Construction 05 exctic Swmakhn Stuctures

- Bxotic IR*
Theoren (Stalings) IR" has o uniqgue smaoth shudue Lfnas .
Theorem (Taues) R4 nas ancounttldy many gmooth Strudtwes.

We Sirst construct a single exotic \R*.

ToRe X= P AP Qx= (R OLHHU)
S0 B d& thtw) Sk k=)
“let =@\ ®=0). ThenOx\ ot = H)OH).
Cloim™ o\ can not be repreSented Swockinly ewoedded 2-Spnere 2,
Otnerwse )(Z)= € NO' and X= XE R witn
<= O\ 1= (EHY® A
heqotie as§intte, nok Aogelzade - Contradiction +o Ocridss

Howeyer , Freadmon’s worlR =
* A Cav e rpreswted ) a Rl St forokgial CVv\bcd&‘n_g
z <X

\Qcally 5\01\‘: \v X€Z , X open nbd \V of X nX and
nomeomorgnism  (\ LV AZ) =26, (RE, &)



Fodnermore , 2 has an opon neighioordrosd () st O Can
be smoothly emocdded inko T2

Rougn idea of Proof: TRK)=\ 3 RO TR(Y
SO A can e reprented by immersed Lo — K
T hos some seif interseckion ok, €9,
Want fo §ind an emocdded Whdvey AsR
Po SO we can ‘soope 2,0 aong Do
remore the seif infersection poins.
But Do may hawe seif-inkersection,
0o emoe trem, we need Scond- e\ Whdey

& } . QSRS D\/ D\

Third teve\, 05, D, O3 - - —~

let's 9o crazy and construd on (nfinde tower of Whithey
XSRS . Do = @ ?D{
=\
freedman © VPD(Ow) & S4op Wt (OX )
50 V(20 Dm) Thop ik (OO 2rendie) = EO NS

| Sromed
anRuct

Bathermor® . N (ZoOVm) Can o= Smootiy embeddet\ nto
cer-



So we hawe ®
¢ 2T — _ X=@HA®W @0, T=)\

\ocalty Stak
- Ox\zyp @)

Smmt\l\cm&ddil\ﬁ
* OV open nelghioorhtad I c§ Z in X s&. 3 U;—"@-‘?Q

let R=aP\2 . then R satisSies the fdlouing properties
(D) R s conractide (AW SQC(UIV\(_Q)
GO R &S Simpy- oonnecked o o© - Te.

J oompack ZC R 3 cempack Ce R stk TRNC)= ©

G 3 compact sueseks KR K XN\Z
st R\K Zags KNDO\K
Actually, we can set K= P\ 0 , K=xX\O

Tresdman’s theorem 5o open 4-rfds : Ay covracbe A-mids
that (S Simgly connected ot 0O (s homeomarpric o IR

so R Ttp R*



I~ T—— R

L
Claim: RNK Tags GONW D R gge\R?

Ofnerwisr , We nave Akfcomaohion 1 WRINK — GADN\K
ToRe 3370 Sk. KC Bar™ vall of vodivs o

Then X= OA\Z) \FURN\BA) S o mandid
N X OPa= S (XRT®NKOOK)

Q= Qx\pzy = CEIO).

let X'= XOO*. Then Ox’'=ZIOR) .

contradct {0 Donaldsods teorem .

Uncountaloy many edoiic WR's
et R e 0SS amve. Then = homeoworhisw NIR =R

00 Stt. \<C\n(Boao)
U700, sek Re:=nBO) Then Reip R

Theoem (aus) JderSyas, Re '—*—d‘gg_ Rs .



Suppese 35:Rs ;&H\QY witn r757 Qe

ToRe Small 470> consder W= R\ Rs¢ (W S (0%
W= N-0SU N+ wnere
N-= Rs\Ree M= $UNI)= Re \§(Rsp)
S= $(Rs¢)\Rs

NI SN IR A
Recall (RAKDOK S A\Z whee Qx \B\l:(‘Es)®H)
We form tne noncompact man§

[l )
=R\ 0K )OO W I W QW Y W ~ = —
|
M w " w s w 5
/7 \L
R\ 0K ‘ Se o

TheS S called o mani§ddl LN Periodic end modeled
on N .



Note Qam=Ox |zt SCEXD ) THS convoaids wWin
fhe Solowing thoorem

(Taubes)
Theorem: | et X = N\O \I\)U WU~~~ be an erdperodic

e ol . Supose - ch)\\
e RWINYR)SH UNBIR)= O

- Qm s negatire dgfndt.
ek = W g i e O S regotiire dkfinte .
e O (s dlaganalade .

Tdco oy \DrooS‘ Consder the ASD Tang-AN\s agualion
b+~0 over X

W20 T w0 nerridial Slak Sok)- oannection on W/ -

ST (oors LRe & Man§ed witn cindiicol end
NN\ \S)* (9 X EO)OO))

S0 N Yang 'S 0§ o Domaldson’ thasew can be
odopted TO S QO LS dlagonalizclie .

Remadr: So Sar » we SRl dov't ek o Sclong-Wikken Prody
Q5 IS - (Hord 10 §ind o condiflon TO rega @ TWw)=\ )



Fintudie\ - Stern Reak Sarseey)

Reca\\ Thak the Selierg-Witten vivaviank of X3 % \5.33 Xa can
be understmd Vi NedR-Sietding argoment

(eq. § FOR).LEx)70) thea SWx=O).

We essenttally use the ok gt S has a postive solar mebrC
Se F (reducde solutlon of the Selborg-Witten equakion.

Now congder X=X X2 Since T 1nos a Slok mewlc, we could,
4@tk o similoy nedr-sivetdnng Qrgomest worRs .

This Tum ok fo e the se, we wil\ mention one paritalory
Useul oonsiudtion | Dirtusgel~Stern Kenck Sisrgery)

Tore T X witn TP 0 Then D= TX B= Sx(sxd)
Toke G Reck K, monSder X (S \ Q)
The Eintuge\” Stenn RAST Sargery

K= ()(\ VD)) %( S x($ \D(K))) CiNote X :X)

The g\ui\f) W a(S\x(s” \'\)(v.))) e a(X\\)CT"))I S‘XS‘X V)
SendS M MNP % xS X ¥
LK~ ¥ X w xd0
SX%k AP 3 x¥ X ¥



= (XN O (S (S\00e))

Lemma (1) Qe =Qx
(@) TN W)= YK
PooF (1) (V)= P (xS )
2) TR X (2N
= TW(H® TWR\VW)
normally GEteroked oy &' X%, MK, ooth are ul\-hondbdc
OOV . S0 TRO)= )

S0 by Treedman ; Ak StopX - TTOANTH)=R) .
QU MW (s SN x veloked SWx ond <2
10 GnSurer TGS | we re@h) too thing :
Glen K e Aleander poynomial AEDE Z0AN 1S dGned
U@ the Sken reakion
° A&mhwt D=\
c D) - ALK)= -6 ALa)

\//\M

S ( J OGE — Bopp®= (279 S0l
) gy SR
= AN Qo) = {K-tHA® =t )
K= @\9 X:L);)— o&(ﬂcl“-\ )



Tre symmehized Aorander pdywomal © nomalize by €7
St A= AE')  Alsoumcte HD=).
PRy coywomiad D €200 with PLO =P , PCOS)

Guwen X, wWe dgefine the Sedoarg—wiihen Sﬂﬁ(fﬂs Function
SWix: '\)e(\f\oro()x
Theoeom (Bidtughe\~Stern) Suppose (T £0 € HaOGIR)
Let Ak be the Rask surgery ciong T - Then
SWy = SWx - A\{(elmﬁ)

(Te. Suwase 0\<Gc)— zadv ew

Corol\ary : Given ony smostih -mf X wikh

* 5OO% 0, TWEH=)\ .

e SWED (€9. X s symplectic)

. TV X SE TREROEHASR) TRTRO {RONT)=)
Then X nes nfindy wmany smadkh  Strudsyve .

Note * @\l Rnown sympectie 4mfid with 57\ saushiey s
Tn gortculor, elliphic surface saisfics WS .



Pogs: Any o L it A F OL, uk har
SWx = SWx OET) £ SWx,

so A FEags Ao 3

Cintushel - Stern \nok Srgery conjectne
Suppose CTITOEHUR), then K« Saigs AL
§and only § TS\ = WS\

T particalar; & K, Lo prme, then
Cony D KSR &F K=L K=C.

Open question: Guen W) L with A=A, can
XicTEage A ? (Trey hawe some Selpag-iten v )



