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Parallel transport and helonomy groups. ①

Let E- → M be a veetn bundle with a

connection 0
.

Let c : [ a. b) → M be a smooth curve
, and

Yaa, c- Eck , be a vector in the fiber Eva,
over ela) c- M

.
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Solve the ordinary differential eqnetim
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'
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at
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,

- (c) Yi = o
.

Det Tt is called the parallel transport of
Tela) along CH )

.

Let M be a Riemannian manifold , and
take E- = Til with Levi-Civita connection

.

Choose p c- M and let

C =L e :[on] → M
,
piece -wise tf Clo> = cc, )=p

,
e is }smooth contractible

.

For ✗
p , Tp c- T.ph and c c- G

,
we consider

the parallel transport of Xp , Tp along C. 7ha

d-
g (✗+, -4 ) = 91% X.tl -1 914%7) =o

.

dt

So the parallel transport Pa : Tp M → Tp ly

preserves the inner product , thus Pa c- So CFM )
.

Put HIM =L Pa : Tpm → Tpm ) c c- b) c soon!
and call it the hdmomy group .

(exorcise : this is independent of P )
.



Theorem (Berger ,(Simons , Olmos ) ) ③
Let Ñ be an irreducible Riemannian

manifold of dim on .

If M is not a tonally symmetric space
,

the the holman> group is one of the following .

- So In ) general one
.

- U cm)
,
n=zm general Kinter mani tdd

- Sulu)
,
n=zm Calabi-Yau mfd

( Ricci -flat killer)
- Sp Cbt - Sph) , n= 4k, quaternion ic Kinch

- Splk)
,
A- 4k

, hyper kink manifold .

- Gz h= D

f exceptional holmrmy.
- Spin (7) n=8

At the beginning these were just possibly . Many
later works show these actually occur as a

holmomy of a Riemannian manifold .

For example , Tau 's work shows that there are

compact examples of Sulu ) - holmotny .

Exceptional hdmomy : Bryant ( locally ) ,
Salamon ( complete ) , Joyce ( compact ) .



④Rd
Sp (k) c svlzh)

Ricci - flat Kii uhh

Splhl - split non- Ricci - Huet
,
mm - Kñhler

,

Einstein .

"

quaternimickiih.la/'is#--ah6n
Gz , spin G) Ricci -flat .

Cuot fiver )
.

Rex some people call Ricci -Hat Kiner mnanifrlds
' Calabi -Tan

'

.

In this case holonomy is Sulu ) or Sp Lh).
But some other people ( just as in the list above),
Riemannian manifolds with SUCH kolmomy
" Eaa i - Yan

"

and sp ch holmomy
" hyperkaiabi!

Reg Simms 's explanation is as follows
.

Except for symmetric spaces , the holm any group
acts

on the unit sphere of the tangent space
Tim , PEM

, transitively .

So
, Berger 's list

is the list of subgroups in so Cn ) acting on

the unit sphere transitively .



⑤

BÉÉm in Riemannian and

Kii www.anmauifdde
.

Let 1M
, g) be

"

compact oriented manifold .

without boundary . dipM=n .

dVg=fÉ da ' n . - ndxn

on coordinate nbds_

exercise : This is independent of local
coordinates

.

Gimpdug gives a measure on ( M,9ac- volume element
"

.
and system sit.

|d9ij=° , Pi;k=o✗ = ✗
i

÷; .at P
,

←
4- 1) fr

called the normal

d (iÑdg ) = : dirx . dug coordinates
÷E -

I
diu ✗ = 0

;
Xi ( exercise : use

normal

cineaste



By stokes theorem
"

div ✗
"

is called the ⑥
divergence of X .

J divlx) dug = 0
.
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'

divergence Theorem "

( [÷¥ =/a.☒ d)
if

'r
.

Cdf
,

met feed
Application

it f. Tf%g
"

'

dir ¥7?
= In fµ(%Ti) - 1- dug

-

= -fm@iTi7.fdVg.t
integration by parts "



(2) Of = ☐
"
0; f. = Oi Oif ⑤
=

sii%&=ii÷¥.

.

-1?;!÷1 )
: tech /M )

.

7- 0
,

-

t-9-7.tn#E-.------------E:.of=dir(*dt)--f*tdVg--
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.

M

(3) Conversely if fndug =o
M

then ⇒ f c- c- (a) s
-
t

. of __ U .
.

( Exercise : Use Hodge theory. )
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