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The contents of the talk

In the year 1900, Hilbert proposed 23 problems. The 15th one was about the
enumerative geometry of the 19th century, entitled

Problem 15: Rigorous Foundation of Schubert's Enumerative Calculus

16. Riconous FouNDATIoN OF SORUBERT'S EXUMERATIVE
CavouLvs.
The probl is:
an cut dtermination,of the imisof their Muiﬁy those geomet-
rical numbers which Schubertt especiall the
basis of the so-called. principle of special position, or conseruation
of number, by means of the enumeratite caloudus developed. by

Although the algebra of to-day guarantees, in principle,

the possibility of carrying out the processes of elimination,
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The contents of the talk

In the year 1900, Hilbert proposed 23 problems. The 15th one was about the
enumerative geometry of the 19th century, entitled

Problem 15: Rigorous Foundation of Schubert's Enumerative Calculus

The plan of the talk:

16. Riconous FouNDATIoN OF SORUBERT'S EXUMERATIVE
CavouLvs.
The probl is:
an cut dtermination,of the imisof their Muiuy those geomet
rical numbers which Schubertt especiall
basis of the so-called. principle of special position, or ot
of number, by means of the enumeratite caloudus developed. by

Althongh the algebra of to-day fruarantees, in prnciple

e case o
special form in such & way tha the degree of the final equa~
Foas 8ad the ualiplctry of thir solutons may be oreaeen,

@ The background of Problem 15;

@ Studies before 1960: Schubert’s problem of characteristics;

© Solution to the problem of characteristics (Duan+Zhao).
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1. Background of Problem 15

In 1879 H. Schubert published the book " Calculus of Enumerative Geometry”
that represents the summit of the intersection theory in the 19th century:

KALKDL
ABZAHLENDEN GEOMETRIE
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1. Background of Problem 15

In 1879 H. Schubert published the book " Calculus of Enumerative Geometry”
that represents the summit of the intersection theory in the 19th century:

In the course of developing intersection theory, he demonstrated amazing
applications to enumerative geometry, such as

@ The number of conics tangent to 8 quadrics in space is 4,407,296.
@ The number of quadrics tangent to 9 quadrics in space is 666,841,088.

@ The number of twisted cubic curves tangent to 12 quadrics in space is
5,819,539,783,680.
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1. Background of Problem 15
These results are great extensions of the earlier works of enumerative geometry:

Apollonius (300BC): The number of circles tangent to 3 general circles in the
plane is 8.

Chasles (1864): The number of conics tangent to 5 general conics in the plane
is 3264.

3264 AND ALLTHAT
A SECOND COURSE
ALGEBRAC GEDNETRY

Remark: The original manuscript of Apollonius was lost. A report of the result
by Pappus dated in the 4th century survived. During the Renaissance, different
proofs of the result were founded by Viete, Roomen, Gergonne and Newton.
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1. Background of Problem 15

On the other hand, Schubert's works was controversial at his time:

@ He made extensive use of Poncelet’s principle of continuity, which was
attached bitterly by Cauchy in 1816;

@ To circumvent the prejudice, Schubert renamed the principle as
"the principle of special position” in 1874;
"the principle of conservation of numbers" in 1876.
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1. Background of Problem 15

On the other hand, Schubert's works was controversial at his time:

@ He made extensive use of Poncelet’s principle of continuity, which was
attached bitterly by Cauchy in 1816;

@ To circumvent the prejudice, Schubert renamed the principle as
"the principle of special position” in 1874;
"the principle of conservation of numbers" in 1876.

@ Van der Waerden (1992) recalled that: Schubert gave "no definition of
intersection multiplicites, no way to find it nor to calculate it”.

o Kleiman S., Problem 15: Rigorous foundation of Schubert’s enumerative calculus, 1976.

e Yvonne, D. S., Interview with Bartel Leendert van der Aaerden,1997.
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1. Background of Problem 15

In Problem 15, Hilbert asked for a rigorous of Schubert’s enumerative calculus:

or ScuuErt's
Cazovrus.

The problem consistsin this : 7o establish rigorously and with
an exact determination of the limits of their validity those geomet-
'rvieal numbers which Schubertt especially has determined on the

basis of the so-called principle of special position, or conservation
of nunber, by means of the enuneraive calouus dveloped by

16. RiGorous

Am:ongh the algebra of to-day guarantees, in principle,
the possibility of carrying out the processes of elimination,
yet for the proof of the theorems of enumerative geometry

decidedly more is requisite, namely, the actual carrying out
of the process of elimination in the case of equations of
special form in such a way that the degree of the final equa~
tions and the multiplicity of their solutions may be foreseen.

where he expressed his interests in Schubert’s work:

@ to foresee the final degree of a polynomial system before carrying out the

process of elimination.

Haibao Duan (CAS)

Make Schubert calculus calculable

Current Developments in Mathe/matic
38



2. Schubert's problem of characteristics

To access the central part of Schubert's computation, we take two tables of
computation from his book (1879):
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2. Schubert's problem of characteristics

To access the central part of Schubert's computation, we take two tables of
computation from his book (1879):

Cabelle 2usammengs

telltin Tablen, ond zwar alle dieferigen 2 M3l Blosetarablon dor 7, heissen, sid in dor folgenden Tabells
2um Faktor haben ausmmengestallt.

viTe = vpol =8 ‘.;
VS0t vt — 18|

Hiornach kenn

ch alle diejenigen neunfachen Be-
sinen Fabtor enihalten, den man ol

It consist of the equalities evaluating a monomial in the symbols u, v, p by an
integer, which were called the characteristics by Schubert; and the Schubert
symbolic equations by early researchers.
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2. Schubert's problem of characteristics

To access the central part of Schubert's computation, we take two tables of
computation from his book (1879):

,,,,, tarablen dor 7, beiss, Vod in s lgeaden’ Tabell
e

o' »

v = et =2 |7
vele = vegt =8 |
Voo = wptp® =184

nin such alle disjnigen.
s einen Fiktor enthalten

It consist of the equalities evaluating a monomial in the symbols u, v, p by an
integer, which were called the characteristics by Schubert; and the Schubert

symbolic equations by early researchers.

Schubert himself claimed that "the problem of characteristics is the
fundamental one of the enumerative geometry.”

However, it took 60 years for mathematicians to make the problem precise.

o Schubert H., Zur Theorie der Charakteristike, Celles Journ. 1870.
e Schubert H., a Losung des Characteristiken-Problems fur lineare Raume beliebiger Dimension, Mitteilungen der
Mathematische Gesellschaft in Hamburg, 1886. Current Developments in Mathe/matic
38
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2. Schubert's problem of characteristics

The Italian school: The study of Problem 15 began with the ltalian school:

Two representing works of the school were due to Severi:
@ Il Principio della Conservazione del numero (1912);

@ Sui fondamenti della geometria numerativa e sulla teoria delle caratteristiche
(1916).
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2. Schubert's problem of characteristics

The Italian school: The study of Problem 15 began with the ltalian school:

Two representing works of the school were due to Severi:
@ Il Principio della Conservazione del numero (1912);

@ Sui fondamenti della geometria numerativa e sulla teoria delle caratteristiche
(1916).

Van der Waerden (1971) commented that " They erected an admirable structure,
but their logical foundation was shaky, the notions were not well-defined, the
proofs were insufficient."

@ van der Waerden B L., The foundation of algebraic geometry from Severi to André Weil, 1971
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2. The Schubert's problem of characteristics

The Gottingen school: Van der Waerden propose to study Problem 15 using
cohomology theory developed by Lefschetz:
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2. The Schubert's problem of characteristics

The Gottingen school: Van der Waerden propose to study Problem 15 using
cohomology theory developed by Lefschetz:

He had the following observations that enlightened the course of the later studies:

@ Each Schubert's symbolic equation is a homological relation in some
projective manifold;
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2. The Schubert's problem of characteristics

The Gottingen school: Van der Waerden propose to study Problem 15 using
cohomology theory developed by Lefschetz:

He had the following observations that enlightened the course of the later studies:

@ Each Schubert's symbolic equation is a homological relation in some
projective manifold;

@ The solvability of the characteristic problem depends on a finite basis of the
homology of the relevant projective manifold.
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2. The Schubert's problem of characteristics

The Gottingen school: Van der Waerden propose to study Problem 15 using
cohomology theory developed by Lefschetz:

He had the following observations that enlightened the course of the later studies:

@ Each Schubert's symbolic equation is a homological relation in some
projective manifold;

@ The solvability of the characteristic problem depends on a finite basis of the
homology of the relevant projective manifold.

@ The common goal of all enumerative methods is the intersection products in
the cohomology theory.

@ van der Waerden B L., Topologische Begrundung des Kalkuls der abzahlendert Geometlig, MatheMBpA3fs in Mathematic
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2. Schubert's problem of characteristics

The Bourbaki: C. Ehresmann (1934) went two important steps further. He
discovered that

@ The parameter spaces of the geometric figures concerned by Schubert are
essentially certain cases of "flag manifolds G/P", where G is a Lie group
and P is a parabolic subgroup;
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2. Schubert's problem of characteristics

The Bourbaki: C. Ehresmann (1934) went two important steps further. He
discovered that

@ The parameter spaces of the geometric figures concerned by Schubert are

essentially certain cases of "flag manifolds G/P", where G is a Lie group
and P is a parabolic subgroup;

@ For the Grassmannian G, x of k planes on the n-space C”, the set of
Schubert’s symbols form exactly a basis of the cohomology H* (G, ),

where he emphasized the relevance of his work with the problem of characteristics:

)

@ C. Ehresmann, Sur la topologie de certains espaces homogenes, Ann. of Math:' 1934, Current Developments in Mathematic
Haibao Duan (CAS) Make Schubert calculus calculable



2. Schubert's problem of characteristics

Carrying on the work of Ehressman, Chevalley(1958), Bernstein-Gel'fand-Gel'fand
(1973) obtained "the basis theorem of Schubert calculus” in the natural
generalities. Let W denotes the Weyl group of a Lie group G.

Theorem 1(Basis Theorem): For each flag manifold G/P, the set of Schubert
classes {s,,w € Wg/Wp} on G/P is a basis of the cohomology H*(G/P).
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2. Schubert's problem of characteristics

Carrying on the work of Ehressman, Chevalley(1958), Bernstein-Gel'fand-Gel'fand
(1973) obtained "the basis theorem of Schubert calculus” in the natural
generalities. Let W denotes the Weyl group of a Lie group G.

Theorem 1(Basis Theorem): For each flag manifold G/P, the set of Schubert
classes {s,,w € Wg/Wp} on G/P is a basis of the cohomology H*(G/P).

Proof. Every flag manifold G/P admits a cell-decomposition into the Schubert
varieties with even dimension

G/P:UWGWG/WPXW7 dImXW:2/(W),

where | : Wg — Z is the length function on the Weyl group Ws.OO

o Chevalley C. Sur les d’ecompositions cellulaires des Espaces G /B, 1958.

e Bernstein | N, Gel'fand | M, Gel'fand S I. Schubert cells and cohomology of the spaces G/P. Russian Math Surveys,
1973.
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2. Schubert's problem of characteristics

Granted with the basis theorem, the problem of characteristics has a concise
statement

The problem of characteristics: Given a set {s,,, -, s, } of Schubert classes
on G/P, express their products in term of the basis elements linearly:

Sttt Sy = E Cu17"'Uk *Sw, CU1-,"‘uk € Z’

where the coefficients ¢,y ., € Z are the Schubert characteristics.
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2. Schubert's problem of characteristics

Granted with the basis theorem, the problem of characteristics has a concise
statement

The problem of characteristics: Given a set {s,,, -, s, } of Schubert classes
on G/P, express their products in term of the basis elements linearly:

Suy "t Suy :ZC“X#“UI( *Sw, CL'Z_’..AL,k € Z,
where the coefficients ¢,y ., € Z are the Schubert characteristics.
Remark: Coolidge J.L.(1940) recalled that:
"The fundamental problem which occupies Schubert is to express the product of

these symbols in terms of others linearly. He succeeds in part.”

o Coolidge J.L., A history of geometrical methods, Oxford Univ. press,1940
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2. Schubert's problem of characteristics

The characteristics play a fundamental role in geometry, algebra, topology and
representation theory, where they were also termed, respectively, as

@ the degree of the final equation of a system by Hilbert;

@ the intersection multiplicities by Van der Waerden, Weil, Chevalley,
Samuel, Serre, etc.;
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2. Schubert's problem of characteristics

The characteristics play a fundamental role in geometry, algebra, topology and
representation theory, where they were also termed, respectively, as

@ the degree of the final equation of a system by Hilbert;

@ the intersection multiplicities by Van der Waerden, Weil, Chevalley,
Samuel, Serre, etc.;

and for the special case k = 2,

@ the structure constants of the flag manifolds G/P by topologists;

@ the Littlewood-Richardson coefficients in representation theory.
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2. Schubert's problem of characteristics

Serre formula: Based on Weil's definition on the intersection multiplicities in
1946, Serre (1965) obtained "an elegant formula” by which:

A
Sup * Su, = Z C;ﬁ,uz * Sw where CLlZ,UQ = Z(il)kL( 7;?r(A/alvA/aZ))a
k>0

and where A is the local ring O(G/P, X,,), a; is ideal of the Schubert varieties
Xy, and L is the length of the A-modules.
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2. Schubert's problem of characteristics

Serre formula: Based on Weil's definition on the intersection multiplicities in
1946, Serre (1965) obtained "an elegant formula” by which:

A
Sup * Su, = Z C;ﬁ,uz * Sw where CLlZ,ug = Z(il)kL( 7;?r(A/alvA/az))a
k>0

and where A is the local ring O(G/P, X,,), a; is ideal of the Schubert varieties
Xy, and L is the length of the A-modules.

Unfortunately, this formula is not computable, because it uses the defining
polynomials f,,, f,, of the Schubert varieties X,,, X,, C G/P as input.

Remark: Nowadays, algebraic geometers use "intersection multiplicities”
instead of " characteristics”, e.g. the survey articles:

o Pierre Samuel, Sur I'histoire du quinzieme probléme de Hilbert, Gaz.Math. Soc. Math. Fr. 1974.
e W. Fulton, R.D. MacPherson, " Defining algebraic intersections”, LNM. 687, 1978.
© J.PSerre, Algebre Locale, Multiplicites, LNM, 11, 1965.

Current Developments in Mathematic
Haibao Duan (CAS) Make Schubert calculus calculable / 38



2. The Schubert's problem of characteristics

Weil Problem: In the momentous treatise " Foundations of Algebraic Geometry”,
A. Weil completed the definition of "the intersection multiplicities” for the first
time in the history, and made the task of Problem 15 precise:

"The classical Schubert calculus amounts to the determination of the intersection
rings of flag manifolds G/P."

FOUNDATIONS OF
ALGEBRAIC GEOMETRY

) = = Eo DA
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2. Schubert's problem of characteristics

Weil commented that his problem as "the modern form taken by the topic
formerly known as enumerative geometry in the last century”. We show that

Theorem 2: Weil problem is equivalent to the problem of characteristics.
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2. Schubert's problem of characteristics

Weil commented that his problem as "the modern form taken by the topic
formerly known as enumerative geometry in the last century”. We show that

Theorem 2: Weil problem is equivalent to the problem of characteristics.
Proof. A ring is an abelian group R that is furnished with a product:
RxR— R.

By the basis theorem, the cohomology H*(G/P) is a free abelian group with a
basis consisting of Schubert classes.

Theorefore, the product on the ring H*(G/P) is determined uniquely by the
product among the basis elements (i.e. the Schubert symbols), which is handled
by the problem of characteristics.l]
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Solution to the problem of characteristics (Duan and Zhao)

Summarizing the earlier studies on Problem 15 by 1960 there two problems
remain. For a flag manifold G/P

@ Schubert: Compute all the characteristics numbers CZZ

@ Weil: Determine the cohomology ring H*(G/P).

sUk?
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Solution to the problem of characteristics

The difficulties that one encounters with characteristics are fairly
transparent:

@ The simply-connected simple Lie groups G consist of the three infinite
families of the classical groups Spin(n), Sp(n), SU(n), as well as the five
exceptional ones Gy, Fy4, Eg, E7, Eg;
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Solution to the problem of characteristics

The difficulties that one encounters with characteristics are fairly
transparent:

@ The simply-connected simple Lie groups G consist of the three infinite
families of the classical groups Spin(n), Sp(n), SU(n), as well as the five
exceptional ones Gy, Fy4, Eg, E7, Eg;

@ For each Lie group G with rank n, there are precisely 2" — 1 parabolic
subgroups P.
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Solution to the problem of characteristics

The difficulties that one encounters with characteristics are fairly
transparent:

@ The simply-connected simple Lie groups G consist of the three infinite
families of the classical groups Spin(n), Sp(n), SU(n), as well as the five
exceptional ones Gy, Fy4, Eg, E7, Eg;

@ For each Lie group G with rank n, there are precisely 2" — 1 parabolic
subgroups P.

@ For each flag manifold G/P, the number of Schubert classes on G/P is
equal to the Euler characteristic x(G/P), which is normally very large:

G Gz F4 EG E7 ES
x(G/T) || 12 | 1152 | 27-3*.5 | 210.3%. 5.7 | 2™ .35 .52.7
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Solution to the problem of characteristics

The difficulties that one encounters with characteristics are fairly
transparent:

@ The simply-connected simple Lie groups G consist of the three infinite
families of the classical groups Spin(n), Sp(n), SU(n), as well as the five
exceptional ones Gy, Fy4, Eg, E7, Eg;

@ For each Lie group G with rank n, there are precisely 2" — 1 parabolic
subgroups P.

@ For each flag manifold G/P, the number of Schubert classes on G/P is
equal to the Euler characteristic x(G/P), which is normally very large:

G Gz F4 EG E7 ES
x(G/T) || 12 | 1152 | 27-3*.5 | 210.3%. 5.7 | 2™ .35 .52.7

Summarizing, it is impossible to solve the problem of characteristics case by
case.
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Solution to the problem of characteristics

On the other hand, by a fundamental contribution of E. Cartan, the
simply-connected Lie groups are classified by their Cartan matrices

2 0 -1 0 0 0

2 1 2 2 % 8 % & % i 8 38

G ( 32 ) Fq: 0 -1 2 -1 Ee : 0 -1 -1 2 -1 0

0 o -1 2 0 0 0 -1 2 -1

6 0 0 o -1 2
2 0 -1 0 0 0 0 0
I BB S T 6o 2 0 -1 0 0 0 0
6 2 9 1 s 8 3 -1 0 2 -1 0 0 0 0
P T T T E.l 0 -1 21 2 -1 o 0 0
7 8| 0 0o 0 -1 2 -1 0 0
o 9o o0 -1 2 -1 0 0 0 0 0 -1 2 -1 0
I e - s 6 0 0 0 0 -1 2 -1
0o 0o 0 o0 0 o -1 2

The cosmological constants by which all flag manifolds can be classified!
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Solution to the problem of characteristics

On the other hand, by a fundamental contribution of E. Cartan, the
simply-connected Lie groups are classified by their Cartan matrices

2 0 -1 0 0 0

2 1 22 5% 8 % & % i 8 38

G ( 32 ) Fq: 0 -1 2 -1 Ee : 0 -1 -1 2 -1 0

0 0 -1 2 0 0 0 -1 2 -1

0 0 0 0o -1 2
2 0 -1 0 0 0 0 0
I BB S T 6o 2 0 -1 0 0 0 0
oS 2 g = 8 38 S -1 0 2 -1 0 0 0 0
E o 4 o2 2t 8 38 H E . 0 -1 -1 2 -1 0 0 0
1 0 o o 1 2 10 5| 0 o 0 <1 2 -1 0 0
o 0 0 o -1 2 - 8 8 8 o o A P4
60 0 o 0 -1 2 0o 0 0 0 0 0 -1 2

The cosmological constants by which all flag manifolds can be classified!
Question

Can we compute all the characteristics numbers, or construct the Chow ring of a
flag manifold G /P, merely from the Cartan matrix of the Lie group G?

We realize this expectation.
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Solution to the problem of characteristics

Thus, let C = (ci;),, be the Cartan matrix of some compact Lie group G. Let
R" be the n-dimensional real vector space with basis {wy, -+ ,w,}. Define in
term of C the automorphisms o; € Aut(R"),1 < i < n, by the formula

oi(wk) = { wi if i 7 k;

Wk — (Ck_ylwl + Ckopwr + -+ + ck,,,wn) ifi = k.

Theorem 3. The subgroup W of Aut(R") generated by the o;'s is the Weyl
group of G.

Haibao Duan (CAS)
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Solution to the problem of characteristics

Thus, let C = (ci;),, be the Cartan matrix of some compact Lie group G. Let
R" be the n-dimensional real vector space with basis {wy, -+ ,w,}. Define in
term of C the automorphisms o; € Aut(R"),1 < i < n, by the formula

Wi if i 75 k,‘
Wk — (ck_ylwl —+ Ck,2W2 + -+ ck,,,w,,) ifi=k.

i) = {

Theorem 3. The subgroup W of Aut(R") generated by the o;'s is the Weyl
group of G.

Definition. For a Weyl group element w € W with a minimized decomposition
w=o,00,0--00,1<ii,- -, in<n,
the structure matrix of w is A, = (as),,,,» Where

as =01ifs>t; as=—c, ifs<t.
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Solution to the problem of characteristics

Example: The Cartan matrix of the exceptional Lie group G; is

2 -1
=(57%)

by which we get two generators o1, oo of the Weyl group W of G,.

Current Developments in Mathematic
Haibao Duan (CAS) Make Schubert calculus calculable / 38



Solution to the problem of characteristics
Example: The Cartan matrix of the exceptional Lie group G; is
2 -1
~(%7)
by which we get two generators o1, oo of the Weyl group W of G,.

Consider the following elements of W with length 4:

U=01002001002 andv =0,001005007.

From the Cartan matrix C one reads the structure matrices of u, v, respectively,

01 -2 1 0 3 -2 3
0 0 3 0 0 1 =2
A=lo0 0 1 |[MMA= 00 0 3
0 0 O 0 0 0 O 0
Current Developments in Mathematic
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Solution to the problem of characteristics

Definition. Given a strictly upper triangular matrix A = (a; j)mxm the triangular
operator T, associated to A is the linear map

Ta:Zlxt, . xm)™ = Zxa, . xmeg] ™D = 5 Z
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Solution to the problem of characteristics

Definition. Given a strictly upper triangular matrix A = (a; j)mxm the triangular
operator T, associated to A is the linear map

Ta:Zlxt, . xm)™ = Zxa, . xmeg] ™D = 5 Z
defined recursively by the following elimination rules:

Ta(x(*...xm™y=0ifr, =0;

Ta(x" ... xm) = Ta, (x{* .. .X;T__i(aLle + t AmeLmXm—1)™1)

if r, > 0, where A; is obtained from A by deleting the last column and row.
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Solution to the problem of characteristics

Definition. Given a strictly upper triangular matrix A = (a; j)mxm the triangular
operator T, associated to A is the linear map

Ta:Zlxt, . xm)™ = Zxa, . xmeg] ™D = 5 Z
defined recursively by the following elimination rules:

Ta(x(*...xm™y=0ifr, =0;

Ta(qt . ooxim) = Ta (Xt oo x "1 (@,mX1 +  + @m—1,mXm—1)""1)
if r, > 0, where A; is obtained from A by deleting the last column and row.

Summarizing, starting barely from the Cartan matrix C = (c; ), , of G, we have

constructed:

@ The Weyl group W of G;

nxXn

@ Strictly upper-triangular matrices {A,, w € W},
@ Linear maps {Ta, : Z[x1, ..., xpn]'™ = Z, w € W}.
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Solution to the problem of characteristics

Applying Morse theory to the canonical embeddings G/P < L(G) of the flag
manifold G/P into the Lie algebra L(G), we have obtained the following formula

Theorem 4 (The Characteristic Formula): Let A,, be the structure matrix of
w associated the minimized decomposition w = g, 0 0, 0 --- 0 g; , then the

W .
characteristic Cir oo 1S GlVEN by
w
C, ... = TA M Y X
otk i (i:l,...,k I1C{L,com} |=Hu),0=u;
where for a multi-index | = {sy,--- ,s;} C{1,---,m}
| =t, oy = O 000, X| = Xs ++ Xs,.[]

Current Developments in Mathematic
Haibao Duan (CAS) Make Schubert calculus calculable 38



Solution to the problem of characteristics

Applying Morse theory to the canonical embeddings G/P < L(G) of the flag
manifold G/P into the Lie algebra L(G), we have obtained the following formula.

Theorem 4 (The Characteristic Formula): Let A,, be the structure matrix of
w associated the minimized decomposition w = o, 0 g, 0 -+ 0 g;_, then the
characteristic c,‘j‘L,,,uk is given by

w
C, ... ZTA M Y X
otk W<f=1,...,k I1C{L,com} |=Hu),0=u;

where for a multi-index | = {sy,--- ,s;} C{1,---,m}

|| =t, o =0, 000, X| = Xs ** Xs,.[]

Remark: The formula depends only on the Cartan matrix C of G, and applies
uniformly

@ to all flag manifolds G/P;
@ to any monomial s, - --s,, in the Schubert basis of G/P.
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Solution to the problem of characteristics

Based on the formula, a packages entitled " CHARACTERISTICS" have been
composed in the works

@ Duan and Zhao, Multiplicative rule of Schubert classes (2005)
@ Duan and Zhao, Algorithm for multiplying Schubert classes (2006)

@ Duan and Zhao, Schubert presentations of complete flag manifolds G/ T
(2015)

Duan and Zhao, On Schubert’s Problem of Characteristics (2020).

whose function can be described as follows:

Algorithm

Input: The Cartan matrix C = (cjj)nxn of the Lie group G, and a subset
I C{1,2,---,n} to specify a parabolic subgroup P C G.

Output: The characteristic numbers c;. ..., of G/P.

U
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Solution to the problem of characteristics

Example

The characteristics of the Grassmannian Gg 4(C)(the universal Chern numbers):

12012
375804

olololelalalalaloalalolalalalalalalalalalala|ololalale

20 = 1662804

Table 2. The characteristics of the Grassmaniann Gy 4 Current Developments in Mathematic
Haibao Duan (CAS) Make Schubert calculus calculable



Solution to the problem of characteristics

Example

The characteristics of the exceptional flag manifold Es/S x SU(6)

Y3YyYe = ° yiyz =21 yiys = 21

Y1Y3Y, Y1y =2 Y1y3Y5ye = 14

YIYsy. Y7y3yays = 66 | y7ysys = 483

Y1Y3Y, Yyrygyy = 42 Y1Yaye = 312

Y1Y3Y. vy, = 18 Yyys =18

Y1 Y3Y; Yiysy; =84 Yy y3ye = 624

Y1y3y; = 404 y1y3yaye = 264 | yiyszya = 1956

yyyzye = 1248 | yi'y B y10ysy? = 813 T

Y12ysye = 2496 | y’ yoys =1638 | y 4y3y4 = 7917
yI5yZ = 37752 | ylTya = 16912 | y'Fys = 76582 | y2' = 151164

T
Table 3. The characteristics of the flag manifold Eg/S" - SU(6).

Example

The characteristics of the exceptional flag manifold E; /S x Eg

y3 = 10 y u: =184 Ty Y1ysys =46 | ylylye = 432
Yiyiy = 216 | yiys = 108 i Y1 ysyo = 507 | yi'y2 = 2380
Y1oyo = 1190 | y 2;115 |y

Table 4. The characteristics of the flag manifold E;/S' - Eg
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Solution to Weil problem
Turning to the Weil problem we show that:

Theorem 5. For a flag manifold G/P, there exist a minimal system of Schubert
classes {x1, -+ ,x,}, and polynomials fi,- -, f,, € Z[x1,- - , x,], such that
Z[X].7 co 7Xn]
H*(G/P) = —————.
(/P =T
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Solution to Weil problem

Turning to the Weil problem we show that:

Theorem 5. For a flag manifold G/P, there exist a minimal system of Schubert

classes {x1, -+ ,x,}, and polynomials fi,- -, f,, € Z[x1,- - , x,], such that
Z[X17"' ;Xn]
H*(G/P) = ——————.
(/P = )

Proof. Since the flag manifold G/P is finite dimensional, the quotient group
H*(G/P)/H*(G/P)-H"(G/P)

is finitely generated. By the basis theorem of Schubert calculus, there exists a set
of Schubert classes {xy,---,x,} on G/P that correspond to a basis of the
quotient group H*(G/P)/HT(G/P) - HT(G/P).

It follows that the inclusion xi,--- ,x, € H*(G/P) induces an epimorphism

h:Zx, - ,xs] = H*(G/P).

By the Hilbert's basis theorem, there exist finite set of polynomials {fy,-- , fin}
in x1,- -, X, such that kerh = (f1,--- , f,).00
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Solution to Weil problem

Combining " CHARACTERISTICS" with the proof of Theorem 5, we have
composed a package entitled " CHOWRING" in the works:

@ The Chow rings of generalized Grassmannians (2010);

@ Schubert presentations of complete flag manifolds G/ T (2015),
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Solution to Weil problem

Combining " CHARACTERISTICS" with the proof of Theorem 5, we have
composed a package entitled " CHOWRING" in the works:

@ The Chow rings of generalized Grassmannians (2010);

@ Schubert presentations of complete flag manifolds G/ T (2015),
whose function can be described as follows:
Algorithm
Input: The Cartan matrix C = (¢jj)nxn Of the Lie group G, and a subset
I C{1,2,--- ,n} to specify a parabolic subgroup P C G.

Output: A presentation of the Chow ring H*(G/P) = A*(G/P).
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Solution to Weil problem

Example

The Chow rlngs A*(G/P) of the flag man/folds

E; Eg
G/P - (3) .Sy Spm(3) ST SU(G) .Sy Spm(lO) ST Si’ 5pm(12) ST E -SI

e g V151 15 v 2 - 2 :w
LR R b o
R s & naeyi— s S 2 4 loste ol
- E ] 2= - 5= 2ys — 16530~ 109152 + 105736 — o
Pl A B Sl 4 a B o 4 = o Theorem 4 Let y,. ys be the Schubert classes on Eq/Ds - 5" with Weyl coordinates 0= 3y + 105733 + 185630 — 259 m1s — 85153 + 43{"%0 — 33
b & e o o161, 012,45, 6] espectively. Then =55+ 30y 0 + 15v - 2{s - SR + e
- A (Eo/Ds- S =2, i), 0= sk B+ 35 - v + By verda - Byt + Grens

et el
|

b i e e T T
0o o o Slaal s wa St 2 58 1 b g Ll 2 2l
L

e b, .. 0=, i 4

i e el s .

s
£

e

T PR e —
asective, e

Thewnem 2 4

Wt 8 st
o
IPE
Thewem 3 41y 0 s on B 5 whi: Wt
rn e P & et
W (A D el
e
s

Haibao Duan (CAS)

where

=257 433} - 6

P LA
heren L e he Slaerclseson B B! with W cor-
nates o7} 0(2,4,5,6. 7] o1 respectively. Then

A (B Eq- 5!

Zineys. 0l (o)
where

ria= 23530~ 93{x3 + s — o1

nn= 3+ 105153 - 95hE+ 2P

6 Let . 40 Yo Yo b the Sclubert classes on E/ D S' with Wy co-
ammmr: ol11.012.4,3,11,0(2,6,5.4,3,11.03.4,2,7.6,5.4,3, 1] respectively.

A (Er/Dg- 5!

where

[T S

na=3% - -Hin
=35+ 3v1E 4651 + Gt + 2ol
i = 553+ 295~ 2+ 455E00d + Do
7 Lt et Slaber ascson B 1 S i o
mmnnn[)(] o13.4.5.6.7,81, o1, 5.6.7.81, 015 2
S b ey e

A (Es/Er - 8") = 2o, yo. yios sl (ns. rao. raas raa)
D springer
Make Schubert calculus calculable

D I (I Y O SO

Tl Sclubt ek ded vilh o by o g it
healgoritms in St 23 and thpros of Thorems .14 n et S dmontt
how rlm::kul:mvn T xtendd 1o homogeneoue spacn o et e

Tis pape i sranped 8 follows. o2 coein e rochieion 0 what
o004 Bom Schuer clclu, Socton deviop ome el resuls concern-

of circle bundle, the reationship between cohomologies of a Grassmannian G/ H
i alled space G/ H is formulaed in Sect 4. With these preliminarie, Theo-
1oms 1.7 (rsp Thacens 814 r oablisd i uniled par i Soct. & (vp.

Sect. 5.

Historically,the probiemm of computing the Chow ring of  flag variey (resp. the
gl hology of s hmogeteus ) o e by mny o
c Sect. 7,

in he ealir )
Certain theoretcal notcns and resuls of this paper ae also algorihmic in na

m u 31, where itermediate daa failtating our calculations are given in detal. To
s et work o b o et i o (1]
et and et he oty of e .14

2 Elements of Schubert Calculus

Assame trcughout that the Lic group G unde consideraton is compct and
J-conseted.ix s mainal orus T 1 G and ip s Li s L(G) it n
inner product (), 50 that the adjoint representaion acts as sometres of L(G)

) LT b sl o sl rotsof G (30, p. 7). The Catan
(@ Jan, where

= 2081, A/ ByoB)e 14, =0 [20,p. 5]

recall o algorithns “Decompostion” and “L-R coefficients” devcloped
i (1 ot s it e Wet o of b . o ecomposin
of s clements, s
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INNSS——— R
Solution to Weil problem

The Chow rings A*(G/T) of the complete flag manifolds: G = G, Fy, Es, E7 :

SCHUBERT PRESENTATION OF THE COHOMOLOGY RING 409
“THEOREM 5.1. For each exceptional Lie group G, the cobomology ring H*(G/T) has the
following presentation:

H(Ga/T) = Zluwr,wa, ]/ (p2.r3, 76}, where (5.1)
2= B} = B+

HYT) = s, vl o s s s iz) where )
p2=ca— 4o

H(Eo/T) = Zlen, .- o U3, ual/ (92, 3, £33 95,76, T To Tra), where 5.3)
=
”
”
P
s = 8 = 2esys — whes + wdes;
7o = 2uses — whes;
ra=vi-d
HY(Ex[T) = Zlon, ..o wr. s, vas Vs, wol (P2, 3 pas s i)
where i € (6,8,9,10,12,14,18) and where. (5.4)

A + 2w — 2uses + Zney — wieo + wies;
+ 2yays — 2uscs — wher + wies;
3 = 2user + wleri
12 =4 = dser = 6 = 2y — syus + 2wapses + Jeayier + eser
= 2usa + s — whvaer:
i+ 2useoer — uack — 2yasyo + 2usafd — Swarfer.




Solution to Weil problem

For a compact Lie group G and a closed subgroup H, the quotient space G/H is
smooth manifold, called a homogeneous space of G.

A classical problem in topology, starting with the works of H. Cartan, A. Borel, P.
Baum, H. Toda (and so forth), is to express the cohomology ring H*(G/H) by a
minimal system of explicit generators and relations.

To study the problem, various spectral sequence techniques were developed for
certain fibrations associated with G/H, such as

@ Leray-Serre spectral sequences;

Eilenberg-Moore spectral sequences;

@ Bockstein spectral sequences;
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Solution to Weil problem

For a compact Lie group G and a closed subgroup H, the quotient space G/H is
smooth manifold, called a homogeneous space of G.

A classical problem in topology, starting with the works of H. Cartan, A. Borel, P.
Baum, H. Toda (and so forth), is to express the cohomology ring H*(G/H) by a
minimal system of explicit generators and relations.

To study the problem, various spectral sequence techniques were developed for
certain fibrations associated with G/H, such as

@ Leray-Serre spectral sequences;

@ Eilenberg-Moore spectral sequences;
@ Bockstein spectral sequences;

o -

But the calculation encounters the same difficulties when the cohomology H*(G)
contains torsion elements, in particular, if G is an exceptional Lie group.
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BN,
Solution to Weil problem (Duan and Zhao)

Schubert calculus makes the cohomology theory of homogeneous spaces
appearing in a new light: (G, H) = (Es, SU(6)), (E7, Spin(12)), (Es, E7)

w8 Foasd G D (29109 10, 248378
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References

In problem 15 Hilbert asked for a rigorous foundation of Schubert calculus.
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References

In problem 15 Hilbert asked for a rigorous foundation of Schubert calculus.
Baker (1933) and Manin (1969) commented that, to secure "the foundation of a
calculus” it suffices to decide:

@ The objects to be calculated;

@ The rule of the calculation.

o Baker, H. F. Principles of geometry, Cambridge: Univ. Press, 1933.

e Manin, Ju. I. On Hilbert’s fifteenth problem, lzdat. “Nauka”, Moscow, 1969.
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References

In problem 15 Hilbert asked for a rigorous foundation of Schubert calculus.

Baker (1933) and Manin (1969) commented that, to secure "the foundation of a
calculus” it suffices to decide:

@ The objects to be calculated;

@ The rule of the calculation.

o Baker, H. F. Principles of geometry, Cambridge: Univ. Press, 1933.

e Manin, Ju. I. On Hilbert’s fifteenth problem, lzdat. “Nauka”, Moscow, 1969.

As for the case of Schubert calculus, the foundation consists of two results:

@ The basis theorem of Schubert calculus tells that the objects to be
calculated are the " Schubert symbols”, or " Schubert varieties”;

@ Our characteristic formula (or intersection formula) provides an
effective rule performing the calculation.
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References

This talk is based on the following survey papers on Problem 15:

@ Duan, Zhao, Schubert calculus and Intersection theory of Flag manifolds,
Russian Math. Surveys, 77 (in Russia, Uspekhi Mat. Nauk, 77), 2022;

@ Duan, Zhao, Make Schubert calculus rigorous (in Chinese). Sci Sin Math,
2022.

@ Duan, Zhao, On Schubert's Problem of Characteristics, In: Schubert
Calculus and Its Applications in Combinatorics and Representation Theory,
Springer proceedings in Mathematics and Statistics, 332, 2020.

where we have concluded that " Problem 15 has been solved satisfactorily” .
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References

This talk is based on the following survey papers on Problem 15:

@ Duan, Zhao, Schubert calculus and Intersection theory of Flag manifolds,
Russian Math. Surveys, 77 (in Russia, Uspekhi Mat. Nauk, 77), 2022;

@ Duan, Zhao, Make Schubert calculus rigorous (in Chinese). Sci Sin Math,
2022.

@ Duan, Zhao, On Schubert's Problem of Characteristics, In: Schubert
Calculus and Its Applications in Combinatorics and Representation Theory,
Springer proceedings in Mathematics and Statistics, 332, 2020.

where we have concluded that " Problem 15 has been solved satisfactorily” .

In particular, the following tasks have been accomplished:

@ Schubert (1870), Severi (1916): "The problem of characteristics is the
fundamental one of the enumerative geometry”;

@ Weil (1963): "The classical Schubert calculus amounts to the
determination of intersection theory of flag manifolds.”
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Thanks you so much for your attention!

DA



Computational aspects:

@ Data mining: Cartan matrix = Characteristic numbers

e Data Processing: Characteristic numbers = the Chow rings A*(G/P)
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Computational aspects:

@ Data mining: Cartan matrix = Characteristic numbers

e Data Processing: Characteristic numbers = the Chow rings A*(G/P)

Question
Can Al be helpful to speed up the computation? J
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Van Der Waerden's paper

Topologische Begriindung des Kalkiils
der abziihlenden Geometrie,
Von
Bartel L. van der Waerden in Groningen (Niederlande).

§1
Einleitung.

Eines der Pariser Probleme Hilberts?) lautet: ,Eine strenge Begriin-
dung des Schubertschen Abzihlungskalkiils®,

In fritheren Arbeiten®) habe ich gesucht darzutun, daf das Kem-
problem der abzihlenden Geometrie besteht in der Aufstellung einer
brauchb Definition der ,Multipliziti oder der Vielfachheiten, mit
denen die Losungen eines &]gebrmsch -geometrischen Problems gezihlt werden
miissen, damit das ,Prinzip der Erhaltung der Anzahl® fiir diese Lo-
sungen bei jeder Spezialisierung der Daten des Problems gelte. In der
Arbeit W, habe ich gezeigt, daB man bei jedem Problem, dessen Gleichungen
homogen in den Unbekannten und rational in einigen Parametern sind,
die Losungen fiir jede spezielle Parameterzahl in einer und nur einer Weise
mit solchen Vielfachheiten versehen kann, daf Anzahl und algebraische
Eigenschaften der Losungen bei diesen Pmmeterspezmhsaemngen erhalten

bleiben, und daB bei all iner P: terwahl die Multiplizititen gleich 1
sind. Damit war eine implizite Definition der Mul gegeben, aber
noch kein brauchbares M]ttel diese in vorliegenden Fa.llen (aufler den aller-
einfachsten) wirklich zu besti Eine b d ierigkeit bei der

Anwendung war noch, daf mit der Moglichkeit von ,Ldsungen mit der

1) D. Hilbert, Ms.mhemamme Probleme, Gott. Nachr. 1900, S 253
] 195‘6 Der ij
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Serre's elegant formula for the intersection multiplicites

subvarieties in X that intersect properly (i.e. the codimension of Y N Z is equal to the sum of
the codimensions of Y and Z). Each component W of the intersection Y N Z is ascribed
some positive integer i(Y, Z; W), which is the local multiplicity of the intersection. There are
several definitions of i(Y, Z; W), for example, Serre's Tor-formula:

i(Y,Z; W) = % 0(71)’“l(T2>r(A/a, A/b)),

where A is the local ring Ox v, a and b are ideals of Y and Z, and [ is the length of the A-
module. After this, one puts

Y-Z=Y i(Y,Z;W)-W,
w

where W runs through the irreducible components of Y N Z.
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