
Universality

Recall that for a complex of sheaves
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o di = O .

Then we define

cohomology sheaves IH D= her imCd" ' )

Write ⇐ Mod x) .Then complexes Com(C)

form a category , and Hi is a functor

com(C)→Vect , vector spaces / Cl .

To make this work
,
we define morphisms f* to be

commutative diagrams as follows .
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Then we have HiCf'D for ieZ .

When these are
isomorphisms

,
we say f-

*
is a quasi-isomor-ph.sn

In particular, then we have Hit
*) ⇐Hk5*3 .

idea To construct the derived category ,
quasi- isomorphisms are made into isomorphisms .

This is implemented by functors as follows .



Def say a functor P : com(C)→D has
p¥(*) if f-* quasi- iso ⇒ Pf* iso

Def The der-wedcm-eg.my DE) is a
category with a functor

.

2 : com(C) → DK)
such that

① 2 has property④

② Any functor P with property④
factors uniquely through Q
that is there exists a commutative

diagram Com(c) Is D
* MR

DCC)



First properties of DCC)
-

By the characterization above, we always have

cohomology functors Htt : D(C) →C .

Note : these arise by taking Patti : Come>→C .

The functor Q allows us to consider objects in

Come) as objects in DG) Girth same cohomology Ali)

Note We may furthermore consider an object
A E C as an object of Com(C) as follows

.

. .

→ O→ A→ O→ . . .

ith place

and thence of DCC) . For this
,
we write AED



Recall the following .

*

Def a re¥n 5- of a sheaf g is a

sequence 5-'→ 5-
'

→
.

.
.

such that

O→SF 5-I 5- '→
.

. .
is exact

This corresponds to a morphisms → 5-*

in Com(C) induced by r. By exactness ,
this is a quasi - iso . Viewing it as a
morphism inDK) via P, it becomes an iso

by property④ .

⇐ Taking resolutions 5- T , 5¥ of S we
have S⇒Si in DLG , thence 5 ,

I 52 .



IRory Coma(C)
This is useful for constructing DLC) .

We

consider morphisms in Com(C) " up to homotopy

equivalence" .
This is an algebraic version of

a notion from topology .

Def For AT B
*
E Com and f-I g.

*
e Mor (AT B'D

say homot¥aet f-ng if have
morphisms ht : Ai →B" ' such that

fi - g't = hit
' din t d hi

→ Ai- t s A
"

s A" '

→

# " fbgi fbgi " bbg
→ B
" ' B

"

Bit '→



Def homotopy category Comr(C) , same

objects as Com(C) , same morphisms
modulo equiv relation n .

Correct(C)
Def derived category DLC) .

objects : same as Com(C)
morphisms : diagrams as follows in Comr(c)

up to an equivalence relation given below

c
*

⇒ g*y
At B*

where "q
" indicates a quasi- isomorphism .



Rey These diagrams are sometimes called " roofs "

Remi Think of the morphism A*→B* in DK) as

like a formal fraction g*/f*=g*f* - '

In particular, we want to take the

- following diagrams to correspond to

quasi- iso f-* and its inverse

or Ct Ct

c¥±s*A* n¥f*¥*



For this remark to make sense , we need to

give a notion of composition of morphisms .

First
,
we take two " roofs" to be equivalent

if they can be joined
"

by a further roof

that is there exists a commutative diagram
c
*

- f b
CE CE

⇒At c Bt

where the composition → CY→ At is a

quasi- isomorphism .

Now we have :



Def Given roofs CT ,
CE below

, they may
be composed to give a roof by drawing
a diagram in Comr(C)

g*
.

← X

Ci CE
← y ← ↳

A* B* C*
Rein for the construction of this diagram , see

for instance Gelfand-Manis ,
"Methods of

Homological Algebra" .

In particular, this
.

constructiongives a commutative diagram
is Come) but not in Com (C) .

I



M¥5 in DC)

when C =Coh(X) , morphism sets between objects
ACK] for A EC may be calculated using
Ext-groups , that is :

Homo A
, BLK)) = Extk(A ,

B) for A ,B E C

Indeed we may construct endofmotors Cj ] ,
j E Z of com(c) which descend to DQ
such that Ali]Cj] = ACitj] . Thence we have

HomDca(ACD , BAD) = Ext (A ,B) for A ,B E C

Remy To calculate Hom between other objects ,
we may use

"spectral sequences'?



Complexes in DC)

From the definition
,
Hi ( Afi]) = { A if jsi

O otherwise

For EEDE) with HH (E)=same , E E AEi] .

However
,
not all objects

'

are of this form
.

⇐ For E = ⑦ At C- i] we have IHRE) = AJ
iEZ

Indeed
, objects of DLC) are not determined by

their cohomology .

Note This is true in Com(C) too, for instance

→ O→ k't Ik→O→ has trivial Ht
.



⇐ Take EEDE) with HH (E) = O for j to ,
I

Then we have objects and morphisms in

Com(C) as follows .

Fo → E'→ hard→ O → o→

tf t t t t
E →E

- '
→ ← Is E '→ EZ→

t g t t t b
Fi → o → o → coked→⇐

Note that f
, g are not quasi- isos, but they

induce quasi- iscos as follows .

Fo -9 HOLE) = kerdl . . . H ' (E)ED G F ,



In DC) therefore we have morphisms
H
'CE)→ C-→ H

' (E)ED

It turns out , using a structure on DK)

called" distinguished triangles" that E is
determined by H'(E) , H

'(E) , and an
element (up to scale) of

Homo CH 'CE) , H 'to L2)) = ExtICH
'

CE) , HYE))

So
,
in this example andmore generally , an object of

DCC) is determined by its homology , plus some

further data .


