
Homologicalmirrorsy-mmetryR.ecall that we wanted to associate to a

Calabi-Yau 3-fold X categories EA and EB

where

④ Ob EACX ,
w) o Lagrangian on (X , w) 3- Li

③ Ob EB (X,J) o Bundles on (X ,J )

We can now sketch the construction of EA :

For Lo ,
L

, we set Marko,Li) = HF*(Lo .Li)
.

Now to make a category we require composition

morphisms HF*(Lo ,4)⑤HF*(↳↳→ HF*(Lolz)



There are many subtleties in this construction :

for instance the restrictions on M and L which

we needed to define HF* .

Also
, establishing an associativity property for

the composition .

is difficulty : usually , it is

only associative up to homotopy , leading to study

of k tf structures?

We now give background to the construction
of the category EB .



Coherentsheavestake
a complex manifold (X ,J ) . Then these

are ageneralization of (complex , holomorphic )
vector bundles on X

. Recall first that for

a morphism f : X → y

andvector bundles Ex Ex

we have anatural notion of the pullback

f-*Ey , with fibre at xc-X defined to be the

fibre of Ey at 5- Gc) E Y .

Coherent sheaves have

a notion of pullback, and also Gender restrictions

onf) a notion of pushforward .



⇐ For f- an embedding of a submanifold, we have

pushforward Ex as a coherent sheaf onY,
cc

which should be thought of as a vector bundle

on Xcx
"

.

We explainbelow .

x

From vector bundles
-

x

Recall the following . y

Def For a vector bundle E on M , get a sheaf

C = SHE) where Ecu) is (holomorphic) sections of Elm

for each open MCM ,
and morphisms are restrictions .

⇐ For L the trivial line bundle Crank I vector bundle)
we write 6=54) and call 6 the structures



The sheaves $(E) have aspecial structure :

Det say E is ashea-⇒s on M, or an

Idle, if ECU) has structure of an
OCU)-module for each open UCM ,

with

a compatibility of the restriction morphisms .

⇐ SUE) is an G-module : GCU) is the functions
onU ,

and we may multiply sections of Ehr ,

and thence elements of SLCEXU) , by these

functions
.

6-modules form a category , which we write

as Mod(Gm) .

Via S
,
the category Bunch) or

bundles forms a full subcategory .



notfx The locally constant sheaf G is
not an G -module (because multiplying a locally

constant function by ageneral function does
not give a locally constant function) .

Coherent sheaves
-

Note that there is an operation of direct sum ①

on bundles Cfibrenise direct sum) which extends

to Mod(Gm) (direct sum of sections on each U)

we thence write I for Eto-④ E where
-

Itimes

I is a (possibly infinite) set .



NIE : In particular , for n eZso we have

Elsa-n3 = E€⑦E ,
which we abbreviate

n times

to Eton
,
and let E 's0=0 for I =D .

We then make the following definition .

Det Say EE Mod m) is quasi - coherent

if it locally has a finite presentation ,
that is for every m EM have open Usm

and Elm = coker(GIRI → O
.



Remi We do not recall the definition of Cokernet
of a morphism of sheaves here .

But

note that we have a morphism

OFF→ Ehr , thence Qfu)⑦J→ ECU) ,
so the images ej for j EJ of

O ⑤
-

⑤ I④
-

⑤ O c- On ⑦J

jth place

generate ECU) , and the set I indexes

relations between the ej .

EI SCE) is quasi - coherent, indeed it is

locally trivial , that is we may always
choose U such that I=D in the above .



N¥im : Write Qcoh(M) for the full

subcategory of Mod(Gm) consisting of
quasi- coherent sheaves .

Note : QcohCM) includes infinite-rank generalizations
of vector bundles .

Coherence is a finiteness condition : in particular ,
it requires that in the above IJ lens .

We

omit the details
,
but give some examples .

Notation : Write Cohan) for the full sub-

category of coherent sheaves on M .



We have the following operation .

Def Given a sheaf E on X and a morphism
f : X → Y

,
the pushforward sheaf f*E

onT is defined by its sections

f-*E)Cu) = ECF '

U)

Remy With suitable assumptions, this can be made
into afunctor f* : Mod →ModCOD .

In

particular, in the algebraic context , we
include a comjph.sn ①→↳by in the
data of the morphism f : X→Y

.

This induces

on Q-module structure on E (via its
natural 5*6,-module structure) .



€ For f an embedding of a submanifold,
and E a vector bundle on it

,
the sheaf

5- =f*S(E) on Y
'

is coherent (and should be thought of as
a vector bundle on XCY

,
as discussed )

Remi For two such fi , bundles Ei on XiCY ,

we have Hom(f , , Ez) = .

(Hom(Eiylxz ,Ez) if Xz C- X ,

otherwise



where Hom(B , ,Bz) between bundles on
some space is defined as the global sections
of the bundle BY⑤ Bz . The zero here follows
from the

'

observation that there are no

non-trivial morphisms fromtorsion to torsion-free
modules

.

-

Thederivedcategoryl
Vote that the proposed morphism sets in MA ,

namely HF*(Lo ,
L

,) are naturally graded (by
Zoo ,

or indeed 2) .

But the sets HomCE , ,ED
for Coh(X) are not naturally graded .



To get graded objects from sheaves, we can
take Cco)homology of complexes of them .

The

natural setting for this is the derived category ,
developed by Grothendieck andVerdier in the 60s .

Surprisingly , this gives a way to construct
categories MB for mirror symmetry .

I give a characterisation before discussing
construction and properties .


