies entirely inside the cone
log, o log, o
{(@.62)|w <0, pe[-—22 2B}
CK CK
and contains the ray
log, o
{(@,B2) |z <0, = ——2=}.

Shrinking the interval [0y, o2] and multiplying A by (9 }) if necessary, we may assume that the images of
the rays (—o0,0) x {0} and {0} X (—00,0) under the linear transformation log 4 are precisely the rays
{(z,pz)|z < 0,8 = —ilogp(al)} and {(z,B8z)|x < 0,8 = —élogp(og)}, respectively. For any given
r € (0,70, by making ¢ sufficiently small, we can ensure that the image of log, 59 under log j14 is entirely

(0,r]

contained in log, (S’

(o1 02]). Consequently, we obtain an injective map

S(O 7]

[o1,02]

pa: S —

Passing to the ring of functions, we obtain an injective ring homomorphism

wat Cl, o = D(Ag; (SO ), 0) = T(Ag; (5°),0)

[o1,02]

25The single variable p-adic Fuchs theorem is due to Christol and Mebkhout (see [Ked22, Theorem 13.6.1]).
26T his is called a toric coordinate change in [Ked09, Definition 4.1.4].
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Y y
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-0 1 r 0 poKT 1 *

FIGURE 2. A cartoon illustration of p: S% — S(O "

[01,02]

sending mx + u®?,[T°] — wuv?. Here, we have identified AK(/)(S‘S) with the half-open poly-annulus

AKS([ZT‘S, 1)) x AKé([pﬂ;, 1)) with coordinate functions u,v. The merit here is that A (8%) is an hon-
est poly-annulus. In what follows, we shall study the p-adic differential equation N7, (o1,05] OVET C[T(71 03]

using the coordinate u,v by taking base change to AKé([p"S, 1)) x AKé([p";, 1)) along p%, so that the
multivariable p-adic Fuchs theorem applies.

Remark 6.17. The map 4 sends the rectangle S? to a “tilted rectangular region” p4(S°%) inside S (0.7]

0’1 0'2
See Figure 2 for an illustration of 4, where both the rectangular and the tilted rectangular regions are
colored in orange. The curve y = 2%~ (resp. y = 2°+) on the right-hand side of the illustration corresponds
to the line y = 1 (resp. = 1) on the left-hand side. Moreover, the curvy ray (colored in red)

1
{(Lxﬁ) |p_cKT <z<l1, g= —alogpag}

on the right-hand side corresponds to the fake Robba ring #* (as r — 07). Its preimage is a line segment
(colored in red) with irrational slope on the left- hand side, corresponding to another fake Robba ring RATT
The map % induces an isomorphism %> = CJr #A"X that fits into a commutative diagram

(A (ST ),0) 25 D(Ag, (5°), 0)

[o1,02]
| |
7% ~ RAT,

. . -1
The Frobenius structure on %> transfers to a Frobenius structure on 24~ .

Remark 6.18. Let A~! = (‘C’,/ Z’,) be the inverse of A. Then u — 7% [T°)", v — 7%[T°]* induces an
injective ring map

D(Ag(S%),0) = T(Ag, (S92 0)

[o],05]

for some 0 < r; < 7 and for any o}, 0% € p@ satisfying o1 < 0} < 0¢ < 0} < 02, such that the composite
vy o ph is simply the natural inclusion C[U 2] C C[T;, o] Taking colimit as r» and s go to 0, we obtain
172

injective ring maps
1 Wa_ . 5 t
Cloi o) — lim P(Ag; (S )70) C[al’gz]
6—0t
such that the composite is the natural inclusion. Note that the term in the middle is just the (honest)
two-dimensional Robba ring

R, B xR, = lig  Jim @[97 185k ,%[S ]

r—0t 0<s<r
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with coordinates u,v. Moreover, since both % and v} are given by monomial change of coordinates, it is

T
[o1,02

on the poly-annulus I'(A K6(55), O) and the two-dimensional Robba ring %K{)@@ K, E K-

straightforward to check that the Frobenius structures on C ] and C?Ul 2] induce Frobenius structures

6.5.3. Strong unipotence of V.

For r € (0,ro] and § as above, consider

Ns == Nig| | cr DAk (89),0),

01,02 [o1,02]

equipped with the full connection
V =Dydu+ Dydv=A,-dlogu+ A, - dlogv

where A, = uD,, and A, =vD,. By Remark 6.17, the map p% induces an isomorphism

(6.4) NUR 01,00 DCT, Cg =Nare — Ns Dr(ay, (59).0) &
of (¢, V)-modules, under the identification %* =~ %4 "X,

By (6.3), Remark 6.18, and [Ked09, Proposition 4.2.5], we know that Ny satisfies the Robba condition.
Moreover, since Ny is equipped with a Frobenius structure (cf. Remark 6.18), we know that Ns admits a set
of p-adic exponents {ai,...,aq} with a; € (QNZ,)? such that they have p-adically non-Liouville differences.
This is precisely the situation where we can apply the multivariable p-adic Fuchs theorem to Ns. By [Wan24,
Corollary 3.20],%” we conclude that Nj is free and admits a basis such that the matrices of A, and A, both
have entries in K|, and their eigenvalues represent (the equivalence class of) the exponents a;’s. With respect
to this basis, the full connection can be written as

V=d+1T; -dlogu+T,-dlogw,

with T; € Matgxq(K)) satisfying 1Ty = ToT7.

We claim that there exists a basis as above so that 77 and T, are upper-triangular nilpotent. Via a
change of basis by a matrix in GL4(K]), we may assume that Ns decomposes into simultaneous generalized
eigenspaces of 17 and T5. Let M be any one of these direct summands, with corresponding basis ey, ..., ep.
With respect to this basis, we may assume that T; = \;I+ N; with N; upper-triangular nilpotent, for ¢ = 1, 2;
namely,

d d
Ay =u— + M1+ Ny, Ay, =v— + Aol + No.
du dv

Note that A\; € QNZ,. We claim that A\; and Ay are actually integers. Granting this claim, we simply modify
the basis on M by multiplying u=**v~*2 (and repeat this on each direct summand), and we are done.
It remains to prove the claim. Suppose that (A1, A2) ¢ Z2. Consider

-1
M/ = M®F(AK(’J(SJ)1O) %A A

cf. Remark 6.17), which is a direct summand of Ns®r(4 , (s 0 RN =2 Ngpe (cf. (6.4)). By assumption,
( K( )) ) 75
0

Ngr ¢ is unipotent, and hence so is M’. In particular, M’ admits a nonzero horizontal vector for the full

: . _ h / : _ mn,m,n ; } A A
connection, say s = > ., s;e; € M'. We write each s; = >, s""u™v" in terms of power series
expansions in the fake Robba ring. Let s = (s1,--- ,s;) as a column vector and writes = >, s™"u™v™

accordingly. Since A, (s) = A,(s) = 0, we obtain
((m—l—)\l)Id—i—Nl)sm” =0, ((n—l—)\g)[d-i-Ng)Sm” =0.

If \y ¢ Z, then (m + A\1)I + N; is invertible for all m, so s = 0. Similarly, if Ay ¢ Z, then s = 0. This is a
contradiction and justifies the claim.

So far, we have achieved strong unipotence for N°. Using v, we obtain strong unipotence for NER,[UI’M]
for sufficiently small  and for o1, o5 sufficiently close to o¢ (note that Ky is just K here). This settles the
special case of Proposition 6.14.

27[VVam24, Corollary 3.20] is an enhancement of [Gac99, Théoréme pg.216], removing the freeness condition from the latter.
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6.6. Unipotence over annuli: general case.

Finally, we treat the general case of Proposition 6.14. The idea is to reduce to the special case handled in
§6.5.

6.6.1. Some preparations.

Recall from §6.2—6.4 the finite étale extension Cg — %' of fake Robba rings induced from the finite separable
extension R'/Re. We have also constructed a finite étale cover f: X[’g1 oa] Xio,,05) that realizes the

extension Cz — %'. For r > 0 sufficiently small, the map f induces a finite étale map C} — C/ foh

[o1,02] o2]

and a differential module N'4g 5, ,1 over C'[, .,

To proceed, we first introduce some more notation. Recall that R (resp. R’) coincides with the completed
stalk 7(€) (resp. 7 (E/)) (see Remark 6.5 and the proof of Lemma 6.11). In particular, the residue field of R¢
(resp. R') is K (resp. the algebraic closure &’ of k in R'). Note that K{J in the statement of Proposition 6.14

coincides with W (x')[1/p]. The following is an analogue of Af, 5> but with variables z,y instead of 7k
and [T°].

, equipped with a Frobenius structure.

o

Definition 6.19. Let 75 > 0 such that 7y & p@.
(1) For any 0 < 7y < 79 < 7o with 71,7 € p¥ and any sufficiently small s > 0, define

Al (@) =3 Y 'y’ | eiy € WK, |eig| - p~< 7% — 0 for all 7 € [r1,72], as [i| + |j| = +oo
ijEL

For any s’ € (0, s], we can define a norm Ay on A[ST1 72](:5, y) by

Mo [ X0 epaty’ | = sup sup {leg| g i),
i,jEZ 4,§€L TE[T1,72]
(2) Let
Aio,colim(xvy) = h_) Afﬁ,rﬂ (SL‘, y)

T1<T0<T2
and
A:r'o,colim(x? y) = h_n>1 A:qro,colim(‘ra y)
s—0t

Let A3 (z,y) be the completion of A (x,y) with respect to the norm A, -, defined by

To,colim
Noo | D g’y | = sup {Jey| -~ 7757}
i€z LIEL
and let Al (z,y) = lim . A7, (z,y).

(3) Let By _ (z,y) =Af,  (z,y)[1/p] and B; (z,y) = AZ (z,y)[1/p].
(4) Let CI* ¥ ((z,y) (resp. C7 . (2,y)) be the completion of Bf . (z,y) with respect to the family

[T1,72 [71,72] [T1,72]
of norms {\; }4¢[sr,s (resp. family of norms {A;}.c(0,5)). Let C?rl,rz](%y) =lim Cl, (@)
(5) Let
Cf’g,colim('xa y) = hﬂ C[STl,‘rg] (I, y)
T1<T0<T2
and
Cj'o,colim(x’y> = h_r}n Cio,colim($7y)'
s—0t
Let C7, (z,y) be the Fréchet completion of C3| .y, (%, y) with respect to {A; -, }ie(0,) and let

Cl (a,y) = lim C3, (2.1).

s—0t
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The main idea to prove Proposition 6.14 is to construct continuous maps

r P ¢ r’
,[0'1,0'2] - Cf‘rl,rg](x7y)7 C; (z,y) — /[a;,a;]

[T1,72]

for suitable r,s, 1’ 01,09, 71, 72,07, 0% and coordinates x,y, such that ¢, are compatible with Frobenius
and differential structures, and such that ¢ o ¢ and 1 o ¢ coincide with natural inclusions. Given such
(systems of) maps, we can translate the question of p-adic differential equations over C’ [TUM,Q] to a question
over C[Sﬁﬂ](x,y); but the latter is already analyzed in §6.5. As we shall see, to construct these maps, we
first construct them on the integral level; that is, we construct continuous maps

/[TUI,UQ] i> Ale,Tz] ({IJ7 y)7 Af’rl,‘rﬂ (.’L’, y) i> AI’{O’Q,G’;]

with similar properties. The construction of these maps will occupy §6.6.2-6.6.4.

6.6.2. Algebraization of analytic covers.

Recall that Agcohm /p =

£,colim £,colim”

Let A’ =lim o lim A’(,, 5,)» which is finite étale over Al
1<0e <02 )

£,colim

k(&) (resp. k(?)) Also note that the finite separable extension k(?) /k(€) induces k(?) B Re = R.

k(§) and A’} /p= k(gl). Let ||z (resp. |- |?) denote the corresponding norm on the uncompleted stalk

Lemma 6.20. (1) Both (Agcolinﬂ
(2) Let f € A’}

£,colim

p) and (A’ gcohm,p) are henselian pairs.

be an element whose mod p reduction f is nonzero. Then f is invertible. If
moreover f satisfies |T|E/ < 1, then there exist a sufficiently small r and o1, o5 sufficiently close to
o¢ such that f is topologically nilpotent in A’ [Ta L oa]-

Proof. (1) Each (A]

[‘717‘72]

,p) is henselian by the proof of [DMY26, Proposition 5.28], so the filtered

colimit (Az colim» P) is again henselian. The henselianity of (A’ gcohm, p) follows from finite étaleness.
(2) The first claim on the invertibility of f is a consequence of henselianity.

For the second claim, we first show that the claim holds for Az colim 111 Place of A’ gcolim. Suppose
fo € Agcolim such that |f0|g < 1. Then, up to shrinking [0, 03], we may assume that f, €

Rio).00] a0d q = A, 0,](fo) < 1 where Ay, o, is the spectral norm on Ry, ,,). By [DMY26,
Proposition 5.18(1)], there exists a sufficiently small g and a lift fo € AT° oa] Of fosuch that \.(fo) =

[o1,

q" for all r € (0,7r¢]. If we write fo = ﬁ) + pg for g € AT° then \,(g) < max{1,\,(g)"/™}.

[o1,02]°

Hence, there exists 71 < 7o such that \.(pg) < 1 for all r € (0,71]. This implies A.(fo) < 1 for all
r e (0,m].

Now we return to the statement for A’ 2 colim-  View Al

&,colim

and write Pp(T) =T + Q1T 4+ 4 qg € Al [T] for the characteristic

£,colim

as a finite projective module of rank
m over Az,cohm, tl
polynomial of the multiplication-by-f map. The roots of the mod p reduction Py(T) are Galois
conjugates 7(f) of T € k(€) = A} i
them satisfies \T(f)|g/ < 1. This implies |a;|z < 1 for all i. By the discussion above, we may
assume that a; € Af;baz] and f € A’[”Qm] for some 71,071,092, and that A.(a;) < 1 for all ¢ and

all » € (0,71]. Finally, we show that A.(f) < 1 for all » € (0,71]. By Cayley—Hamilton, we have

/p in some fixed algebraic closure k(£)*# and each of

™4 am1f™ a9 =0. If A\.(f) = 1, then
Ar(H)™ = Ae(F™) < max{Ar (i) A (£)'} < ()™

which is impossible. Here, we have used the fact that A, is power-multiplicative on A’ 7[;, Loa]

By Krasner’s lemma, there is a finite separable extension F’/k(7,T”) such that R’ = F” @ o7, 1) Fe-
We view F’ as a subfield of R’. Let
do—1
G(X)=X%+ " 0, X" € '(Tx,T")[X]
=0
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be the minimal polynomial for a primitive element of the finite separable extension F” /m’(ﬁ;& Tb). Let
g € KTk, T "] be a nonzero polynomial that clears the denominators of the coefficients of G, that is,
G-a; €K' [Tk, T"] for all i = 0,...,dy — 1. Pick an (arbitrary) g € W(x')[rg, [T°]] lifting g and pick a lift

G[X] € W(K)[rr, [T°],1/)[X]
of G. Let A(G) € W(K')[rk, [T"],1/g] denote the discriminant of G and consider
Co =W (K)[r, [T°1*,1/9,1/A(G)], Do = Co[X]/G(X).

By construction, Cp — Dy is finite étale. The fraction fields of Cy /p and Dy/p are precisely x'(Tx,T")
and F', respectively. Moreover, we have A(G) # 0, and is thus a unit in the fraction field ' (Tg,7”). By
Lemma 6.20, there is a natural map Cy — Agcolim as both g and A(G) map to units. In particular, we

obtain a map Co — A, after decreasing r and shrinking [01,02] if necessary.

Lemma 6.21. For sufficiently small r and for oy, o2 sufficiently close to o¢, we have

DO ®CO AT’ g A/’f‘

[01,02] [01702]'
Proof. By construction, there is an isomorphism

Dy /p ¢y /p Re = R.

By quasi-completeness of k(&) (cf. [Ber93, Theorem 2.3.3, Proposition 2.4.1]), we have an equivalence of
categories (k({“)) o (RE) ¢~ Lhis produces an isomorphism
Do/p ®CO/ZD Az,colim/p = Alz,colim/p‘

Finally, by the henselianity of (Al p) proved in Lemma 6.20, we obtain an isomorphism

&,colim?

~ A/T

&,colim>

Do ®¢, Al

£,colim

from which the lemma follows. O

6.6.3. The coordinates x,y.

To construct ¥ and ¢, we need a further approximation step to relate Dy with a suitable polynomial ring
W (r)[x,y]. Recall from §6.2 that the valuation v, on R¢ uniquely extends to a valuation (again denoted
as vg) on R'. Since &/(Tx,T?) C F' C R', the value group I of F’ contains Z + aZ as a subgroup of finite
index. In particular, the valuation v, on F’ is monomial in the sense of [Ked09, Definition 6.1.1]. Pick a
Z-basis {f1, P2} of IV with 1, B2 > 0 (note that 85/51 ¢ Q), and then pick elements t1,t5 € (F')* such that
va(ti) = Bi.

Proposition 6.22. There exists a smooth algebraic surface S over Specx’ with function field F(S) = F’,
a closed point sy € S at which the valuation v, is centered, and regular parameters Z,7 € Og 5, such that
ti =T; - Ty for i = 1,2, with w; € (9§7s0 and a;,b; € Z>o. Here, we say that the valuation is centered at
so if mg gy = Og.5,N{a € F' | va(a) > 0} where the intersection is taken inside F' = Frac Og 4, (cf. [Ked08,
Definition 2.4.1]).

Proof. This follows from the local uniformization theorem of monomial valuations (cf. [KK05, Theorem 1.1],
also see [Ked09, Proposition 6.1.3]). O

Write 41 = v4(Z) and v2 = v, (7) for the valuations of Z and 5. Then 1 = a1y1+b172 and B2 = agy1 +bae.
In particular, 7; and 7o are rationally independent. Since S is smooth at sy with regular parameters z, 7,
we have an isomorphism ((95780)4\“5'50 = k'[7,7y]. This implies that /[Z, 7] is dense in Og g, for the topology
induced by the valuation v,. Therefore, k'(Z,7) is dense in F’, and thus is dense in R’. Also note that, since

T,y are regular parameters at sy, we have an isomorphism
1 ~ 1
F' @u@m Q@m/m — Qe
as U, ) = F' @0, Q%Ds,so Jw = F'dT @ F'dy. This implies Q. .5y = 0, so the extension F'/x(Z,7) is
finite separable (it is finite because it is finitely generated and has transcendental degree 0).
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Remark 6.23. We point out that, the fact that F’/k’(Z,7) is a finite separable extension and that «'(Z,7)
is dense in F’ implies that they have the same completion, but does not imply that they are equal.

Since ' = Frac(Dy/p), we can write T = h;/g; and § = ho /gy with hy, ha,g1,92 € Do/p. Pick liftings
hi,ha, 91,92 € Dy and consider a ring map W (x')[z,y] = Do[1/(g192)] sending = — hi /g1, y — ha/g2. This
is a lift of &'[z,y] — Og,s, C F' = Frac(Do/p). By further inverting the Jacobian J € Dg[1/(g192)] of z,y
with respect to 7, [T°], we arrive at an étale ring map (“the framing”)

0O: W(K)[z,y] — D = Do[1/(g192),1/J].

6.6.4. Constructions of ¥ and ¢.

Construction of .

Let 7o := p~¢%2/7 (note that 79 ¢ p@) and let [r1, 7] be an interval containing 7y, with 7,7 € p<.
Consider A (z,y) and Al (x,y) defined in §6.6.1, and note that (Al (z,y),p) is a henselian pair.

To,colim To,colim
Let R+ colim = Aioﬁcohm(x, y)/p and R, = AIO (z,y)/p. Similarly to Remark 6.5 and Lemma 6.8, R, colim
(resp. R.,) coincides with the uncompleted residue field (resp. completed residue field) of a type II point
corresponding to a circle of radius 7y in characteristic p, and we have an isomorphism R,, = R’ by sending
T—=T,Yy—=7.

By construction, we have inclusions F/ C R’ and Ry, colim C R, = R'. We claim that the first inclusion
factors through the second via an injection F’ < R, colim- To see this, consider E := F’ Q! (7,7 Forg,colim-
Note that FE is a finite étale Ry, colim-algebra since F”/k/(Z,7) is finite separable. Consider the composition
m: E Qg R' = I ®,z5 R — R’ where the second map is the multiplication map. By the fully
faithfulness in [KL15, Lemma 2.2.4(a)], m descends to a unique R, colim-algebra map mg: E — R;, colim-
Finally, composing with F’ — E sending a — a ® 1, we get the desired inclusion F’ < R, colim-

Given this, we deduce that the natural map W (x')[z,y] — Al

To,colim

70,colim

(z,y) factors as the composition
0 n
W(HI)[‘Cm y] — D= Aj'g,colim($7 y)

for a unique map n: D —» Al (z,y). Indeed, since (Aimcolim(ar7 y), p) is henselian, it suffices to observe

To,colim

that the modulo p reduction £'[x,y] — Ry .colim factors as x'[z,y] = D/p — F' — Ry, colim- Consequently,
we obtain a map

n:D — A, ()

for sufficiently small s > 0 and for 7y, 7o sufficiently close to 7p.

To construct the desired 1: A’[Tgl,gz] — A[ST1 72](35, y), it suffices to produce a map 1 : Dy — A[ST1 72](35, y)
and a map ¢o: AL — AT 72}(m,y) that agrees on Cy (cf. Lemma 6.21). In fact, we take 11 to be the
composition

Dy— DL A‘fnﬂ](x,y).

To construct ¥y, we need the following lemma. For the setup, let us write the rational numbers cxr and

;= —i log,, 0; (for i = 1,2) in their reduced rational forms
h1 1 ] el 1 ] f1
Cr = — —— 10, 09 — - 0) o1 = .
K kl ) CK gp 2 m1 ) CK gp 1

Note that e;/m1 < o < f1/m1 by assumption.

Lemma 6.24. Let B be a Banach W (k)-algebra where W (k) is equipped with the standard p-adic norm.
Suppose that x,y € B* are topologically nilpotent units and suppose that pPtz=Ft ymig=er gfiy=m1 are
power-bounded. Then there exists a unique continuous ring map A[le oa] B sending 7 — x, [Tb] — Y.

Proof. From the description of A, in Definition 4.18(2) (cf. Proposition 3.12), we know that

[o1,02

h1 b1m ﬂ-fl
Afal,az] = <W(I€)[[7TK]]<[Tb] P & K>> [ 1 |

e ) e
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where completion is taken with respect to the (p, 7k )-adic topology (equivalently, the p-adic topology). In
other words, we have

T
[01,02]

Il

( W () [ <]{[T"], Xo, X1, X2) ) !
(p

P kX, [T — 783 X, et — [T X)) ed

The map to B is then given by sending mx ~ z, [T°] = vy, Xo — p"t /aF1, X = y™ [z, Xy s 2ft Jy™. Tt
is straightforward to check that the map is indeed well-defined and continuous. O

Consider elements z1 = 7(7g ) and y; = 7([T"]) in A? (z,y). Note that the images of 1, y1, p" a7,

[T1,72]
ma —

Yyt x{l yp " in AIO colim (%, 9) all have mod p reductions with norm < 1. Hence, by decreasing s and
er .f1,—n1

shrinking [71, 72] if necessary, we may assume that x1, y1, phlzl_kl, Yy aty; ™ are all topologically
nilpotent, by applying Lemma 6.20. Applying Lemma 6.24 to B = Afﬁ 7] (z,y), we obtain the desired map

o A[Tglm] — A? (z,y). It is routine to check that these two maps agree on Cj.

[T1,72]

Construction of ¢.

Write cx s = ha /ko, fi log, T2 = ea/ma, fi log, 71 = f2/n2 in their reduced rational forms. Since the
images of 1/(g192) and 1/J in Frac(Dy/p) = F’ are nonzero, the map Dy — A/E7170'2] given by Lemma 6.21
extends to a map

0: D — Al

[o1,02]

by decreasing r and shrinking [o1, o9] if necessary, using the henselianity of (A’ ;COlim, p) (see Lemma 6.20).

Write 2 = 0(z) and yo = (y). Since zp and ¥, are invertible, and o, yo, P2y "2, y3'2ay 2, acgzyz_"2

all have reduction of absolute value < 1, (after further decreasing ' and shrinking [0}, o] if necessary), we
obtain the desired map ¢: A}

["’1,7'2

(2, y) — A”[pz;’pa;] by applying Lemma 6.24.

Compositions of ¥ and ¢.

For the reader’s convenience, let us summarize our constructions. Given any sufficiently small r and
sufficiently small interval [0, 03] containing o, we have a continuous ring map : A’ [Tglm] — A[STMZ](x, y)
for some s and some sufficiently small interval [r1, 73] containing 79. Note that if we decrease r, then
remains valid as long as we decrease s accordingly, without changing [0y, 03] or [11,72].?® Therefore, we
actually obtain a system of maps i as r varies. Likewise, we obtain a system of continuous ring maps

¢ As(x,y) — A’f;iﬁé] as s varies.

[71,72]

Unwinding the construction, it is straightforward to check that the compositions

Al o DAL () S NG

[o7,03]
and
: ¢ r’ ¥ s/
Al (@:9) = Allor oy = Al (2,9)
are both natural restriction maps (for suitable ' < r, s’ < s, [0}, 0%] C [01,02], and [7], 73] C [71, T2]).
Lastly, by inverting p and passing to Fréchet completions, we obtain systems of continuous ring maps

r P s s o} r’
C/ — C (1’7 y)? C[-rl,r?] (1’7 y) — Cl[o’i,o‘é]

[01,02] [11,72]

such that both ¢ o and 1 o ¢ are natural restriction maps.

6.6.5. Proof of Proposition 6.14.
Passing to colimits, we obtain maps

cl Y cf (z,y) 2 C?Tl (@5 Y) 2 LN C?Tl, (@)

[o1,02] [T1,72] [o1,05] [o1,05]

whose compositions are both natural restriction maps. For 7, 7o sufficiently close to 79, consider

— T
N[Tl-,‘l'2] T :iR,[Ul,UQ] ®C’Ta ]»1/’ C[Th7—2](x7 y)

1,02

28T his follows from the construction. Note that in Lemma 6.20(2), the choices of o1 and o2 are independent of .
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Using v and ¢, the Frobenius structure on C’ ELO_I o3 induces a Frobenius structure on CErn - (z,y). This is
essentially due to the construction; indeed, since ¢ and 1) are constructed from the integral level, the induced
Frobenius map is indeed a lift of the absolute Frobenius map in characteristic p. Moreover, passing the
completed colimits as 01,09 — o¢ and 71,72 — Ty, we obtain an isomorphism %’ = CIO (x,y) of fake Robba

rings, compatible with Frobenius structures. Consequently, Ni., -,j is a finite projective (¢, V)-module over
T

[11,72]

(x,y) equipped with differential operators D, and D, such that

N[Tl 77-2] ®CE71 ] (z,y) C:Ir'o (x’ y)
is already unipotent. Finally, applying the arguments in the special case (see §6.5), we deduce that N, ;) is
strongly unipotent, by shrinking the interval [y, 72| if necessary. Using ¢ and ¢, we conclude that NéR_[m 03]

is also strongly unipotent, for oy, o2 sufficiently close to o¢. This finishes the proof of Proposition 6.14.

7. AROUND POINTS OF TYPE IV

In this section, we prove the following stronger local version of the p-adic monodromy theorem, which
immediately implies Theorem 12, for a type IV point.

Theorem 7.1. Let X and L be as in Theorem 12. Let & € Xc, be a point of type IV. Then there exist a
finite extension L/K, an open neighborhood U of the image of £ in X1, and a finite étale cover f: V — U,
such that f*(L|y) is horizontally semistable in the sense of [Shi22, Definition 4.13]; in particular, f*(L|y)
is pointwise semistable (i.e. semistable at every classical point in V).

To prove Theorem 7.1, we first show that every p-adic differential equation is étale locally trivial around
any type IV point.

Theorem 7.2. Let £ € X, be a point of type IV and let (M, V) be a vector bundle with connection on a
neighborhood of £&. Then there exists an open neighborhood U of & and a finite étale cover f: V — U such
that f*M s a trivial connection.

Applying Theorem 7.2 to Dqr (L) (together with a descent argument), we reduce to the case where L is
horizontally de Rham. Then Theorem 7.1 follows from the work of Shimizu [Shi22] on potential semistability
of horizontally de Rham local systems.

Throughout the section, let w = piﬁ.

7.1. Some preparations.

We first make some elementary observations before proceeding to the proof of Theorem 7.2. By [Ber07,
Proposition 2.2.1], a type IV point on X, admits a basis of open neighborhoods consisting of closed disks.
Therefore, without loss of generality we may assume that £ is a type IV point on a closed unit disk with
coordinate T. Also recall that k(¢) denotes the (uncompleted) residue field at &, which coincides with the
stalk Ox,,_ ¢, and J(§) stands for the completed residue field. Moreover, k() is a differential field with
derivation 9 = d/dT. Note that the constant field k(£)?=C is Cr, and 9: k(£) — k() is surjective.?” For
later use, we fix an algebraic closure JZ (€) of k(£). When the type IV point £ is understood, we simply write
A for A (€).

Lemma 7.3. Let k/k(§) be a finite extension. Then there exist an open neighborhood U of £ and a finite
étale cover f: V — U with a unique preimage ¢’ lying above ¢ such that k = Oy,¢; in particular, £ has
type IV. Moreover, the derivation 0 = d/dT uniquely extends to a derivation 0 on k with constant field C,
and J: k — k is surjective.

Proof. The first statement is straightforward. The derivation uniquely extends to k because k/k(¢) is a finite
separable extension. Pick a closed disk V' C V containing & with coordinate S. Then we have d = g%
where g = % € k*. The desired surjectivity of 9: k — k follows from the surjectivity of % on k. |

29T see the surjectivity of 9, suppose a € k(&) is defined on some closed disk U containing ¢ with coordinate T'. Integrating
a with respect to T, we obtain an analytic function b that converges on any strictly smaller closed disk containing £ and such
that 9b = a.
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As an immediate consequence, d = d/dT uniquely extends to a derivation 9: & — #. The following
corollary is a special case of Theorem 7.2 when the vector bundle has rank 1.

Corollary 7.4. Every rank 1 differential module over (J¢, ) is trivial.

Proof. Let e be a basis with V(e) = ae for some a € ¢ . It suffices to find ¢ € #* such that Oc = ac. Given
such ¢, we have V(c7te) = —c 2(ac)e + ¢! - ae = 0 as desired.

Let k/k(§) be a finite extension that contains a. Applying Lemma 7.3, we obtain a finite étale cover
V — U and a type IV point £ € V such that £’ is the unique preimage of £ and k = Oy ¢/. By shrinking, we
may assume that V' is a closed disk. Moreover, there exists b € k such that 9b = a, which we may assume to
be an analytic function on V. Write A = O(V'), equipped with its spectral norm |- |y,. Let m be a sufficiently
large integer such that |p™bly < w. Then the exponential u = exp(p™b) converges on V and u € A*. Note
that the cover of V' given by A[z]/(2?" — u) is finite étale by the Jacobian criterion. Therefore, a root z of

m

2P = in J satisfies 0z = az and is precisely the solution we are looking for. ]

7.2. Differential modules over (k(¢),0).

Theorem 7.2 boils down to potential triviality of differential modules over (k(€),d). To prove this, we need
the following key technical result.

Proposition 7.5. Let £ € X, be a point of type IV and let V' be an irreducible differential module over
(k(£), 0) of rank n with trivial determinant (i.e., the determinant A™V is a trivial differential module). Then
either pln or n = 1.

7.2.1. Radii of optimal convergence.

To prove this key proposition, let us recall some basic notions and results from the theory of p-adic differenial
equations (for example, see [Ked22]). Just for the purpose of proving Proposition 7.5, we temporarily treat
all disks and annuli below as Berkovich spaces instead of as adic spaces. This is mainly because the theory
of p-adic differential equations are most developed over Berkovich spaces in standard literature. Note that
for a type IV point £ on a rigid analytic curve X, its Berkovich stalk Oyse o coincides with its adic stalk
Oxaa ¢ (cf. §2.4). In particular, there is no ambiguity in writing k() and J2(§).

For the setup, let (M, V) be a differential module of rank n over the closed disk D¢, (0,7) of radius
ro € p¥ with coordinate 7. For any Berkovich point z € D¢, (0,7) (that is, a point of type I, I, I, or V),
define

Mz,O =M ®O(DCK (0,70)) %(Z)[[T — tz]]

where ¢, denotes the image of T in J#(z) and the map O(D¢, (0,70)) — € (2)[T—t,] sends T — (T —t,)+t..
This is a differential module over (47 (2)[T —t.], ﬁ = &) with full (formal) horizontal sections; namely,

(Mz,O)v:O ®jf(z) %(Z)[[T - tz] - Mz,O~
For any p € (0,79), let
T—-1,
—)
p
and let Sol,(p) :== (M, ,0)V="N M, , denote the 5#(z)-vector space of horizontal sections of V that converge
on the closed disk of radius p.

Mz,p =M ®O(DCK (0,70)) %(Z)<

Definition 7.6. For any Berkovich point z € D¢, (0,70), the radii of optimal convergence®® 0 < s1(M, z) <
-+ < 8p(M, 2) < 19 are defined by

5i(M, z) == sup{p < 1o : dimye(.)Sol.(p) = n+1—i}.

In other words, s;(M, z) is the radius of the maximal open disk around ¢, on which there exist n — i + 1
linearly independent horizontal sections of M.

30The normalization we use here is slightly different from [Ked22, Definition 11.9.1]. Also note that there is a typo in loc.
cit.: n —1i should be n 4+ 1 — 4.



A p-ADIC MONODROMY THEOREM FOR CURVES 49

Definition 7.7. For any p € Cx with |u| < 79 and any 0 < p < ro, let x,, , denote the point of type I or
II corresponding to the disk D¢, (u, p) of radius p centered at p (see §2.1). We put

Ri(Ma x,u,p) = min{p, Si(Ma x,u,p)}v IRi(M> xu,p) = min{l, Si(Ma xu,p)/p}
fori=1,...,n.

Remark 7.8. The quantities R;(M,x, ,) and IR;(M,z, ,) are closely related to the notions of generic
subsidiary radii of convergence and intrinsic generic subsidiary radii of convergence (cf. [Ked22, Defini-
tion 9.4.4, 9.4.7, & 9.8.1]). Indeed, let %, , denote the completed residue field at z,, , and let M, , be the
base change of (M,V) to 4, ,. Then R;(M,x, ,) (resp. IR;(M,z,,,)) is precisely the generic subsidiary
radii of convergence R;(M, ,) (resp. the intrinsic generic subsidiary radii of convergence IR;(M, ,)) defined
in loc. cit.

The following local constancy result will be a key ingredient of the proof of Proposition 7.5.

Theorem 7.9. Let & € D¢, (0,79) be a type IV point and let (M, V) be a differential module of rank n over
Dc, (0,79). Then there exists a closed disk U C Dg,.(0,79) containing & such that s;(M,z) is a constant
function on U for all i =1,...,n, where the variable z ranges over all Berkovich points on U.

Proof. This is [Ked15, Lemma 4.5.14] (also see [KS17]). O

7.2.2. Some reduction steps.

To prove Proposition 7.5, let us start with some reduction steps.

First, we may assume that the differential module V is represented by a finite free irreducible differential
module (M, V) over a closed disk Dg,. (0,70) centered at 0 with radius 79 € p@, over which the determinant
of M is trivial. By Theorem 7.9, we may further assume that all s;(M, z)’s are constant on D¢, (0, o), which
we simply denote as s1,...,S,.

Let r := r(§) denote the radius of the type IV point £. Note that r < ro. We may further assume that
s1 < 7. Otherwise, there exists a closed disk Dg,. (a,d) centered at some point a with radius d satisfying
r < |T'—ale < d < s1, where | - |¢ is the continuous valuation associated with . This disk contains the
type IV point £ and M admits a full set of horizontal solutions over D¢, (a, d). The irreducibility then forces
n = 1 and there is nothing to prove. From now on, we assume that s; < r.

Lemma 7.10. We have s1 = 59 = - = 3,,.
Proof. Suppose s1 = --- = s; < sj41 for some j < n. By assumption, we have Ry(M,zp,) = -+ =
R;(M,xo,) = s1, and Rj1(M,x,) = min{p, s;41} > s1, for all p € (r,ry). By [Ked22, Theorem 12.5.2],

there exists a decomposition M = M; @ M> of differential modules over the open annulus Ac, (r, 7o), where
M has rank j while My has rank n — j. This contradicts the irreducibility assumption. ]

Let s denote the value s; = --- = s,. The following is an immediate consequence of Lemma 7.10.

Corollary 7.11. For any p € Cg with |u| < 7o and any p € [s,r9), we have R;(M,z, ,) = s for all
1=1,...,n.

Now, we pick d € p@ N (r,70) such that d ¢ {s-w™ /P | j e Zso}, and pick a,c € Ck with |¢| = d and
|T'—ale < d. Let b = a+ c. Note that |T — bl = d. In other words, { lies on the circle centered at b
with radius d. In fact, £ lies inside the open disk D¢, (a, < d). By a change of coordinates, we may assume
that b = 0. Under this new coordinate, the open disk D¢, (a, < d) (and thus ) is contained in the circle
{|T| = d}, and hence contained in the closed annulus {a < |T| < 8} for any «, 3 € p@ satisfying

r<a<d< ff<rg.
In other words, we have
(7.1) § € Doy (a, <d) C Agy([d, d]) C Agy ([a, B]) € D (0, 70)

as illustrated in Figure 7.2.2. By scaling the coordinate T', we may assume that d = 1 from now on. Note
that the previous assumption on d implies that s # w!'/?’ for all integers j > 0.
Let us make one final reduction before proving Proposition 7.5.
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F1GURE 3. A Cartoon of annuli and disks containing &

Lemma 7.12. It suffices to prove Proposition 7.5 under the additional assumption that s < w.

Proof. Let h > 0 be the least integer such that " <w. Ifh = 0, there is nothing to prove, so we assume
h > 0. Note that s?" < w and s?" = > w (here we use s # w'/?’ for all j > 0). In particular, s > w. Pick an
interval [a, 8] as above so that

(7.2) (s/p)ph < w and (s/,o)phf1 >w forall p € [a,f].

The idea, which dates back to the works of Christol and Dwork, is to apply Frobenius antecedents to make
the generic radii visible. More precisely, consider the “Frobenius map”

¢: {a<|T| < B} = {a” < |Th[ < 7}
given by T} — T?. By [Ked22, Theorem 10.4.4, 10.4.2], there exists a Frobenius antecedent M; of M along
¢; that is, a differential module M; over the annulus {of < |T1| < AP} such that M is the pullback of

M; along the Frobenius map ¢. For this new annulus, the open disk that contains the type IV point ¢()
becomes D¢, (¢(a), < 1), while the radii of optimal convergence all become sP. Hence, for any p; € [aP, 7],

we have IR;(M;,zo,,,) = s?/p1 for all i = 1,...,n, and we have (s?/p1)?" " < w and (s?/p1)?" " > w by
(7.2). Moreover, M; is irreducible and has trivial determinant. The latter follows from the uniqueness of
Frobenius antecedent. Applying this construction h-times, we obtain M}, (which is irreducible with trivial
determinant) over the annulus {aph < Thl € 5ph} with all radii of optimal convergence equal to s < w.
This finishes the proof of the lemma. O

From now on, we assume s < w. Pick r < a <d=1< 8 < g as above such that s/a < w. In particular,
we have s/p < w for all p € [«, I].

7.2.3. Proof of Proposition 7.5.
We are ready to prove Proposition 7.5. Thanks to the reduction steps, we are in the following setup:

e (M, V) is a finite free differential module over D¢, (0,79) of rank n;
e For each ¢ = 1,...,n, the radii of optimal convergence s;(M, z) are constant on D¢, (0,79), and are

all equal to some s < w;
e For any p € Cx with |p| < rg and any p € [s,79), we have R;(M,z,,) =sforalli=1,...,n;
e Wehave r < a <1< 8 <rg with a, 8 € p@ such that s/p < w for all p € |, (], and such that
¢ e ]D)(CK(CL, < 1) C ACK([L 1]) C ACK([Oé,ﬁ]) C ]D)(CK(O,’I“())
as illustrated in Figure (7.2.2).
Let us assume that n > 1 and p { n. Our goal is to find a contradiction. The proof is organized in several
steps.

Step 1.

Consider the base change (Mp, V) of (M, V) to the fraction field F' of the ring of analytic functions on the
annulus {a < |T| < B}. By [Ked22, Theorem 5.4.2], the differential module (Mp, V) admits a cyclic vector
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v. Write V™ (v) = Z?;Ol ¢; - Vi(v), where each ¢; = ¢;(T) is a meromorphic function on the annulus, and
let P(X) = X" — ngol ¢; - X' be the characteristic polynomial of v. For any pu € Cx with |u| < ro and
any p € |a, B, let A, , = 7 (x,,,) denote the completed residue field of z,, , (equipped with the continuous
valuation |-, ,) and let M, , denote the base change of M to ./, ,. By construction, v is also a cyclic vector
of M, ,, again with characteristic polynomial P(X). Let 3;, , denote the roots of P(X) in an algebraic
closure of 7%, ,, for i = 1,...,n. By the classical result of Christol and Dwork (cf. [Ked22, Theorem 6.5.3,
Corollary 6.5.4]), we have |53, , p|u,p = w/s for all ¢ (in particular, the |- |, ,-norm of f; , , are independent
of p). Note that the entire spectrum of M, , is visible in the sense of [Ked22, Definition 6.5.1] because
w/s>1/p.

Note that w/s € p@. Pick v € Cx with |y| = w/s and write b; == v~ (") . ¢, € F. Consider a new
polynomial

P(X)=7"P(HX)=X"— ni: b X' € F[X].
1=0

Over J, ,, it has roots v~ 'f3; , ,, which all have norm 1. In particular, we have |b;],, < 1 for all i =
1,...,n—1,and |by|,, = 1.

Now we consider the type I point z; and the associated completed residue field % 1 = ' (xo1). It is
a complete non-archimedean field with respect to the 1-Gauss norm | - |1, with an imperfect residue field
k(T) (recall that k = kg is the residue field of K). Then b; = b;(T) lies in O, for all 0 <i < n—1. For
simplicity, let us write 8; = 8,01 for the roots of P(X) over an algebraic closure of ¢ 1, which we fix in
the rest of the proof.

Sublemma A. The image of P(X) under the reduction map O, [X] = k(T)[X] lies in k[X].

Proof of Sublemma A. Let i € %~ be an element and let ue Oék be a lift of & (for example one may take
w = [g]). The residue disk corresponding to & is D¢, (14, < 1). Inside this residue disk, we have type I and II
points z,,, with p < 1, corresponding to the closed disk D¢, (¢, p) C D, (1, < 1). Let f be a meromorphic
function on the annulus {« < |T'| < 8}. Recall the number s;(f) defined in [Ked22, Definition 11.1.1]

w3 (v, )

It is independent of the lift 4 and measures the change in the norm of f when “entering” into the residue
disk Dc, (i, < 1). Moreover, if |flo1 = 1, we know that sz(f) = ordz(f) is simply the order of the zeros of
f € k(T) at 11 (cf. the proof of [Ked22, Proposition 11.1.2]). There are similar definitions and statements
for 7 = 0 and oo; see loc. cit.

We apply the discussion above to the meromorphic functions b;. Recall that |b;|0.1 < 1. If [b;]o,1 < 1 then

r—0

b; = 0 and there is nothing to prove. So we assume that |biloq =1. Ifw € kisa pole of b;, then sp(bi) = —m
for some m > 1 and hence |b;|, , = p~™ > 1 for p sufficiently close to 1~, which is a contradiction. Therefore

b; has no poles at any 1i € k. A similar argument implies that b; has no poles at 0 and co (by considering
Zo,, as p — 17 and g, as p’ — 1T, respectively). Therefore, each b; must be a constant, as desired. O

Step 2.

By Sublemma A, any root of the reduction of IB(X) lies in k. Pick a root 7 € k of the reduction of }B(X), and
let n = [77] be its Teichmuller lift in OF . Let A = 7y, which has norm |A| = |7| = w/s. By the construction,
we know that |5; — Ao1 < w/s for all i = 1,...,n. Moreover, we have |8;, — A|o,1 < w/s for at least one of
the indices ig.

Sublemma B. In fact, we have |3; — Mo <w/s foralli=1,...,n.

Proof of Sublemma B. Suppose |3; — M1 = w/s for some indices i. Let | be the number of such indices;
in particular, 1 <! < n — 1. Consider the free rank-1 differential module L_y over the annulus Ac, ([, 5])
with basis e_y defined by D(e_») = —Ae_). Then consider the differential module

M_\ =M ®r._(a,5) L-»
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where T'¢,. ([a, 8]) denotes analytic functions on the annulus Ac, ([o, ]) (cf. §1.9). If we write V_) for the
resulting differential on M_y, then V_) = V — A. That is, for all x € M, we have

Vosz®eoy) = (V(z) — Az) @ e_jy.

From now on, we shall identify an element x € M with its image x ® e_y € M_j. In particular, for the
cyclic vector v chosen previously, we have P(V_y + A\)v = 0. Moreover, {v, V_y(v),---, V" (v)} form a
cyclic basis of M_» with characteristic polynomial P(X + X), whose roots in the algebraic closure of 44 1
are 3; — A.

Since |A| = w/s, exp(AT) has convergence radius s and thus Ri(L_x,zo,) = min{p, ﬁ} = s for all
p € [, f]. This in turn implies that Ry (M_x,z0,) > s for all p € o, 5] by [Ked22, Lemma 9.4.6]. We claim
that R, (M_x, 1) > s. Otherwise, we must have

Ri(M_x,201) =+ = Ry(M_x,201) = s.

Since the entire spectrum of M_ is visible at x¢,1, by the result of Christol and Dwork again (cf. [Ked22,
Theorem 6.5.3, Corollary 6.5.4]), the roots 8; — A of P(X + A) all have norms |58; — Ao1 = w/s. This
contradicts the fact that |5;, — Ao,1 < w/s for at least one of the indices 4.

Consequently, up to shrinking the interval [, 3] if necessary, we have R, (M_,zo,,) > s for all p € [, f].
But this would imply that M_y (and thus M) is not irreducible, by the same splitting argument in the proof
of Lemma 7.10 (using [Ked22, Theorem 12.5.2]). This finishes the proof of the lemma. O

Step 3.

Now we finish the proof of Proposition 7.5. By Sublemma B, we have

n
‘cn_l - n)\|0,1 = | Zﬁi - n)\|0,1 <w/s.

i=1
Since |nA| = |A| = w/s (this is where we use p { n), we deduce that |¢,—1|0,1 = w/s > 1. Now, consider the
element w3 :== v A V(v) A -+ A V"7 1(v) in the determinant of My = M ®re, (jo.8]) #€0,1. Differentiating
wiet yields V(wi) = ¢,, 1w, By assumption, My 1 has trivial determinant, so there exists some element
§ € Ay such that w? is horizontal; namely, V(6w®") = (450)w® + 6 - ¢, _qw®* = 0. This implies
Cn_1 = —(%5) -6~ L. However, |%6|0’1 < [6o,1 for any 6 € L%%)Xl. This forces |c,—1]0,1 < 1, and we find the
desired contradiction.

7.3. Proof of Theorem 7.2.

We will reduce Theorem 7.2 to Proposition 7.5 using a similar strategy as in [Ked22, §21.5]. Let us start
with the following observation on differential modules over . Recall that # = J(€) is a fixed algebraic
closure of k(¢).

Lemma 7.13. Let V be a differential module over (¢, 9) that admits a subquotient of dimension 1. Then
V' admits a nontrivial horizontal section.

Proof. By assumption, there exist differential submodules V' C V/ C V such that V’/V" is one dimen-
sional. By Corollary 7.4, V'/V" is necessarily a trivial differential module. As in §7.1, there exist an open
neighborhood U of £ and a finite étale cover f: U’ — U with a unique preimage £’ lying above £ such that
V" c V' C V descend to differential modules M C M’ C M on U’. We may assume that U’ = D¢, (0,79)
is a closed disk, with coordinate T. Let » = r(¢’) be the radius of the type IV point £’. Replacing U’ by a
smaller disk if necessary, we may further assume that all radii of optimal convergence are constant on U’.
Pick a € Cx and d € p@ such that r < |T —ales < d < ro. Then we have ¢’ € D¢, (a,< d) C U’ =
D¢, (0,70). At the type I point x, 4 (namely, the Gauss point of D¢, (a,d)), the existence of the trivial
subquotient M’/M" implies IR, (M, z,,4) = 1 by [KX10, Lemma 1.2.9]. This implies s,,(M,zq,4) > d. By
the constancy of radii of optimal convergence, we must have s, (M, z) > d for all Berkovich points z € U’.
In particular, we have s, (M,a) > d. Now, we pick d’ € p¥ such that |T — ales < d’ < d so that D¢, (a,d’)
is strictly contained inside D¢, (a,< d) and & € D¢, (a,d’). Then s,(M,a) > d implies that at least
one horizontal section of M converges on the entire disk D¢, (a,d’). This provides the desired horizontal
section. |
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Given this, we can prove the following upgraded version of Proposition 7.5.

Proposition 7.14. Every irreducible differential module over (¢, 9) is trivial (and in particular has di-
mension 1).

Proof. Let (V,V) be an irreducible differential module over (', 9) of rank n. First, suppose that p 1 n.
Note that the determinant of V' is trivial by Corollary 7.4. Then we can descend V to a differential module
over k = k(¢') with trivial determinant, where ¢’ is a type IV point lying above ¢ as before. Applying
Proposition 7.5, we conclude that n = 1 and V is trivial.

For the rest of the proof, we assume p|n. Our goal is to find a contradiction. Consider W := End (V)
equipped with the differential Vi, (f) = Vo f — f o V. By choosing a basis of V, we can write V. =90 + H
for some H € Mat,, xn(-#) = End (V). For any matrix B € Maty, x, (%) = End_ ¢ (V), we have Vy (B) =
OB + HB — BH. Taking trace, we obtain tr(Vy (B)) = 9(trB). In particular, the trace-zero subspace
Wo == ker(tr: End (V) — ¢) is a differential submodule of W of dimension n? — 1. Since p is coprime to
n? — 1, there exists an irreducible subquotient of W with rank coprime to p. By the previous paragraph,
this subquotient is trivial of dimension 1. By Lemma 7.13, Wy has a nontrivial horizontal section under
Vw. In other words, we have found a (nonzero) traceless endomorphism B: V' — V that commutes with
V. In the matrix form (under the basis chosen above), we have 9B = BH — H B. By induction, we deduce
O(BY) = B'H — HB' for all i > 1, and hence d(tr(B%)) = tr(d(B%)) = 0. Therefore, the characteristic
polynomial of B has coefficients in (#)%=% = Cx by Lemma 7.3. In particular, all eigenvalues of B lie in
Ck. Let A € Ck be one of the eigenvalues of B and consider V) := ker(B — AI). It is clear that B — Al # 0
as B is traceless. Since B commutes with V, we know that V), C V is a proper differential submodule. This
contradicts the irreducibility of V' and finishes the proof of the proposition. |

Now we are ready to prove Theorem 7.2.

Proof of Theorem 7.2. Let My denote the restriction of (M,V) to k(§) and let M denote its base
change to 2 = J# (£). It suffices to show that (M, V) is a trivial differential module over (¢, 9) (then
the desired statement follows from Lemma 7.3). By Proposition 7.14, M admits a composition series
0=MyC M, C--- C M, =My where each quotient M;/M;_; is a trivial differential module of dimension
1. We need to show that this series splits.

We prove this by induction. Suppose that M;_; has horizontal basis e1,...,e;—1. Let € € M;/M;_1 be a
horizontal section under V, and let €; € M; be any lift of ;. Then we have V(¢;) = Z;;ll aje; with a; € .

By Lemma 7.3, for each j = 1,...,7 — 1, there exists ¢; € # with Jc; = a;. Then ¢; == ¢; — Z;;ll cje;

satisfies V(e;) = 0, as desired. This finishes the proof. O

7.4. Proof of Theorem 7.1.
To prove Theorem 7.1, we need a version of Theorem 7.2 over some finite extension of K rather than Cg.

Lemma 7.15. Let X = Sp(A) be a smooth geometrically connected affinoid rigid analytic curve over K
and let (M, V) be a vector bundle with connection on X whose global section is a finite free A-module. If
Mec, is a trivial connection, then so is M.

Proof. Let Ac, = O(Xc,) = A®xCg. By picking a basis of M over A, we can write V = d + Q for
some Q € Mat,xn(A). Finding a horizontal basis of Mc, over Ac, is equivalent to finding a matrix
F € GL,,(Ac, ) such that dF + QF = 0. Note that any two such matrices differ by a matrix in GL,(Cg).
Choose any classical point g € X defined over a finite Galois extension L/K. Write A, = O(XL) =
A ®k L. The evaluation map Ac, — Cg at the point z( yields a matrix F(zg) € GL,(Ck). Let Fy =
F - F(x9)~!. Then we have dFy + QFy = 0 and Fy(x) = I,, is the identity matrix. These two conditions
uniquely characterize Fy. For any g € Galy, since g fixes Q and commutes with the differential d, we again
have dg(Fp) + Qg(Fo) = 0 and ¢g(Fp)(xo) = I,,. The uniqueness then implies g(Fy) = Fy for all g € Galg.
By Corollary 2.3, we have (Ac, )%t = A and hence Fy € GL,(Ayz). In other words, the base change M,
is a trivial connection. Finally, the horizontal sections (Mp)V=" of M} descend to those of M by Galois
descent. This finishes the proof of the lemma. O
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Remark 7.16. The freeness assumption on M in Lemma 7.15 is redundant. This simplified version is
already sufficient for our purpose, and we leave the more general situation to the interested reader.

Corollary 7.17. Let X be a smooth rigid analytic curve over K and let £ € X¢, be a point of type IV.
Let (M, V) be a vector bundle with connection defined on a neighborhood of the image of £ in X. Then
there exist a finite extension L/K, an open neighborhood U of the image of £ in X, and a finite étale cover
f:V — U such that f*M is a trivial connection.

Proof. This follows immediately from Theorem 7.2 and Lemma 7.15. |
Finally, we finish the proof of Theorem 7.1.

Proof of Theorem 7.1. Applying Corollary 7.17 to Dgr(L), we can find a finite extension L/K, an open
neighborhood U of the image of £ in X, and a finite étale cover f: V — U such that Dar (f*L) = f*(Dar (L))
is a trivial connection. In particular, f*L is horizontally de Rham in the sense of [Shi22, Definition 9.1].
After shrinking U and V and enlarging L if necessary, we may assume that V' is isomorphic to a circle over
L. By [Shi22, Theorem 1.9], after a further finite extension of L, f*IL becomes horizontally semistable, thus
semistable at every classical point in V. |

8. AROUND POINTS OF TYPE V: SPECIAL CASE

The goal of this section is to prove Theorem 12 for a special class of type V points — those type V points
lying on closed unit disks. Later in §9, we will deduce the general case of type V points from this.

For the setup, let &g be the (type ) Gaussian point of the closed unit disk Dg = Dk (0,1) over K and
let £ denote the type V point corresponding to the open unit disk Dg (0, < 1) C Dg (cf. §2.1). Both &g and
¢ are K-rational points, and £ lives in the closure of .

Let 6 € p2N(0,1) be a real number and f(T) = [[/—,(T — [8i]) € Ok, [T] be a polynomial with 3; € E;X(.
Consider the closed annulus Ag([d,1]) = {0 < |T| < 1} and let X5 C Ak ([6,1]) be the rational subset
obtained by removing finitely many residue disks centered at [3;] on the boundary circle {|T| = 1} (cf.
Notation 4.22). We equip X ¢ with the toric chart X ; — Ag([0,1]) = Dg. Let Xy 5 = {|T| =1} N X5 ¢
denote the “outer boundary”, which admits a smooth integral model over W (kg ). Note that X ;’s form a
basis of open neighborhoods of { while X ;s form a basis of open neighborhoods of {&;. When f is clear
from the context, we simply write X5 for Xs ; and write X; for X; ;. Moreover, recall the relative period
rings A;f, ]T’::Eyf, 6;}"7 Ag’f, Bgf, C:g,f etc. constructed in §4.7.2.

The main result of this section is the following.

Theorem 8.1. Let L be a de Rham Zy-local system on X5 = X5 5 for some 0 and f. Suppose that L is
semistable on the “outer boundary” Xi ;. Then, up to replacing K by a finite extension and shrinking Xs
(i.e. increasing 6 and removing finitely many more residue disks on the outer boundary), there exists a finite
étale cover g: X' — Xs such that g*IL is pointwise semistable.

Since L is already semistable on the outer boundary, we are mainly interested in the half-open annulus
Ak(]6,1);T). To prove Theorem 8.1, we consider the p-adic differential equation Ngg (L) over Cg 7+ equipped
with both arithmetic and geometric differential operators (cf. §4.5 & 4.7.2). As we shall see, the semistability
of L on the boundary X y will force Ngr(L) to be “strongly unipotent” with respect to the arithmetic
differential operator D, , . For a more precise statement, consider the rational subset

Vs = A{0 <|[T]| <1, |[f(T°D] = 1} © Aggy([6,1; [T"])

obtained by removing finitely many residue disks on the circle {|[7°]| = 1}, and let As ; denote the ring of

d__
Tnge =0

analytic functions on Vj . From the explicit description of Cs ¢ (Lemma 4.26), we have (Cg,f> =
Asr 5. The key technical result is the following.
Theorem 8.2. Let L be a de Rham Zy-local system of rank d on Xs = Xs g for some § and f. Suppose

that I is semistable on X1 y. Then, up to enlarging K and shrinking Xs, there exists r > 0 such that the
Cj j-module Nig (L) is free and admits a basis e1,...,eq such that the matriz of mx Dy, relative to this
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basis is upper-triangular nilpotent with entries in Asr r. In other words, Njg (L) is strongly unipotent with
respect to the arithmetic differential operator Dy, .

Given this, we may assume that the restriction of Nggr (L) on the half-open annulus Ag([d,1);7) is
strongly unipotent with respect to D, . Then, similarly to our treatment in §6, we can produce enough
semistable periods on Ag([d,1);T) after pulling back to some finite étale cover. The proof of Theorem 8.2
will occupy §8.1 — §8.4, from which we deduce Theorem 8.1 in §8.5 — §8.6.

8.1. Completed perfection at the type I point.

For the rest of the section, let L. be a de Rham Z,-local system of rank d on Xs = X5 y as in the statement
of Theorem 8.1 and assume that LL is semistable on X; = X, ¢.

The first step is to consider the completed stalk J# (&) at the type I point, which is given by the
completion of K(T) under the 1-Gauss norm. Write J#(&5)®D = U502 (&n)(TYP") and let 2 (&y)Pt
denote its completion under the p-adic topology. Then J#(&p)Pf a complete discrete valuation field, with
residue field being the perfection k(T)Pf of k(T). Write

A (En)%E = (&) (Gn),

n>=1

and let ##’ denote the maximal unramified extension of W (k(T)P*!)[p~!] inside J# (&)L, Let C;g,(fn)pf
denote the imperfect period ring associated with the p-adic field 22 (¢p)Pf in the classical theory. Using
the notation in §1.9, ct 2(en)t is simply the Robba ring Z - over 7', with coordinate g . Consider the

restriction of L to the type I point £y, and then to 51 = Spa(J2 (&p)PE, 22 (€p)PH°). This gives rise to a Galois
representation over Gal sz (¢ )pr, Which we shall denote by ]L|g]I .

Lemma 8.3. There is a natural isomorphism
1 ~
Nar(Llx,) @i | Clygyer = Nar(llz)

compatible with arithmetic differential operators Dy, , where Ngr(L|x,) is the relative p-adic differential
equation constructed in [DMY26] (cf. §4.5), while NdR(Mg} ) is the classical p-adic differential equation of

Berger [Ber02] (cf. §3.7).
Proof. Let Ax, denote the ring of analytic functions on X;. The map Ax, — #(&p)Pf together with a

choice of a common geometric point (i.e. a choice of a map Ax, — H(&n)Pf, of. [Sta26, 0BND]) yields a
continuous map of Galois groups Gal (¢ et — 71'1 *(X1), which induces a map T %a(fn)pf — I'. Furthermore,

the map Ay, — 2 (&)Pf induces natural maps A, g A;f(g pt and 01 g C%,(g Jof compatible with -
and I' s (¢ )pe-actions. Now, consider the natural isomorphism

—ALb ———Ab ~ ——Ab
(Lix, ®z, WAY) @y roy, WA EDT ) 2 LI @z, WA G )

compatible with - and Gal sz (¢ )pr-actions. Unwinding the construction of Dng( ), we deduce a natural
isomorphism

rlg(]L|X1) ®CT C:Lf(gn)pf = DIlg(L|aI)
compatible with - and Ty (¢, yee-actions. The des1red statement then follows from [Ber02, Théoréme 5.10].

|
Since ]L|gI is semistable, as an immediate consequence of Lemma 8.3, we know that
Nirg = Nar(Llx,) ®ci C;ﬂ(gn)pf
is strongly unipotent with respect to Dy, ;*' that is, there exists a basis of NdRE over C o (en)pt with
respect to which the differential A, = wxDr, acts through an upper-triangular mlpotent matrix with

. . ’ t dr g
coefficients in J#' = (C%(iu)Pf>

31According to [Ked06, Proposition 5.2.6], there is no difference between unipotence and strongly unipotence.
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8.2. Arithmetic unipotence at the type II point.

Let L denote the completion of K} ([T°]) with respect to the 1-Gauss norm and let | - |z, denote the resulting
norm on L. The Robba ring % with coordinate 7x (see §1.9) can be naturally viewed as a subring of

CLf(gn)pf, and the map le — ij%&(gu)pf factors as CLJC — XL — CT%( compatibly with differential

d
operators e

EH)pf?

Lemma 8.4. Let Ny be a finite projective differential module over (Z%p, ﬁ). Let C;, be a completed
algebraic closure of L containing .7 and write N¢, = Ny ®¢, %c,. If N¢, is strongly unipotent with
respect to Dy, , then so is Ny.

Proof. By assumption, N¢, admits a basis ey, ..., eq over Zc, , with respect to which A, = mx D, takes
the form

d
ZX1TK' = TK - Zi;;;; —+ 2?

where Z € Matgxq(Cpr) is upper-triangular nilpotent. Consider the Cr-vector space ker(AﬁK) C N¢,. We
claim that ker(Aer) is precisely the Cp-span of eq, ..., eq. It suffices to show that, if z = Zi:L...,d a;€; (With
a; € ¢, ) lies in ker(AﬁK), then a; € Cr, for all 1 < i < d. We first show aq € Cr. Write aq = ZjeZ
with b; € Cp, and write A% _(z) = Y, @;e;. Note that a; = 0 for all i since = € ker(AZ ). To proceed, we

L J
by

compute aq in terms of the a;’s. Since Z(e;) lies in the span of {ej,...,e;—1}, we have
- d ) ;
aqg = (WKE)d(ad) = Z]dbjﬂﬁ( =0.
Jj#0

Thus, b; = 0 whenever j # 0, and aq € Cp. Next, since aq € Cr, we have x — aqeq € ker(AﬁK). Applying
the same argument as above inductively, we conclude that a; € Cp, for all i, as desired.

The rest of the proof is essentially Galois descent. First note that (Cp)%®t = L a la Ax-Tate Sen.
Consider the Galp-action on the Robba ring Zc, given by the usual Galy-action on the coefficients in Cp,
and the trivial action on mx. We equip Z, and Ny with the trivial Galy-actions and equip N¢, = No®g, Zc,,
with the induced action. Note that Gal; commutes with A, = gDy, . In particular, ker(Aer) is Galp-
stable.

Choose a basis f1,..., fq of Ng. For each 1 < i < d and j € Z, consider the Cj-linear Galy-equivariant
projections

)‘l}]‘: N(CL — (CL

given by sending Egzl(zjez bijmh) - fi (with b;; € Cr) to b; ;. Since ker(AZ ) is d-dimensional Galp-
stable Cr-sub-vector space in Nc, , there exist d such linear maps among \; ;’s such that their restrictions
to ker(AﬁK) give rise to a Galy-equivariant isomorphism

A= ker(AiK) = C4.

For each 1 < i < d, let ﬁ be the pre-image of the i-th standard basis of C¢ under A\. Then Gal, fixes ﬁ,
so f; € Ny for all 1 < i < d. Note that f1,..., fg form another basis of Ny. Write W, C ker(AﬁK) for the

L-span of ﬁ, ey fd, which is a d-dimensional L-subspace. Note that A;, preserves Wy and acts nilpotently
on Wy. So we can pick an L-basis ¢1,...,gq with respect to which A, acts through an upper-triangular
nilpotent matrix Zy. This then yields an Zr-basis of Ny such that A;, = WKﬁ + Zy, as desired. O

As an immediate consequence of Lemma 8.4, we know that
Nar& = Nar(Llx,) Bt %1, = Nar (L] x;) Bt Z1,
is strongly unipotent with respect to Dy, . Therefore, for r sufficiently small, we have
Nirer = Nar(Llx,) ®@cy |, Z1 = Nir(Llx;) ©@cy , Z],

is strongly unipotent with respect to D, .
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8.3. Propagation of arithmetic unipotence.

To prove Theorem 8.2, it remains to propagate the unipotence along the map C§ F Xy , for some sufficiently
small 7. To this end, we first prove a propagation result on the level of relative Robba rings.
Let us introduce some notation. For any d € (0,1) N p@ and any monic polynomial g = g(T) € Ok, [T]

of the form ¢(T') = [[,(T — [vi]) with ; € x (so that |g| = 1 for the 1-Gauss norm), consider the rational
subset

g = {0 <|[T) <1, [g([T°])] = 1} C Agy ([6,1); [T°)),
by removing finitely many residue disks from the closed annulus Ay ([6, 1]; [T°]). Let As, be the ring of

analytic functions on V; 4, equipped with the spectral norm | - |5,. Note that Ky([T*]) c Frac(As,4) C L,
and L coincides with the completion of Frac(As 4) under the 1-Gauss norm.

Remark 8.5. Our strategy is inspired by [Ked06, Proposition 5.3.3], where a similar result is proved for
certain over-convergent algebras (which are called dagger algebras in loc. cit.). If we ignore the removed
residue disks on X; for the moment, then a tempting choice of such a dagger algebra (in order to apply
[Ked06, Proposition 5.3.3]) could be
Anaive,T — K6<[Tb]i1>T,

where the over-convergence condition is both in the inward direction (i.e. towards radius ¢) and the outward
direction (i.e. towards radius 1+ ¢ for some e > 0). However, our p-adic differential equation is only defined
over Cf ., whose coefficients in [T°] are not over-convergent in the outward direction. Nevertheless, we
will show that the argument of [Ked06, Proposition 5.3.3] can be adapted to our setting by considering a
“one-sided” dagger algebra hﬂ P As 4 instead. For the precise statement, see Proposition 8.7 below.

Notation 8.6. Let 6 € (0,1)NpY and g € Ok, [T as above.

sr]

(1) Foreach 0 < s < r, consider the ring %[S’ ") with coordinate 7 as defined in §1.9. In particular, Z
is the affinoid K/-algebra of analytic funct1ons on the affinoid space Vs 4 x Ag ([p~ <", p~ % %]).
(2) Consider the following norms on %’E;j
(1) The spectral norm | - 54,5, on the product Vs 4 x Ag ([p~°% ", p~°<*]) is given by

||Zal7TK||6g[9 7] —sup sup {|al|5g p- tl}
i€z Z te(s,r]

with a; € A(g,g.
(ii) The “relative 1-Gauss norm” | - |z s, is defined to be

” ZaﬂTK”L [s, r] - SU.p sup {|az|L p_CK‘ti}'
i€Z Z tels,r
where we view each a; as an element of L via the inclusion A5, C L and | - |1, is the 1-Gauss
norm on L.

Proposition 8.7. Let § € (O HNpQand g € Ok, [T as above. Let (M, A) be a finite projective differential
module over (e%’j[:;’gm] T —— dﬂ ) of rank d for some sg, 7o satisfying sy < ro/p. Suppose that the base change
ML — M® 50 ol %[9077"0

As,g

admits a strongly unipotent basis (i.e. with respect to this basis, A takes the form 7y % d — + Zp, for some
upper-triangular nilpotent matrix Zy, € Matgxq(L)). Then M becomes strongly unlpotent after shrinking
Vs,4. More precisely, given any interval [s,r] C (s, 7¢) with s < r/p, up to increasing ¢, there exists a monic

polynomial g' € O [T] of the form ¢'(T) = [[}2, (T — []) with ] € %, such that the base change

Mgy = M g0 %’Lfg,

admits a strongly unipotent basis with respect to Wthh A = mg Dy, acts through an upper-triangular
nilpotent matrix with entries in As g/4.
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In the remainder of this subsection, we explain how the arguments in [Ked06] carry over to our setting,
pointing out differences along the way. We start with the following analogue of [Ked06, Proposition 2.4.2],
which is an essential ingredient in the proof of Proposition 8.7.

Lemma 8.8. For any z € As 4 and any € € (0, 1], we have
|x

Proof. We first claim that it suffices to prove the inequality for elements of the form x = gLN for some

€

3,9

seg <ol o

h € K{[[T°]*'] and N € Zs¢. Indeed, these rational functions are dense in A; , under the spectral norm.
Suppose that © € A; 4 and that z,, is a sequence of such rational functions with |z, —z|5 4, — 0. Then, since
Vse,g C Vs.g, we have |2, — z|sc g < |2n — 2|5,y = 0 and |z, — 2|z < |2n — 2]s5,g — 0, and the claim follows.

For the rational function x = QLN, we have |z|5, = max{|h|s,|h|1} and |z|L = |h|:. Here, |- |, stands
for the p-Gauss norm; that is, for h = > . a;[T°)7 with a; € K{, we put ||, = sup;{|a;| - p}. For
each monomial a;[T°), we have |a;|6¢" = |a;|'~¢(|a;|0%)¢. Taking the supremum over j yields the desired
inequality ||5c 4 < |@|} € |5 - O

Corollary 8.9. For every element z € Z [é’ and every € € (0,1], we have

(B3

1—
sesg ] S NElr gy 125,016,
Proof. This follows by applying Lemma 8.8 coefficient-wise to x = >, x; - . ]

Lemma 8.10. Keep the assumption of Proposition 8.7. Then, after shrinking Vs, (i.e., increasing § and
3077“0]

replacing g by ¢’g as in the statement of Proposition 8.7), M becomes finite free over %, .

Proof. Note that M, is free by assumption. Choosing a basis e1, ..., eq of M, and consider the isomorphism
Sr: (%[SO’TO]) = My, sending (a1, ...,aq) — Z?Zl a;e;. Pick a finite set of generators {m;};c of the finite
projective % O’TO] -module M and write e; = . ; ¢ym; for each i, with ¢; € %EO’TO}. Such an expression is

not unique in general

[s0,70] [50 7o)

Observe that every element in % can be approximated by elements in %, (up to shrinking
Vs.4). To sece this, it suffices to notice that Kj([T°])[r%'] C %’[Lg"’m] is dense under the relative 1-Gauss
norm | - | z,[sy,r], and then note that each element in K}([T")) is defined on some Vj ,, (by increasing § if
necessary).

Now, we approximate each ¢; by ¢ € %50’7‘)] as above, and let e; = >-._;cim; € M. We obtain a

J

linear map S': (%’5““1) — M sending (ay,...,aq) — Zle a;el, such that S approximates Sr. Similarly,

S,9
let us consider the dual basis ey, ..., ey of M, and consider S7 : (%[SO’TO])d = M) sending (ay,...,aq) —
Zf 1 aie). By choosing a finite set of generators of MV and repeating the approximation process above, we

arrive at a linear map S’: (%EE’:O]) — MY that approximates S5. Taking duals, we obtain S"": M —
d
[s0,70]
(el
Choosing sufficiently accurate approximates, we can ensure that P := S’ 0§ —id satisfies | P] L,[s0,r0] < 1.
Applying Corollary 8.9 entry-wise to P, we have

|P

4¢,9,[50,70] ”P"L [s0,70] " ”(65797 [s0,m0]"
The right hand side is < 1 for € sufﬁmently close to 0*. Hence, by choosing such an € and replacing § by 6¢, we
obtain | P[5 g.1s0,r] < 1 and so S’V 0 S is invertible. Therefore, S is a split injection and M = (%[SO TO]) oM

for a finite projective module M’ over %’Eg ’;0]. Since M has rank d, we must have M’ = 0. This finishes the
proof. |

Given the preparations above, Proposition 8.7 follows from the same argument as in the proof of [Ked06,
Proposition 5.3.3], using Lemma 8.8 and Corollary 8.9 instead of Proposition 2.4.2 in loc. cit. Let us briefly
sketch out the argument below.
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Proof of Proposition 8.7. Fix [s,r] C (sg,70) with s < r/p. By assumption, there exists a strongly unipotent
basis of M, over L%’[LSO’TO] with respect to which A acts as A = WKﬁ + Z1,, where Zy, is an upper-triangular
nilpotent matrix with coefficients in L. Let e be the nilpotency index of Z;. By Lemma 8.10, we may assume
that M is free over %f;’:o]. Consider the operators h;: M — M defined by

A2
ho = A1, hy=(1-— l—z)ehl,l for 1 > 1
as in [Ked06, Lemma 5.3.1]. Then by the same argument as in the proof of [Ked06, Lemma 5.3.1], we have
that for any w € My, the sequence {h;(w)}7, converges to an element hoo(w) in My under | - |z sq,ro)>

satisfying A(heo(w)) = 0. The key is then to prove the following analogue of [Ked06, Lemma 5.3.2].
Claim. Let w € M and [s¢',r'] C (so,70). There exists ¢’ > § such that he(w) lies in

[s",r"]
M ® ls0.70] Ry
45,9 39

Proof of Claim. We follow a similar idea as in the proof of [Ked06, Lemma 5.3.2]. Write w; := hj41(w)—h(w).
Then by the proof of loc. cit., we have |wi|L (s < c-al and |w; I5,g,[s'.7) < - (/) for some ¢, c’, o, 0’ >0
with @ < 1 and o > 1 (here [s',7'] C (so,70) is used to ensure that we can find such @ < 1). Now by
Corollary 8.9 (this replaces the role of [Ked06, Proposition 2.4.2] in the proof of [Ked06, Lemma 5.3.2]), we
have

5 g5 ] < 6176(0/)6(04176(0[/)6)1

for all I. Choosing € such that a'=¢(a/)¢ < 1 and taking ¢’ = 6, we obtain the desired statement in the
claim.

|

Thanks to the claim, for a given w € M, we may assume that he (w) € M (after increasing § if necessary),
which again satisfies A(heo(w)) = 0. This puts us in a situation where we can apply the induction argument
as in the proof of [Ked06, Proposition 5.3.3]. Now the argument in the proof of [Ked06, Proposition 5.2.6]
carries over verbatim and produces the desired strongly unipotent basis. O

8.4. Proof of Theorem 8.2.

Using Proposition 8.7, we now prove Theorem 8.2. The first step is to achieve unipotence over CE}T} for
some suitable choice of [s,r]. For any [s,r] with r sufficiently small, let

NG (Llx,) = Nig(Llx,) ®c;, CE7.
Recall that we already know that Njg - = N (L] x;) ®cyo, Z;° is strongly unipotent with respect to Dy,

for some sufficiently small rq. We further assume that A, (ur, — 1) < piﬁ for all 0 < r < rg, where
Ury = @(mK)/7h . In particular, we have a well-defined element log(ur, ) in C}2.

Lemma 8.11. Up to replacing K by an unramified extension and shrinking Xs = Xs r, there exists 0 <

s <r < 1o with s < r/p, such that N[dsl’{} (L|x,) is free over CE;} and admits a basis with respect to which

A, =T Dy, acts through an upper-triangular nilpotent matrix with entries in As- ¢.

Proof. Pick sg € (0,79/p]. Then N([;ﬁ’m](MXé) ®c[§‘}”0] %f“’r"} is strongly unipotent with respect to Dy .
By Lemma 4.26, Cgs;’m] is precisely the ring of analytic functions on the rational subdomain

W = (x| =pmest, 8 < [T < 1, |F(T)] =1, ¢ € [so,m0]}
inside the two-dimensional poly-annulus
Ay (167,15 [T°]) x Ay ([p~ <7, p~ 6 *°]; ).
Therefore, we have containment of rational subsets
V;Sso’f X AK(’J([p_CK.T(%p_CK‘SO]) C W(;[f;7ro] C V&To’f X AK{)([p_CK‘rpr_CK.SO]).
In particular, for any choice of ¢’ € [§%°,1), we have

Virs x Ary ([~ p=]) € Wi,
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which induces an injection
L CE;’C’TD] — %1[;;’7;0]

compatible with the arithmetic differential operator D, . The base change of NE;PO{’TO] (L|x,) along ¢; then
produces a differential module satisfying the assumption of Proposition 8.7. Consequently, by choosing
[s,7] C (s0,70) with s < r/p and increasing ¢’, we know that Nfﬁ’ro](L| x,) becomes strongly unipotent

[s,7]
§',9' f

after further base change to #
32 (

with respect to D for some ¢’ € Ok, [T]. Up to replacing K by an

TK

unramified extension®” (so that the coeflicients of ¢’ lie in Kj) and shrinking X5, we may assume that

NGl x,) Dclegrol z5 Tf

admits a basis with respect to which A,
Finally, we pick 8” € ((6")/",1) so that

Wi} © Vg x Ay ([~ p™)),

acts through an upper-triangular matrix with entries in As r

which induces an injection
. gplsirl] clsrl
Lot %AS’,f — 5. f

compatible with D, . Since the composition ¢s o ¢y is the natural inclusion and we have

Is,r] ) T =0
s,T K
from the explicit description of C[S "} (cf. Lemma 4.26), we obtained the desired strong unipotence. O

We are now ready to prove Theorem 8.2. The idea is to use Frobenius to translate the arithmetic
unipotence from Cgs;f} to Cj ;.

Proof of Theorem 8.2. To simplify notations, write N*7) = N([js}’{] (L|x,). By Lemma 8.11, we may assume

r]

that 0 < s < r/p and NI*"] is free over C([;S_} and admits a basis with respect to which A, acts as

d
1 A = —+ 7
(8 ) TK TK drx + 4,

for some upper-triangular nilpotent matrix Z with coefficients in As- ¢
Write s, == s/p™ and r,, == r/p™. By [DMY26, Construction 10.7], there are compatible isomorphisms

(b N[Sﬂ Tﬂ] ® snyTn] C([SS;+1,T.H+1] ;> N[Sn+17rn+1]-
sP ’

Our goal is to construct a basis %,, of N [S” =] for each n > 1, such that %,’s agree on the overlap and
An, =T 72— dw + Z relative to these bases for the same Z as in (8.1). We will construct 4, inductively.

Recall that we have a well-defined element log(ur, ) € Cl. Assuming %, is given, we construct %,y as
follows. Write %, = {e1,...,eq}, and consider &, | = {¢n(e1),...,dn(eq)} which is a basis of Nlsntr,rnsa]
Since Ay, is compatible with Frobenius (cf. [DMY26, Construction 10.7]), we have

De(0(a)) = 2 (D ()

for all z € Nlsnm] Hence

Bril9(o) = 725 B a, 0),
This implies
A (Bri1) = Brsr - 0(Z) - (p+ Ay (log tr ).
We modify %, | into a new basis
@Z-H = '%;L+1 - €Xp ( —log ty, - @(Z))a
which is well-defined as Z is nilpotent. It is straightforward to check that Ar, (%)) =p- %1 -¢(Z). In
particular, %, is a strongly unipotent basis for N [sn+1mmi1] - We will further modify 1t SO that it agrees

32Note that replacing K by an unramified extension does not change 7.
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with %, on the overlap C[S"’r"“] To this end, let C,, € GL4(C S;’T"“]) be the change of basis matrix so
that

(8.2) 1 =Bn-Cp

on the overlap. Differentiating both sides of (8.2) gives A, (Cy) =p-Cp-@(Z)—Z-C,,. Since Ay, (p(Z2)) =
Az (Z) =0 and Z is nilpotent with Z¢ = 0, we deduce that A2¢~1(C,,) = 0. On the other hand, using the
explicit description of C([;;ﬂ (cf. Lemma 4.26), one computes that

ker(A™ - CFyl - Ol = A5

for all m > 1. Hence, the coefficients of C,, all lie in Agrat1 § C C[s”“”"“] Applying the same argument
to C,; !, we deduce that the coefficients of C,; ! also lie in Agrns1 p C C[‘S"“’r”“] Therefore,

%n-&-l =B,

n

STes

is a well-defined basis of N!#»+1:7n+1] that coincides with %, on C([SS,;’T"“], as desired. This finishes the proof
of the theorem. |

8.5. Arithmetic horizontal sections.

In the remainder of the section, we prove Theorem 8.1. We want to show that, up to enlarging K and
shrinking Xj, there exists a finite étale cover over which L becomes pointwise semistable. By Theorem 8.2,
we may assume that N3 (L) is strongly unipotent with respect to the arithmetic differential operator Dy,
over Cj , for some sufficiently small 7. For any o € [4,1) N p@, consider the embedding Ak ([6,0];T) C X
which induces a natural map Cj , — Cf&a]. Here szs,n] is the imperfect relative period ring for the annulus

Ak, ([0,0];T) constructed in §4.7.1. Then the base change
Nis.op = Nar (L) @cy |, Cps o) = Nag (Lla, @5.01)

is a finite free C[% Ul—module equipped with commuting differential operators Dip»; and D as well as a

TK Y
Frobenius structure, where the last isomorphism follows from [DMY26, Proposition 10.13]. Moreover, Nj; ,
is strongly unipotent with respect to D, for all o € [§,1) N p@.

To prove Theorem 8.1, we will first study the D, ,-horizontal sections after adjoining logmx. Then we
study the geometric differential operator on these arithmetic horizontal sections using the classical p-adic
local monodromy theorem of André—Kedlaya—Mebkhout. As a preparation, we first compute the arithmetic
horizontal sections in relevant relative period rings.

Lemma 8.12. For any 0 < 01 < 02 <1 and 0 < s < r, we have

() = (el togm)) ™ = T (it o5 (1)

where the right-hand side is the ring of analytic functions on the annulus Ak, ([o7, o3]; [T°]) (cf. §1.9).
Taking limit as s — 07, we obtain

' T we=0 [Ty ([0}, 1);[T°]) oz <1
(Cf"m]) to= (Cfal,azl[log K ]) b , i o
Proof. Since log 7wk is transcendental over C 2]’ it suffices to show

S -
s,T dm
(0{01}02]) " = FK' ([Ul ) 02] [Tb])

But this follows from the explicit description of the period ring cl in Lemma 4.20. |

lo1,02]

Remark 8.13. Let us emphasize that the arithmetic horizontal sections of C ., and Cj, _ [log7] are

[o1,02 [o1,02]

actually independent of the outer radius o2 (when oy < 1).
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In what follows, we will mostly use “%5:” (cf. §1.9) to denote the corresponding rings in coordinate * [T°].
More precisely, by a slight abuse of notation, we write

%E:Sr] — FKé([p—r-cK7p—s-cK]; [Tb]) and ‘%;{(’, — I-\Ké([p—rcx’ 1); [Tb])
We also write ws = —i log, d so that

#ys" =Ty ([67, 1) [T7]).

Now, we return to the situation at the beginning of §8.5. In particular, N[é’g] is strongly unipotent with
respect to Dy, .

Corollary 8.14. After joining log mx, the arithmetic horizontal sections

D, =0
N’I‘,Varith — (N[%J] [log '/TK]) K

equipped with the geometric differential operator D) is a finite free differential module over (Z%3", —4-),
(7] K! 2 d[T?)
0

equipped with a Frobenius structure. Moreover, it is independent of o.

Proof. Note that D+ commutes with Dz, . The statements (except those regarding Frobenius structures)
follow from the strong unipotence assumption and the Lemma 8.12.

For the Frobenius structure, first note that Frobenius preserves the arithmetic horizontal sections. Indeed,
we have an identity

d
(8.3) Dwoqﬁzm.(bopw
d’/TK
on N [’;5 o] by the compatibility of the differential operators and Frobenius (cf. [DMY26, Construction 10.7]).
Since ﬁ op(logmk) = %ﬁf) -~ p(mx )L, the identity (8.3) remains valid on N5 1 [log mx]. Therefore, for

€ Nj; yllog 7], if Dy (x) = 0, then Dy, (¢(x)) = 0.
Finally, the original Frobenius structure ¢ on N, [g o] induces a Frobenius isomorphism

. N7 Varith , wsr/p_~ +>Varith
¢N ¢ ®92§T¢%K6 —~ Nv»
0
over %}?r/ P as desired. O
0
8.6. Achieving semistability.

We are ready to prove Theorem 8.1. By Corollary 8.14,
N Varith . hA1 N7 Varith

r—0t
is a finite free differential module (of rank d) over (%’I(, , ﬁ) equipped with a Frobenius structure, where
0
%’L(,) = li_H)lT%O+ %}gzr is the geometric Robba ring in coordinate [T°]. Note that the mod p reduction of

the integral Robba ring inside %’;(, is precisely x((T”)). By the classical p-adic local monodromy theorem
0

(Theorem 3.23), there exists a finite separable extension E’/k((T”)) with associated Robba ring extension
%’L, — %', such that NT:Varen hecomes (strongly) unipotent for the geometric differential operator D)
0

after tensoring with %Z’. Our goal is to find a finite étale cover of X (after enlarging K and shrinking Xj if
necessary) that realizes this extension of Robba rings.
By [Kat86, Theorem 1.4.1], there exists a finite étale x[(7”)*!]-algebra Q** together with an isomorphism

a: Q @yyepoyer K(T7) = B
Recall from §4.7.2 the perfectoid algebra ﬁ& f,00 With its tilt E(;, ¢. Consider the finite étale map

Eé,f —Q O r[(T?)*1) Eé,f-

33This corresponds to what Katz calls a special finite étale cover of Gm «
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By [DMY26, Proposition 5.28], this corresponds to some finite étale maps Rs s — R’ and A\(;,f,oo — B. By
the same argument as in Construction 6.10, after replacing K by K({,~) and X by its p"”-th Kummer cover
X5, for some n > 0 if necessary, we may assume that the finite étale map ﬁ(;, f,00 — B descends to a finite
étale map As s — By. Let pr: Xj — Xs be the corresponding finite étale cover, and let AS((,57 BS([;? C;(fs’
ete. denote the corresponding imperfect relative period rings (cf. §4.6). In particular, we have ATst /p=TR
for r sufficiently small.

Theorem 8.1 is an immediate consequence of the following proposition.

Proposition 8.15. After enlarging K if necessary, there exists a finite étale cover Xj — Xj such that L

becomes pointwise semistable after pulling back along the composition Xj§ — Xj 2 X5,

Proof. By assumption, L is already pointwise semistable on the outer boundary X; C Xs. So, it suffices
to construct a finite étale cover X§{ — Xj (after enlarging K if necessary) such that for any closed annulus
Ak ([6,0]) C X5 with o € [8,1) N p?, the pullback of L, ([5,4]) over X500 = Ax([6,0]) xx, X§ is pointwise
semistable.
Consider the finite étale cover Xfa o] = Ak ([6,0]) xx, X5 of the annulus Ag[d, o] and let C}, denote
. [5,0)
the corresponding imperfect relative period rings (cf. §4.6). By [DMY26, Proposition 5.28, Corollary 5.31],
the isomorphism
~ = S ,
Rxy = Riso0) Onjrey21) Q = Biso) @y £
induces an isomorphism
T ~ ot
CX’ . = C[é,a] ®9K6 %/7
which is compatible with both differential operators Dy, and Dz»). Thus, by Lemma 8.12, we have

T ﬁ:o /
CX['J,U] [log Tx] =%

Now, since Nggr(-) is compatible with finite étale covers by [DMY26, Proposition 10.13], we have

Dy =0

D=0
— (Nan(Llx,, ogml oy, Cl, )

] (6.0

(Nar(pr'Lix;,  )llogmic])

Dy, =0
_ (N[]:;a] llog 7x] ®=%K[/) (@/) K7 N Varim ®‘%K6 VA

which is (strongly) unipotent with respect to the geometric differential Dz+). Therefore, we obtain a decom-
position

d
NdR(pr*IL|X[/M])[log T, log[T"]] = @ C! : ][log‘ T, log[T]] - w;
i=1 "

compatible with Dy, and D7+ on both sides, where each w; satisfies Dips)(w;) = Dxy (w;) = 0. Finally,
note that all these w;’s are fixed by an open subgroup of I'. By enlarging K and passing to a p-power
Kummer cover of X§ (cf. Remark 4.17), we may further assume that all w;’s are fixed by I'. Hence, we can
apply Proposition 4.30 (note that the functors Ngg and Djig coincide after inverting ¢) and conclude the
proof. O

9. AROUND POINTS OF TYPE V: GENERAL CASE

In this section, we prove Theorem 12 for general type V points by reducing to the special case treated in
§8. Since every type V point on X¢, is K'-rational for some finite extension K’/K, it suffices to assume
that ¢ is K-rational and prove the following.

Theorem 9.1. Theorem 12 holds when £ is a K-rational type V point on X.

A key ingredient in the proof is a spread-out argument (cf. Theorem 9.2), which will also play an essential
role in the proof of the main theorem in §10.
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9.1. A spread-out theorem.

The following spread-out theorem will be used in both §9.3 and in the proof of Theorem 1 in §10.

Theorem 9.2. Let X be a smooth projective curve over K and let X* denote the associated adic space
over Spa(K, Ok). Let € be a non-type I point on X4 and let U C X2 be an affinoid open neighborhood of
€. Let f:V — U be a finite étale cover. Then, up to shrinking U, there exists a finite cover f: Y — X from
another smooth projective curve Y over K such that f: V — U is precisely the pullback of f24: yad — xad
along U C X249,

Theorem 9.2 relies on the following approximation result (Proposition 9.3). This is closely related to a
result of Raynaud [Ray94, Corollaire 3.5.2] (in the setting of Berkovich curves), which he refers to as the
p-adic Runge’s Theorem, as it can be viewed as an analogue of Runge’s theorem in the theory of complex
Riemann surfaces. Although we only require the case of curves, we present the result in full generality.

Proposition 9.3. Let X be a smooth projective variety over K and let K(X) denote the field of rational
functions on X. Let & be a point in X?d and let U € X4 be a connected affinoid open neighborhood of ¢.
Then, after shrinking U if necessary, K(X)NT'(U, Oxaa) is dense in T'(U, Oxaa) with respect to the topology
induced from the spectral norm on U. Here the intersection is taken in the fractional field of T'(U, Oxaa).

Proof. The idea is to reduce to the case of the projective spaces P}. Let n be the dimension of X over
K. Let us pick a finite surjective cover f: X — P% such that f is smooth (thus finite étale) on an affinoid
neighborhood containing &. To see such a cover exists, one can embed X C P¥ as a closed subscheme where
N > n, and consider a linear subspace L C P¥ of complementary dimension (so L is isomorphic to a copy
of PX~""1) such that L is disjoint from X. The projection map from PN that projects “away from L”
determines a finite map f: X — P%. We will arrange L such that the singular locus does not contain &.
To see that this is possible, let £ be a point of (cohomological) dimension dy and let Z be a dy-dimensional
irreducible closed subscheme of X that contains ¢ (i.e., such that & € Z2d). We need to arrange f so that
it is generically smooth on Z. For this, we pick a closed point z € Z and arrange the linear subspace L so
that it does not intersect the tangent space T, X of X inside PY¥. The resulting finite map f: X — P% is
then smooth at the point z € Z, so it is generically smooth on Z, as desired.

Now let U be an affinoid open neighborhood of ¢ in X2, By shrinking U, we may assume that f is finite
étale on U. Let n = f(£) and choose a connected affinoid open neighborhood W of . We may assume that
W is contained the analytification of an affine open subscheme of P%. Let V := f~1(W). Then V is affinoid
as f is finite. Let us first consider the following commutative diagram

K(P?{) ﬁ F(W Opn,ad) L) F(W O]P)n,ad)
K K

l |

K(X)NT(V,Oxad) —2— T(V, Oxad).

We caution the reader that V might be disconnected, in which case K (X)NI'(V, Oxaa) stands for the subring
of analytic functions on V' obtained by restricting rational functions on X. We will first prove the density
result on V (after shrinking W around 7 if necessary), and then pass to a smaller neighborhood of £ contained
in the neighborhood U that we start with.

Claim. If the map « has dense image, then g also has dense image.

To prove the claim, let us consider an affine open subscheme Wy = Spec Ay C P} such that W C W), and let
Uy =Wy Xpn. X be the pullback scheme. We may assume that W is small enough so that Uy = Spec By for a
finite étale algebra By over Ay (and we identify Ag as a sub-algebra of By). In particular, there exist elements
Z1,...,Zm € By which generate By as a module over Ag. Let B =T'(V,Oxaa) and A =T'(W, O]Pr;(,ad). Then
B is generated by z1,...,z,, as an A-module. By scaling, we may assume that z1,...,z,, all have spectral
norm < 1 on V. Now, for any b € B, we can write b = Z:’;l a;x; with a; € A. By assumption, for any € > 0,
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there exists a; € K(P%) NT(W, OPT;(,ad) such that |a; — a}|w < e. Take
b = zm:a;xi € K(X)NIT(V,Oxaa).
i=1
Then |b — |y < € (notice that |a; — af|y < |a; — aflw). This finishes the proof of the claim.
By Lemma 9.4 below, we may further shrink the neighborhood W of n so that o has dense image.

Therefore, for this choice of W, the map 3 in the diagram above also has dense image. Next, let Uy C UNV
be a rational subset of V' containing &, given by

Uop = {z € V| [h;(x)] < |h(z)

1< <r; h(z) #0};

namely,

hyv. .. hy
I'(Up, Oxaa) =B<1T>

where B = T'(V, Oxaa) as above. Pick a € K* such that |a| < |h(£)|. Taking the intersection of Uy with
{z € V| |h(x)| > |a|]}, we may assume that Uy has the form
Uo ={z € V/[|h(@)| < [h(2x)],1 <j <7 |h(z)| = |af}.
By the density result for V' proved above, there exist elements ¢, q1,...,¢ € K(X)NIT(V,Oxad) such that
|h —qlv < |a| and |h; — g;|v < |a| for all j =1,...,r. Then we can identify Uy as
Uo ={z e Vg @) <lg(@)],1 <j <rlgle)] = [al};
namely,
(9.1) D(Up, Ox) = B{T 05
Consider the inclusions of rings

(Kx)nre, oXad))[é] C K(X)NT(Up,Oxaa) C T(Up, Oxaa).

By the description in (9.1), we know that (K(X) N T(V, OXad))[%] is dense in I'(Up, Oxaa). Therefore,
K(X)NT(Uy,Oxaa) is dense in T'(Uy, Oxaa). Finally, by considering the connected component of Uy that

contains &, we arrive at the desired proposition. O
The following lemma is used in the proof of the proposition above.

Lemma 9.4. Let U be a connected affinoid open neighborhood of some point £ € P%ad. Then, up to
shrinking U, the intersection K (P% ) NI'(U, Opn.aa) is dense in I'(U, Opn.aa) with respect to the spectral norm
K K

onU.

Proof. We first place U inside a standard n-dimensional unit polydisk D%, such that the coordinatestq, ..., ¢, €
K (IP%) are global rational functions on P%. Without loss of generality, we may assume that U is a Laurent
domain of the form

U={ze Dk ||fi(2)] < ai,|g;(2)] > bj}
for some f;,g; € O(D%) and a;,b; € p%. Now we may replace fi,g; by fi»g; which are polynomials in
t1,...,t, while keeping

U={z €Dk |l|fi(2)] < ai,|g;(2)| = b;}.

In particular, these f;’s and g}’s are rational functions on P%, in which case, the claim becomes evident. [J
To proceed, we also need the following perturbation lemma.

Lemma 9.5 (p-adic perturbation of finite covers of affinoids). Let Y be an affinoid smooth rigid analytic
curve over K, viewed as an adic space. Let & be a non-type I point on Y and let V = Spa(4, AT) be an open
neighborhood of £ that is a rational subset of Y. Let V' be a finite cover of V defined by a monic irreducible
polynomial

F(Z)=2%+aq 2% '+ +ag
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where a; € A, which remains irreducible as a polynomial over Oy,c. Then there exists sufficiently small
€ € R- such that the following holds: for any polynomial

G(Z)=Z%+bg1Z + -+ by

with b; € A such that |a; — b;|y < e for the spectral norm |- |y on V, up to replacing V' by a smaller rational
subset containing ¢ if necessary, G(Z) defines the same finite cover V' — V.

Proof. It suffices to show that, as long as ¢ is sufficiently small, F'(Z) and G(Z) define the same extension of
the stalk Oy¢. First suppose that £ has type I, I, or IV. Then the natural map Oy, — (’)Q ¢ =N (&) induces
an equivalence between the categories of finite extensions of Oy,¢ and that of #(§). This follows, for example,
from considering the Berkovich stalk Oyser ¢ and the fact that it is quasicomplete in the sense of [Ber93,
Theorem 2.3.3, Proposition 2.4.1], and using the fact that we have an identification (Q}A,Ber75 = OEAC& =€)
(see §2.4). Therefore, it suffices to show that for sufficiently small €, F(Z) and G(Z) define the same extension
of F(€). Note that the condition |a; — b;|y < € in particular implies that |a; — b;|¢ < e. Thus, the claim
follows from Krasner’s lemma since 7 (§) is a complete non-archimedean field.

Now suppose that & has type V and let & denote the unique type Il point that specializes to £. Then
&n € V. By Lemma 2.12, the inclusion Oy — Oy, induces an equivalence between finite extensions of
Oy ¢ and that of Oy ;. Given this claim, it suffices to check that F/(Z) and G(Z) define the same extension
over Oy,¢;. Notice that the condition |a; — b;j|v < e implies that |a; — b;|¢; < €. So we are reduced to the
case of type I points, and we are done. O

Proof of Theorem 9.2. By shrinking U (and hence V') and passing to connected components of V, we may
assume that

T(V, Oxad) = D(U, Oxaa)[T]/F(T)

for a monic polynomial F(T) = Zi:o BT with coefficients 3; € I'(U, Oxaa) (in particular, 8; = 1) such
that F(T') is irreducible in Oxaa ¢[T]. By Proposition 9.3, upon further shrinking U if necessary, for any
€ > 0, there exists 3; € K(X)NT(U, Oxaa) such that |8; — By < e for all 0 <i <1 —1 (set 5; = 1). Here
| - |u stands for the spectral norm on U. Applying Lemma 9.5, we deduce that for e sufficiently small, up to
further shrinking U, the polynomials F(T') and F(T) = Zé:o B;T* define the same finite étale cover V — U.
Now, since F\(T) € K(X)[T), it defines a finite separable extension L/K(X). Let Y be the normalization of
X in L, so that we have V 2 Y24 x v.a U. |

9.2. Open neighborhoods of type V points.

Our proof of Theorem 9.1 will be based on the existence of a nice toric chart on a neighborhood of £, which
enables us to reduce to the case where X is a suitable open subset of a disk (cf. §9.3). To proceed, let us
first introduce some convenient open neighborhoods of type V points.

Let § € Dk be the type V point corresponding to the open disk Dg (0, < 1) and let dy be its associated
type I point, which is the Gauss point of the boundary circle. Let X, s be a neighborhood of § as described
in Notation 4.22, where o € p2 N (0,1). Let us introduce the following notation.

Definition 9.6. Let ) be a smooth connected projective curve over Ok . Let Y be the adic generic fiber
over K and let ), be the special fiber over k. Let sp: Y — ), be the specialization map. Then the preimage
of the generic point of Vs under sp consists of a single type I point £y on Y.
(1) For every closed point z € Vs, let D, denote the preimage sp~*(z). Note that the interior D, of D,
is isomorphic to an open unit disk®* and D, is the disjoint union of D, with a type V point &,.
We identify ﬁz with an open unit disk under a choice of coordinate T,.
(2) For o € (0,1)NpQ, let D.., denote the half-open annulus {o < |T.| < 1} inside D, and let

Dz;n = lo)z;a U {52}

341 fact, D, is a virtual open unit disk (over K); namely, the disk does not necessarily contain a K-rational point. However,
when z is a k-point, the disk D, indeed contains a K-rational point, and hence it is a “genuine” open unit disk over K.
35Note that the closure of the type Il point £y € Y precisely consists of £y, and all of such &.’s.
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(3) Let m > 1. Let z,21,...,2m be m + 1 (ordered) distinct closed points in Y;, and let o € (0,1] N p@.
We define Y, (z, 21, . . ., zm ) to be the open subset of Y given by the conditions |T,| > o and |T%,| =1
for i = 1,...,m.>® When the points z, z1, ..., 2, are understood from the context, we shall simply
write Y, for Y, (2,21,...,2m).

Now, let X be as in Theorem 9.1, and let ¢ be a K-rational type V point on X. Let &5 be the associated
type I point, which is necessarily also K-rational.

Lemma 9.7. (1) After enlarging K if necessary, there exists an open neighborhood V' of ¢ such that
o V =Y, (2z21,...,2m) for a smooth connected projective curve ) over Ok, distinct closed
points z, 21, ..., zm on Vs, and a real number oy € (0,1) N p? as in Definition 9.6;
* {1 =&y;

e ¢ = ¢, (in particular, z is a k-point of },);*"
Note that the special fiber ) of ) is uniquely determined by the imperfect residue field of the
completed stalk 52 (&y).

(2) In the situation of (1), the collection ¥ = {Y1(z,21,..., Zm, 21, ..., )} forms a basis of open neigh-
borhoods of &y in X, where 2], ...,z are closed points of Y distinct from z, z1, ..., z,,. Note that
Yi(2, 21,y 2m, 21, ..., %)) does not contain the type V point &.
(3) In the situation of (1), the collection ¥/ = {Y,(2,21,...,2m,2,...,2]); 0 € [09,1) N p?} forms
a basis of open neighborhoods of & in X, where 2{,...,2] are closed points of Y distinct from
2y 21y Zme
Proof. This follows from [Ber07, Proposition 2.2.1]. O

9.3. The reduction step: a nice toric chart.

To prove Theorem 9.1, our strategy is to reduce the general situation to the case where X = X, as in
Theorem 8.1.
Let £ be a K-rational type V point on X and let £ be the associated type II point. Up to enlarging

K, we may assume that £ admits an open neighborhood of the form V =2 Y, = Y, (2,21,...,%m) as
in Definition 9.6. By further enlarging K and shrinking V (that is, enlarging the set of closed points
{z,21,...,2m} and increasing o) if necessary, there exists a toric chart

h:V =Y, — Dg
such that the following holds.
(1) There exist ¢1,...,¢, € E}X( and o € (0,1) N p@, such that h factors as
(9.2) h:V = X, — Dg
for some f =[[\_,(T — [¢;]) € Ok, [T], where the first map is finite étale;
(2) 0n = h(&n) is the Gaussian point of Dy, and § = h(&) is the type V point in D corresponding to
the open unit disk centered at 0. Moreover, we have h=!(dy) = {1} and h=1(5) = {¢}.
(3) h! (Ak[0,1)) = D00 = Ak ([00,1); T%);
(4) W1 (X1,5) = Y1 C You;
We remark that, by enlarging K if necessary, the affinoid neighborhood
U=Y1=Y\(D,U---UD,, )
of &1 can be realized as the adic generic fiber of a smooth affine formal scheme i, where the latter is the
completion of ) along the locally closed subscheme Y, — z,21,...,2n,}. Likewise, X, ; is the adic generic
fiber of a smooth affine formal scheme ® ¢, obtained as the completion of the p-adic formal scheme A}QK
along A} — {0,c1,...,¢,}. By shrinking X; ; (and hence also shrinking V') if necessary, we may further

assume that Dy admits a formal model D} over W (k).
Using the toric chart h, we construct another toric chart that behaves well at &y.

36Roughly speaking, the condition “|T%| > ¢” means “removing the open disk of radius ¢;” inside D.,. (Here, if 0; = 1 for
some %, the condition |T%,| > 1 simply means removing the entire D,.)

37Since z is a k-point of Y, the disk D, isa “genuine” open unit disk over K; namely, D. ~Dg (0,17), with coordinate
T.. Hence, le)zw >~ Ak ([o,1);T2) is a “genuine” half-open annulus over K with radius [o, 1).
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Proposition 9.8. By enlarging K and shrinking both U and V (that is, enlarging the set of closed points
{z,21,...,2m} and increasing o) if necessary, there exists a finite étale map
g: V=Y — Xo g

where f' = H2:1(T —[¢}]) € Ok, [T] for some ¢}, ...,c| € E;(, and o’ € (0,1] N p?, such that

(1) g(&n) is the Gaussian point of Dy, and g(&) is the type V point in Dg corresponding to the open

unit disk centered at 0. Moreover, we have g~ (dy) = {&1} and g71(8) = {¢};
(2) g7 (X1,p) =U =Y,

(3) the restriction g|y: U — X; p is the adic generic fiber of a finite étale map g: 4 — Dy between
smooth affine formal schemes.

Proof. We will first construct such a map on a neighborhood U of &y satisfying condition (3), then show that
it extends to a neighborhood V of &, after possibly enlarging the base field K.

Step 1 (Factor h on the integral models).

We start with the finite étale map h: V = Y,, — X, from (9.2), which restricts to a finite étale map

h:U =Y; — X1,¢. Up to shrinking U and X, ; if necessary, there exists a finite map hi sl — D that gives
rise to h upon passing to the adic generic fibers (a priori, we only have such a map up to taking admissible
blowing-ups, but this can be avoided once we are allowed to shrink the source and target; cf. [RayT74]).
Passing to special fibers, we obtain

hs: ths = YV \{z, 21, -, 2m} — Dps = AJN{0,c1,. .., en},
which extends to a finite map Vs — IP’}§ between smooth projective curves over k. This map factors as
Y, L5 YN Loy pl

where ¢, denotes the p™V-th power relative Frobenius map and 1, is finite separable. After further shrinking
U and X ¢, this restricts to a factorization

TR DRI PN

of Es, where the second map 1), is finite étale.

Step 2 (Lift the finite étale map ;).

After untwisting Frobenius, we have a finite étale map s: U; — @;._SN)7 which we still denote by 15 by a
slight abuse of the notation. It lifts to a finite étale map

)t — @YN) = D% Xgprw(k),Frob—~ SPf Ok

and thus gives rise to a finite étale map ¢: U — Xf_fN) on the adic generic fibers. Here Xl(_fN) denotes the

adic generic fiber of CD;_N); in particular, we have
X = Xy

with f/ = [[,(T — [¢}]), where ¢; = Frob™ " (¢;). Thus, we obtain a finite étale map R Dy = ZDE;N)
that gives rise to a finite étale map
(93) 7,[15 Uﬁ}Xl,f’

on the adic generic fibers. This map sends & to the Gaussian point dy of the disk.

Step 3 (Construction of the desired map).

Next, we show that, up to enlarging K, shrinking U, V, and re-centering the unit disk Dg (and thus modifying
the ¢}’s) if necessary, there exists a finite étale map

g: V — Xa'/,f’
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for some ¢’ € (0,1) N p@, which satisfies the requirement of the proposition. In particular, it sends the type
V point £ to the type V point § on Dy corresponding to the open unit disk centered at 0. We will construct
this map g from ¢ in (9.3).

First, by Theorem 9.2, up to shrinking U and X y/, there exist a smooth projective curve X’ over K
(viewed as an adic space) and a finite map 7: X’ — PL | together with an isomorphism

.U = (7T)_1(X17f/)

satisfying 7 o i = 1), where we have identified X ;- with a subspace of Pi*" via X ; C D € PR*". In the
rest of this proof, for any smooth adic space Z over Spa(K,Ok), let Z4 denote the associated Berkovich
space over K; in particular, the underlying topological space of Z4 is the maximal Hausdorff quotient of
that of Z. By [Ber07, Proposition 2.2.1], up to enlarging K if necessary, there exist a Berkovich open
neighborhood Vi C X/, of i(&r) and a smooth projective curve )’ over O (with adic generic fiber Y”) such
that V{ can be identified with a Berkovich open neighborhood Wy of the Shilov point of Yg’g.38 Let

)\02 W() - VO/
denote the corresponding isomorphism. Let V' (resp. W) denote the pre-image of Vj (resp. W) under
the natural projection X’ — X/, (resp. Y’ — Y/,). Then Ay induces an isomorphism A\: W —= V' of adic
spaces. By construction, V' contains every type V specialization of i({y). After shrinking $f (and hence
shrinking U) if necessary, we may assume that i(U) C V’. By further shrinking, we may assume that the
isomorphism A"t oi: U =5 A7 o4(U) comes from an isomorphism ¢ : ${ — I’ on smooth integral models
where ' C )’ is an open affine formal subscheme, such that the reduction of ¢ extends to an isomorphism?®?

L Ys = Y.
Let zo € Vs be a closed point away from {z, z1, ..., 2z, } and let z = t(x0) € V.. Let Dy C Y be the preimage
of xy under the specialization map Y — Yy, and similarly define D}, C Y using z{,. Since the formal deforma-
tion of smooth affine schemes is unobstructed and in fact trivial, the isomorphism ¢: Y \{zo} = YV\{z(}
lifts to an isomorphism

jo: Y\DO L) YI\D6

of affinoid adic spaces on the generic fiber.

After shrinking V', the composition j := Ao jy embeds V into Y. By construction, on U, we have j = ioa
for a map a induced by an automorphism of the formal scheme 4. In particular, 7 o j|y agrees with ¥ o a,
which still has a finite étale integral model. Finally, after enlarging K, shrinking V' (i.e., enlarging o), and
choosing a different coordinate of Dy if necessary, we obtain the desired finite étale map

gli’/TOjZV—)XU/JN

that sends & to the type V point ¢ corresponding to the open unit disk in Dg centered at 0. This finishes
the proof of the proposition. O

9.4. Proof of p-adic monodromy for type V points.
Finally, we prove Theorem 9.1.

Proof of Theorem 9.1. Let £ be the type V point as in the statement of the theorem and let &g be the
associated type II point. Recall that both £ and & are K-rational. We want to show that, up to a finite
extension of K, there exist an open neighborhood W of £ and a finite étale cover W/ — W such that
the pullback of |y to W’ is pointwise semistable. By Proposition 5.2, we may assume that L is already
semistable in an open neighborhood of &y.
Consider the map
g: V — X(T/7f/

given by Proposition 9.8. In particular, we have g~1(dy) = {&1} and g~ () = {&} where dp is the Gaussian
point of D and ¢ is the type V point in X,/ ¢ that corresponds to the open unit disk in D centered
at 0. Consider the p-adic local system g¢.L on X,/ ;. By assumption (3) in Proposition 9.8, g restricts to

38Here, the Shilov point of Y’@ is the preimage of the generic point of the special fiber Y. under the specialization map
Y7, — Vi. It is a point of type II.
39Notice that the function fields of both Y, and Y. are determined by the residue field of the completed stalk 7 ({p).
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U — Xi  which admits a finite étale integral model Y — D /. Since L is assumed to be semistable in a
neighborhood of &g, we deduce that g.L is semistable in a neighborhood of g by applying [GY24, Theorem
1.6].

By Theorem 8.1, up to enlarging K, up to further shrinking X, - to a smaller neighborhood of §, there
exists a finite étale cover v: X;,J, — X, o such that the local system (Q*L)‘ng,f/ becomes pointwise
semistable after pulling back along the map 1. Let W := g7 (X, /) and W' :== W XX, Xé/7f,. They fit
into a commutative diagram

w—Y oW

bk

P
X//vf/ —_— XO'/,f"

(e

Then (¢¥")*(g*g.L) = (¢')*1¥*(g«LL) is pointwise semistable on W’. Note that for any classical point x € W,
the restriction L, is a direct summand of (g*g.IL)|, as Gal,(,)-representations. It follows that (¢/')*LL is also
pointwise semistable. This finishes the proof of Theorem 9.1 (that is, the general case of Theorem 12 for
type V points). a

Remark 9.9. Combining the results established in §5.1, §5.2, §6, §7, §8, and §9, the proof of Theorem 12
is now complete.

10. PROOF OF THE MAIN THEOREM
We are ready to prove the main theorem.

Proof of Theorem 1. Applying Theorem 12 and Theorem 9.2 to each (adic) point £ € X¢,., we obtain a
triple (L(§), Ue, fe: Ye = Xp(¢)) where

o L(&) is a finite extension of K;

e Ug C X[ (¢) is an open neighborhood of the image of  in Xp,¢);

o fe:Ye = Xy (e is a finite cover between smooth projective curves over L(§);
such that the pullback of L to Y¢ xx, ., Ug is pointwise semistable. Notice that {Ugc, } covers the adic
space X¢, . By compactness, X¢, is covered by a finite sub-collection {Ug ¢, }ecw. Pick a finite extension
L/K containing L(§) for all £ € €, so that {Ue 1 }ecw cover X,.

Now, consider the normalization Y of the fiber product of all Y¢ .’s over X. By construction, the pullback

of L to Y is pointwise semistable. By enlarging K, we may further assume that Y has semistable reduction.
It then follows from the pointwise criterion (Theorem 13) that the pullback of L to Y is semistable. O

Finally, we conclude the article with the proof of the Qp-version of the main result.

Proof of Theorem 7. Let L be a Qp-local system on X as in the statement of the theorem. Let { € X¢, be
an (adic) point on Xc,. By [DJ95, Corollary 4.4], there exists an open neighborhood U of the image of & in
X, such that the restriction L|y of L to U admits a Z,-lattice. That is, there exists a Z,-local system A on
U such that L]y = A ®z, Qp. By Theorem 12 and its proof, we know that, after shrinking U and replacing
K by a finite extension, there exists a finite étale cover f: V' — U such that f*(IL|y/) is pointwise semistable.
The rest of the argument is identical to that of Theorem 1. ]

APPENDIX A. NOTATIONS FOR PERIOD RINGS

In this appendix, we gather a list of notations of period rings that are commonly used in p-adic Hodge
theory. As the table below suggests, for the period rings in the classical setting (cf. §3), our notation is in
the same spirit as in the work of Kedlaya-Liu ([KL15, KL19]).



A p-ADIC MONODROMY THEOREM FOR CURVES 71
Our choice [CCag] [Ber02] [Col0g] | [KL15, KL19]

Ax - — — —

r . R Hpy 0,r
Ag AL @Al me | AR Al | AR -
Al - - - -
Bx - - = —

r tr 0,r
B, | Bl_,.Bl )" | BY Blr _ | BY
Bl -~ -~ -~ .
CE{;‘T] n/a B[HKS,] n/a —

r r Hy 0,r
Ck n/a leg KBl B]K : *
C1I'( n/a leg, BjigA,K CK

In the table above, a dash “—”
this paper.

s,r are real numbers with 0 < s < -
As the table suggests, we make one shght modification to the notatlon in [KL15 KL19] — we write
CK and CTK for the rings denoted by Cx and Cg in [KL15, KL19] to emphasize that these rings are
obtained by taking the union over r > 0, as in Definitions 3.2 and 3.6, corresponding to “approaching
the boundary of the annulus”.

There are similar tables for perfect period rings and for period rings without the subscript K, which
we omit here. . o o

For relative period rings, we use A’y AT BE(, C[;’T], C%, CE{ to denote perfect period rings, as
opposed to the notation Afp, Al B BT , C[s : ~;7 éw used in [KL19]. In fact, in both [KL15] and

[KL19], Kedlaya and Liu use KS(, A&, s ng(, 6[;]], é’“X, éx to refer to sheaves of period rings.

indicates that the notation there agrees with the notation used in

110 l.pl

Land s

r and s,r € p@; while v’ =
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