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A Paradox from Randomization-Based
Causal Inference!

Peng Ding

fined as comparisons between potential outcomes under treatment and con-
trol. To infer causal effects from randomized experiments, Neyman proposed
to test the null hypothesis of zero average causal effect (Neyman’s null), and
Fisher proposed to test the null hypothesis of zero individual causal effect
(Fisher’s null). Although the subtle difference between Neyman’s null and
Fisher’s null has caused a lot of controversies and confusions for both theo- HO F .

Abstract.  Under the potential outcomes framework, causal effects are de-
on/
.

retical and practical statisticians, a careful comparison between the two ap-
proaches has been lacking in the literature for more than eighty years. We
fill this historical gap by making a theoretical comparison between them and
highlighting an intriguing paradox that has not been recognized by previ-
ous researchers. Logically, Fisher’s null implies Neyman’s null. It is there-
fore surprising that, in actual completely randomized experiments, rejection
of Neyman’s null does not imply rejection of Fisher’s null for many real-
istic situations, including the case with constant causal effect. Furthermore,
we show that this paradox also exists in other commonly-used experiments,
such as stratified experiments, matched-pair experiments and factorial exper-
iments. Asymptotic analyses, numerical examples and real data examples all
support this surprising phenomenon. Besides its historical and theoretical im-
portance, this paradox also leads to useful practical implications for modern
researchers.

Key words and phrases: Average null hypothesis, Fisher randomization
test, potential outcome, randomized experiment, repeated sampling property,
sharp null hypothesis.
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Exact confidence intervals for the average
causal effect on a binary outcome

Xinran Li* and Peng Ding"*

Tatal q

Based on the physical randomization of p y r ized experi ts, in a recent article in Statistics in
Medicine, Rigdon and Hudgens propose two approaches to obtaining exact confid intervals for the average
causal effect on a binary outcome. They construct the first confidence interval by combining, with the Bonferroni
adjustment, the prediction sets for treatment effects among treatment and control groups, and the second one by
mvertmg a series of randomization tests. With ple size 7, their second approach requires performing O(n*)
ion tests. We d rate that the physical randomization also justifies other ways to constructing
exact confidence intervals that are more computationally efficient. By explontmg recent advances in hypergeomet-
ric confidence intervals and the st order information of rand ion tests, we propose approaches that
either do not need to invoke Monte Carlo or require performing at most O(n*) randomization tests. We provide
technical details and R code in the Supporting Information. Copyright © 2016 John Wiley & Sons, Ltd.
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Randomization inference for treatment effect

variation
Constet
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Summary. Appliedresearchers are increasingly interested in whether and how treatment effec
vary in randomized evaluations, especially variation that is not explained by observed covariates. / / / / / /
We propose a model-free approach for testing for the presence of such unexplained variation.

To use this randomization-based approach, we must address the fact that the average treatment
effect, which is generally the object of interest in randomized experiments, actually acts as a
nuisance parameter in this setting. We explore potential solutions and advocate for a method that
guarantees valid tests in finite samples despite this nuisance. We also show how this method
readily extends to testing for heterogeneity beyond a given model, which can be useful for as-
sessing the sufficiency of a given scientific theory. We finally apply our method to the National
Head Start impact study, which is a large-scale randomized evaluation of a Federal preschool
programme, finding that there is indeed significant unexplained treatment effect variation.
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General Forms of Finite Population Central Limit Theorems with Applications

to Causal Inference

Xinran Li? and Peng DingP
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ABSTRACT

Frequentists’ inference often delivers point estimators associated with confidence intervals or sets for
parameters of interest. Constructing the confidence intervals or sets requires understanding the sampling
distributions of the point estimators, which, in many but not all cases, are related to asymptotic Normal
distributions ensured by central limit theorems. Although previous literature has established various forms
of central limit theorems for statistical inference in super population models, we still need general and
convenient forms of central limit theorems for some randomization-based causal analyses of experimental
data, where the parameters of interests are functions of a finite population and randomness comes solely
from the treatment assignment. We use central limit theorems for sample surveys and rank statistics
to establish general forms of the finite population central limit theorems that are particularly useful for
proving asymptotic distributions of randomization tests under the sharp null hypothesis of zero individual
causal effects, and for obtaining the asymptotic repeated sampling distributions of the causal effect
estimators. The new central limit theorems hold for general experimental designs with multiple treatment
levels, multiple treatment factors and vector outcomes, and are immediately applicable for studying the
asymptotic properties of many methods in causal inference, including instrumental variable, regression
adjustment, rerandomization, cluster-randomized experiments, and so on. Previously, the asymptotic
properties of these problems are often based on heuristic arguments, which in fact rely on general forms of
finite population central limit theorems that have not been established before. Our new theorem:s fill this
gap by providing more solid theoretical foundation for asymptotic randomization-based causal inference.
Supplementary materials for this article are available online.
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