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Calabi-Yau Theorem

Let (X , J,!) be a compact Kähler manifold with trivial canonical bundle.
Then we have a following fundamental theorem of Yau regarding the
existence of Ricci-flat metrics on X .

Theorem (Yau, 1978)

Let [!] 2 H
1,1(X ,R) be a Kähler class of X . Then there exist a unique

Ricci-flat Kähler metric !̃ = ! +
p
�1@@̄' in [!]. Moreover, !̃ satisfies

the complex Monge-Ampere equation

!̃n = c⌦ ^ ⌦.

Question

How does one construct non-compact (complete) Calabi-Yau metrics?
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Complete Calabi-Yau metrics

In the 80s and early 90s, through a series of works, Cheng-Yau and
Tian-Yau developed techniques for solving the complex Monge-Ampere
equation on a non-compact manifold, which allowed for a systematic
construction of complete Calabi-Yau metrics.

1 Step 1: Guess the asymptotic behavior at infinity. (i.e. construct a
”good model metric” !model , which captures the behavior at infinity.)

2 Step 2: Solve the complex Monge-Ampere equation with decay to
obtain !CY asymptotic to !model .

The focus of the rest of this talk will be on Step 1, as the second part is
much better understood.
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Quasiprojective varieties

The general set-up is the following: Take a compact Kähler manifold X

and an anticanonical (or a fraction of) divisor D ⇢ X , then M = X \ D is
a non-compact Calabi-Yau manifold with infinite volume, and one tries to
solve the complex Monge-Ampere equation on M.

Theorem (Tian-Yau)

Let X be a Fano manifold, and D be a smooth anti-canonical divisor.

Then M admits a complete Calabi-Yau metric !̃ which solves

!̃n = c⌦ ^ ⌦.
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Tian-Yau model: Calabi-ansatz

We consider the normal bundle of D as a model for infinity.

1 By adjunction, ND is an ample line bundle over D which is a compact
Calabi-Yau.

2 Equip ND with a hermitian metric h such that �
p
�1@@̄ log h is a

Calabi-Yau metric on D.

3 Calabi ansatz: Look for Calabi-Yau metric !model =
p
�1@@̄' for

' = '(t)

where t = � log|s|2h.
4 The complex Monge-Ampere equation reduces to a simple ODE for

', which has an explicit solution

'(t) =
n

n + 1
t
n+1

n .
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Tian-Yau question

For sake of simplicity, let’s suppose X = Pn.

Question
What if D is no longer smooth, but is simple normal crossing?

D = D1 + · · ·+ Dk .

Does Tian-Yau type metrics exist on M = Pn \ D?

The main di�culty is the lack of a ”guess” of suitable model metrics that
describe the asymptotic behavior at infinity.

Theorem (Collins-Li, 2022)

If 2 = k < n, then generalized Tian-Yau metrics exist.

Main input: construction of a new model metric.
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Generalized Calabi ansatz

1 First construct a model in the generic region, corresponding to a
neighborhood of D1···k = D1 \ · · · \ Dk .

2 Modelled on the normal bundle ND1
� · · ·� NDk ! D1···k .

3 Equip NDi with a hermitian metric hi such that �
p
�1@@̄ log hi is a

Calabi-Yau metric on D1···k .

4 Calabi ansatz: Look for Calabi-Yau metric !model =
p
�1@@̄' for

' = '(t1, . . . , tk)

where t = � log|si |2dihi
.

5 The complex Monge-Ampere equation reduces to a Monge-Ampere
equation for ', which we would like to solve on Rk

+

 
kX

i=1

@'

@xi

!n�k

detD2' = const.
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Homogenous solutions
If one further look for homogenous solutions

'(t1, . . . , tk) =

  
kX

i=1

ti

!
v

 
t1Pk
i=1

ti

, . . . ,
tkPk
i=1

ti

!! n+k
n

,

then we reduce to a PDE for v on a simplex P ⇢ Rk�1

detD2
v = v

�(k+1)(�v
?)�(n�k) (1)

where v
?(x) = hx ,rv(x)i � v(x).

The boundary condition is related to
the extension of model to ”non-generic regions”, and the correct boundary
condition is

v
? = 0 on @P . (2)

Theorem (Collins-T-Yau)

This boundary value problem admit a solution v 2 C
1,↵(P) \ C

1(P)
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Solutions

Consider the boundary value problem
(
detD2

v = v
�(k+1)(�v

?)�(n�k) in P

v
? = 0 on @P .

(3)

where P ⇢ Rk�1 is a standard simplex.

Theorem (Collins-T-Yau)

The BVP admit a solution v 2 C
1,↵(P) \ C

1(P).

1 k = 2 case is an ODE, which admits an explicit solution. (Collins-Li)

2 We use a variational approach. The main subtlety is the lack of
convexity/concavity in the variational problem, and in fact the critical
points are all saddles.

3 Critical points must be obtained using a min-max procedure.
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The extension problem and boundary behaviour
The boundary behaviour is related to the extension of the !model to the
non-generic region. The behaviour of the solution near the l dimensional
boundary pieces should inform us of how to extend !model to the l-fold
intersections of the Di .

(
detD2

v = v
�(k+1)(�v

?)�(n�k) in P

v
? = 0 on @P .

(4)

This equation is singular near the boundary because the RHS is infinity,
therefore there will not be any C

2 solutions. We expect the solution to
have the following behaviour near the boundary:

1 At a boundary point, v 2 C
1,↵ for di↵erent ↵ = k�l�1

n�l�1
where l is the

dimension of the boundary strata.
2 v should be smooth in the tangential directions of the boundary.
3 In the normal directions, the leading sub-linear behaviour should be

given by a homogenous solution of the generalized Calabi ansatz in
lower dimension.
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Expansion near smooth part of the boundary

We can prove this expectation on the highest dimensional faces of the
boundary.

Theorem (Collins-T-Yau)

Let x 2 @P be a point on the top-dimensional face of the boundary. Fix

coordinates (x 0
1
, . . . , x 0k�1

) around x so that x is at the origin, and

(x 0
2
, . . . , x 0k�1

) are tangental to the boundary and x
0
1
is normal to the

boundary, then v admits an expansion near x of the form

v(x) = linear +
k�1X

i ,j=2

Pijx
0
i x

0
j + c(x 01)

1

n�k+1 + l .o.t (5)

The proof relies largely on the results of Savin-Jhaveri, on the regularity of
optimal transport problems with degenerate density.
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Open questions and conjectures

Question
1 Are the solution that we found unique?

2 Must all solutions to the generalized Calabi-Ansatz be homogenous?

Conjecture (Liouville Theorem)

Let ' : (R+)l ⇥ Rm ! R�0 be a solution to the Monge-Ampere equation

8
<

:

⇣Pl
i=1

@'
@xi

⌘k
detD2' = 1 in (R+)l ⇥ Rm

Pl
i=1

@'
@xi

= 0 on @(R+)l ⇥ Rm.
(6)

Then ' is of the form

'(x) = c +
l+mX

i=l+1

vixi +
l+mX

i ,j=l+1

Pijxixj + p'l ,k(x1, . . . , xl)
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Thank you!

Thank you for listening!

Happy anniversary YMSC!

Happy birthday Prof. Yau!
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