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The contents of the talk

In the year 1900, Hilbert proposed 23 problems. The 15th one was about the
enumerative geometry of the 19th century, entitled

Problem 15: Rigorous Foundation of Schubert’s Enumerative Calculus

 

The plan of the talk:

1 The background of Problem 15;

2 Studies before 1960: Schubert’s problem of characteristics;

3 Solution to the problem of characteristics (Duan+Zhao).
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1. Background of Problem 15

In 1879 H. Schubert published the book ”Calculus of Enumerative Geometry”
that represents the summit of the intersection theory in the 19th century:

 

In the course of developing intersection theory, he demonstrated amazing
applications to enumerative geometry, such as

The number of conics tangent to 8 quadrics in space is 4,407,296.

The number of quadrics tangent to 9 quadrics in space is 666,841,088.

The number of twisted cubic curves tangent to 12 quadrics in space is
5,819,539,783,680.
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1. Background of Problem 15

These results are great extensions of the earlier works of enumerative geometry:

Apollonius (300BC): The number of circles tangent to 3 general circles in the
plane is 8.

Chasles (1864): The number of conics tangent to 5 general conics in the plane
is 3264.

 

Remark: The original manuscript of Apollonius was lost. A report of the result

by Pappus dated in the 4th century survived. During the Renaissance, different

proofs of the result were founded by Viete, Roomen, Gergonne and Newton.
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1. Background of Problem 15

On the other hand, Schubert’s works was controversial at his time:

He made extensive use of Poncelet’s principle of continuity, which was
attached bitterly by Cauchy in 1816;

To circumvent the prejudice, Schubert renamed the principle as

”the principle of special position” in 1874;

”the principle of conservation of numbers” in 1876.

Van der Waerden (1992) recalled that: Schubert gave ”no definition of
intersection multiplicites, no way to find it nor to calculate it”.

1 Kleiman S., Problem 15: Rigorous foundation of Schubert’s enumerative calculus, 1976.

2 Yvonne, D. S., Interview with Bartel Leendert van der Aaerden,1997.
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1. Background of Problem 15

In Problem 15, Hilbert asked for a rigorous of Schubert’s enumerative calculus:

 

where he expressed his interests in Schubert’s work:

to foresee the final degree of a polynomial system before carrying out the
process of elimination.
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2. Schubert’s problem of characteristics

To access the central part of Schubert’s computation, we take two tables of
computation from his book (1879):

 

It consist of the equalities evaluating a monomial in the symbols µ, ν, ρ by an
integer, which were called the characteristics by Schubert; and the Schubert
symbolic equations by early researchers.

Schubert himself claimed that ”the problem of characteristics is the
fundamental one of the enumerative geometry.”

However, it took 60 years for mathematicians to make the problem precise.

1 Schubert H., Zur Theorie der Charakteristike, Celles Journ. 1870.

2 Schubert H., a Losung des Characteristiken-Problems fur lineare Raume beliebiger Dimension, Mitteilungen der
Mathematische Gesellschaft in Hamburg, 1886.
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2. Schubert’s problem of characteristics

The Italian school: The study of Problem 15 began with the Italian school:

 

Two representing works of the school were due to Severi:

Il Principio della Conservazione del numero (1912);

Sui fondamenti della geometria numerativa e sulla teoria delle caratteristiche
(1916).

Van der Waerden (1971) commented that ”They erected an admirable structure,
but their logical foundation was shaky, the notions were not well-defined, the
proofs were insufficient.”

van der Waerden B L., The foundation of algebraic geometry from Severi to André Weil, 1971
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Haibao Duan (CAS) Make Schubert calculus calculable
Current Developments in Mathematics and Physics, Yau Mathematical Sciences Center, 2024 8

/ 38



2. The Schubert’s problem of characteristics

The Gottingen school: Van der Waerden propose to study Problem 15 using
cohomology theory developed by Lefschetz:

 

He had the following observations that enlightened the course of the later studies:

Each Schubert’s symbolic equation is a homological relation in some
projective manifold;

The solvability of the characteristic problem depends on a finite basis of the
homology of the relevant projective manifold.

The common goal of all enumerative methods is the intersection products in
the cohomology theory.

van der Waerden B L., Topologische Begrundung des Kalkuls der abzahlenden Geometrie, Math. Ann.,1930.
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2. Schubert’s problem of characteristics

The Bourbaki: C. Ehresmann (1934) went two important steps further. He
discovered that

The parameter spaces of the geometric figures concerned by Schubert are
essentially certain cases of ”flag manifolds G/P”, where G is a Lie group
and P is a parabolic subgroup;

For the Grassmannian Gn,k of k planes on the n-space Cn, the set of
Schubert’s symbols form exactly a basis of the cohomology H∗(Gn,k),

where he emphasized the relevance of his work with the problem of characteristics:
 

 

 

 

C. Ehresmann, Sur la topologie de certains espaces homogenes, Ann. of Math. 1934.
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2. Schubert’s problem of characteristics

Carrying on the work of Ehressman, Chevalley(1958), Bernstein-Gel’fand-Gel’fand
(1973) obtained ”the basis theorem of Schubert calculus” in the natural
generalities. Let WG denotes the Weyl group of a Lie group G .

Theorem 1(Basis Theorem): For each flag manifold G/P, the set of Schubert
classes {sw ,w ∈WG/WP} on G/P is a basis of the cohomology H∗(G/P).

Proof. Every flag manifold G/P admits a cell-decomposition into the Schubert
varieties with even dimension

G/P = ∪w∈WG/WP
Xw , dim Xw = 2 · l(w),

where l : WG → Z is the length function on the Weyl group WG .�
1 Chevalley C. Sur les d’ecompositions cellulaires des Espaces G/B, 1958.

2 Bernstein I N, Gel’fand I M, Gel’fand S I. Schubert cells and cohomology of the spaces G/P. Russian Math Surveys,
1973.
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2. Schubert’s problem of characteristics

Granted with the basis theorem, the problem of characteristics has a concise
statement

The problem of characteristics: Given a set {su1 , · · · , suk} of Schubert classes
on G/P, express their products in term of the basis elements linearly:

su1 · · · suk =
∑

cw
u1,···uk · sw , cw

u1,···uk ∈ Z,

where the coefficients cw
u1,···uk ∈ Z are the Schubert characteristics.

Remark: Coolidge J.L.(1940) recalled that:

”The fundamental problem which occupies Schubert is to express the product of
these symbols in terms of others linearly. He succeeds in part.”

1 Coolidge J.L., A history of geometrical methods, Oxford Univ. press,1940
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2. Schubert’s problem of characteristics

The characteristics play a fundamental role in geometry, algebra, topology and
representation theory, where they were also termed, respectively, as

the degree of the final equation of a system by Hilbert;

the intersection multiplicities by Van der Waerden, Weil, Chevalley,
Samuel, Serre, etc.;

and for the special case k = 2,

the structure constants of the flag manifolds G/P by topologists;

the Littlewood-Richardson coefficients in representation theory.
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2. Schubert’s problem of characteristics

Serre formula: Based on Weil’s definition on the intersection multiplicities in
1946, Serre (1965) obtained ”an elegant formula” by which:

su1 · su2 =
∑

cw
u1,u2
· sw , where cw

u1,u2
=
∑

k≥0

(−1)kL(
A

Tor
k

(A/a1,A/a2)),

and where A is the local ring O(G/P,Xw ), ai is ideal of the Schubert varieties
Xui , and L is the length of the A-modules.

Unfortunately, this formula is not computable, because it uses the defining
polynomials fw , fui of the Schubert varieties Xw ,Xui ⊂ G/P as input.

Remark: Nowadays, algebraic geometers use ”intersection multiplicities”
instead of ”characteristics”, e.g. the survey articles:

1 Pierre Samuel, Sur l’histoire du quinzième problème de Hilbert, Gaz.Math. Soc. Math. Fr. 1974.

2 W. Fulton, R.D. MacPherson, ”Defining algebraic intersections”, LNM. 687, 1978.

3 J.P.Serre, Algebre Locale, Multiplicites, LNM, 11, 1965.
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2. The Schubert’s problem of characteristics

Weil Problem: In the momentous treatise ”Foundations of Algebraic Geometry”,
A. Weil completed the definition of ”the intersection multiplicities” for the first
time in the history, and made the task of Problem 15 precise:

”The classical Schubert calculus amounts to the determination of the intersection
rings of flag manifolds G/P.”
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2. Schubert’s problem of characteristics

Weil commented that his problem as ”the modern form taken by the topic
formerly known as enumerative geometry in the last century”. We show that

Theorem 2: Weil problem is equivalent to the problem of characteristics.

Proof. A ring is an abelian group R that is furnished with a product:

R × R → R.

By the basis theorem, the cohomology H∗(G/P) is a free abelian group with a
basis consisting of Schubert classes.

Theorefore, the product on the ring H∗(G/P) is determined uniquely by the
product among the basis elements (i.e. the Schubert symbols), which is handled
by the problem of characteristics.�
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Solution to the problem of characteristics (Duan and Zhao)

Summarizing the earlier studies on Problem 15 by 1960 there two problems
remain. For a flag manifold G/P

1 Schubert: Compute all the characteristics numbers cw
u1,··· ,uk ;

2 Weil: Determine the cohomology ring H∗(G/P).
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Solution to the problem of characteristics

The difficulties that one encounters with characteristics are fairly
transparent:

The simply-connected simple Lie groups G consist of the three infinite
families of the classical groups Spin(n),Sp(n),SU(n), as well as the five
exceptional ones G2,F4,E6,E7,E8;

For each Lie group G with rank n, there are precisely 2n − 1 parabolic
subgroups P.

For each flag manifold G/P, the number of Schubert classes on G/P is
equal to the Euler characteristic χ(G/P), which is normally very large:

Schubert calculus and intersection theory of flag manifolds 7

4. Intersection theory of flag manifolds

To secure the foundation of a ‘calculus’ it suffices to decide the objects to be cal-
culated and to determine accordingly the rules of calculation (see, for example, [2],
Chap. 2, and [53]). As for Schubert calculus, we saw in § 3 that the objects to be
calculated have been clarified to be the Schubert symbols, or Schubert varieties. In
this section we determine the rules of calculus by a unified formula computing the
characteristics, and apply this formula to complete the intersection theory of flag
manifolds.

4.1. An observation and an expectation. The major difficulties that one
encounters with the problem of characteristics are fairly transparent:

1) the simply-connected simple Lie groups G consist of the three infinite fam-
ilies of classical Lie groups Spin(n), Sp(n), and SU(n), as well as the five
exceptional ones G2, F4, E6, E7, and E8;

2) for a simple Lie group G with rank n there are precisely 2n − 1 parabolic
subgroups P in G.

That is, there exist plenty of flag manifolds G/P , whose geometries and topologies
vary considerably with respect to different choices of G and P . In addition,

3) the number of Schubert classes of G/P agrees with the Euler characteristic
χ(G/P ), which is normally very large,

not to mention the number of relevant characteristics. For instance, for an excep-
tional Lie group G with a maximal torus T the Euler characteristic χ(G/T ) of the
flag manifold G/T is given in the following table:

G G2 F4 E6 E7 E8

χ(G/T ) 12 1152 27 · 34 · 5 210 · 34 · 5 · 7 214 · 35 · 52 · 7

Summarizing, studies case by case can never reach a complete solution to the prob-
lem.

On the other hand, according to É. Cartan’s beautiful work on compact Lie
groups, associated to each simple Lie group G there is a Cartan matrix C, which
plays the role of the ‘cosmological constants’ to classify all flag manifolds G/P (see
the discussions in §§ 4.2–4.5). For example, for the five exceptional Lie groups these
matrices are

G2 :

(
2 −1

−3 2

)
, F4 :




2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2


 , E6 :




2 0 −1 0 0 0
0 2 0 −1 0 0

−1 0 2 −1 0 0
0 −1 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2




,

Summarizing, it is impossible to solve the problem of characteristics case by
case.
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plays the role of the ‘cosmological constants’ to classify all flag manifolds G/P (see
the discussions in §§ 4.2–4.5). For example, for the five exceptional Lie groups these
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(
2 −1

−3 2

)
, F4 :




2 −1 0 0
−1 2 −2 0
0 −1 2 −1
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
 , E6 :
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
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
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Solution to the problem of characteristics

On the other hand, by a fundamental contribution of E. Cartan, the
simply-connected Lie groups are classified by their Cartan matrices

G2 :
(

2 −1
−3 2

)
F4 :

 2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

 E6 :


2 0 −1 0 0 0
0 2 0 −1 0 0
−1 0 2 −1 0 0
0 −1 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2



E7 :


2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2

 E8 :


2 0 −1 0 0 0 0 0
0 2 0 −1 0 0 0 0
−1 0 2 −1 0 0 0 0
0 −1 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 2


The cosmological constants by which all flag manifolds can be classified!

Question

Can we compute all the characteristics numbers, or construct the Chow ring of a
flag manifold G/P, merely from the Cartan matrix of the Lie group G ?

We realize this expectation.
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Solution to the problem of characteristics

Thus, let C = (ci,j)n×n be the Cartan matrix of some compact Lie group G . Let
Rn be the n-dimensional real vector space with basis {ω1, · · · , ωn}. Define in
term of C the automorphisms σi ∈ Aut(Rn), 1 ≤ i ≤ n, by the formula

σi (ωk) =

{
ωk if i 6= k;
ωk − (ck,1ω1 + ck,2ω2 + · · ·+ ck,nωn) if i = k.

Theorem 3. The subgroup W of Aut(Rn) generated by the σi ’s is the Weyl
group of G .

Definition. For a Weyl group element w ∈W with a minimized decomposition

w = σi1 ◦ σi2 ◦ · · · ◦ σim , 1 ≤ i1, i2, · · · , im ≤ n,

the structure matrix of w is Aw = (as,t)m×m, where

as,t = 0 if s ≥ t; as,t = −cis ,it if s < t.

Haibao Duan (CAS) Make Schubert calculus calculable
Current Developments in Mathematics and Physics, Yau Mathematical Sciences Center, 2024 20

/ 38



Solution to the problem of characteristics

Thus, let C = (ci,j)n×n be the Cartan matrix of some compact Lie group G . Let
Rn be the n-dimensional real vector space with basis {ω1, · · · , ωn}. Define in
term of C the automorphisms σi ∈ Aut(Rn), 1 ≤ i ≤ n, by the formula

σi (ωk) =

{
ωk if i 6= k;
ωk − (ck,1ω1 + ck,2ω2 + · · ·+ ck,nωn) if i = k.

Theorem 3. The subgroup W of Aut(Rn) generated by the σi ’s is the Weyl
group of G .

Definition. For a Weyl group element w ∈W with a minimized decomposition

w = σi1 ◦ σi2 ◦ · · · ◦ σim , 1 ≤ i1, i2, · · · , im ≤ n,

the structure matrix of w is Aw = (as,t)m×m, where

as,t = 0 if s ≥ t; as,t = −cis ,it if s < t.

Haibao Duan (CAS) Make Schubert calculus calculable
Current Developments in Mathematics and Physics, Yau Mathematical Sciences Center, 2024 20

/ 38



Solution to the problem of characteristics

Example: The Cartan matrix of the exceptional Lie group G2 is

C =

(
2 −1
−3 2

)
,

by which we get two generators σ1, σ2 of the Weyl group W of G2.

Consider the following elements of W with length 4:

u = σ1 ◦ σ2 ◦ σ1 ◦ σ2 and v = σ2 ◦ σ1 ◦ σ2 ◦ σ1.

From the Cartan matrix C one reads the structure matrices of u, v , respectively,

Au =




0 1 −2 1
0 0 3 −2
0 0 0 1
0 0 0 0


 and Av =




0 3 −2 3
0 0 1 −2
0 0 0 3
0 0 0 0



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Solution to the problem of characteristics

Definition. Given a strictly upper triangular matrix A = (ai,j)m×m the triangular
operator TA associated to A is the linear map

TA : Z[x1, . . . , xm](m) → Z[x1, . . . , xm−1](m−1) → · · · → Z

defined recursively by the following elimination rules:

TA(x r1
1 . . . x rm

m ) = 0 if rm = 0;

TA(x r1
1 . . . x rm

m ) = TA1 (x r1
1 . . . x

rm−1

m−1(a1,mx1 + · · ·+ am−1,mxm−1)rm−1)

if rm > 0, where A1 is obtained from A by deleting the last column and row.

Summarizing, starting barely from the Cartan matrix C = (ci,j)n×n of G , we have
constructed:

The Weyl group W of G ;

Strictly upper-triangular matrices {Aw , w ∈W };
Linear maps {TAw : Z[x1, . . . , xm](m) → Z, w ∈W }.
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Solution to the problem of characteristics

Applying Morse theory to the canonical embeddings G/P ↪→ L(G ) of the flag
manifold G/P into the Lie algebra L(G ), we have obtained the following formula.

Theorem 4 (The Characteristic Formula): Let Aw be the structure matrix of
w associated the minimized decomposition w = σi1 ◦ σi2 ◦ · · · ◦ σim , then the
characteristic cw

u1,···uk is given by

cw
u1,··· ,uk = TAw

(
Π

i=1,...,k

(
Σ

I⊆{1,...,m},|I |=l(ui ),σI =ui
xI

))

where for a multi-index I = {s1, · · · , st} ⊆ {1, · · · ,m}
|I | = t, σI = σis1 ◦ · · · ◦ σist , xI = xs1 · · · xst .�

Remark: The formula depends only on the Cartan matrix C of G , and applies
uniformly

to all flag manifolds G/P;

to any monomial su1 · · · suk in the Schubert basis of G/P.
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Solution to the problem of characteristics

Based on the formula, a packages entitled ”CHARACTERISTICS” have been
composed in the works

Duan and Zhao, Multiplicative rule of Schubert classes (2005)

Duan and Zhao, Algorithm for multiplying Schubert classes (2006)

Duan and Zhao, Schubert presentations of complete flag manifolds G/T
(2015)

Duan and Zhao, On Schubert’s Problem of Characteristics (2020).

whose function can be described as follows:

Algorithm

Input: The Cartan matrix C = (cij)n×n of the Lie group G , and a subset
I ⊆ {1, 2, · · · , n} to specify a parabolic subgroup P ⊂ G .

Output: The characteristic numbers cw
u1,···uk of G/P.
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Solution to the problem of characteristics

Example

The characteristics of the Grassmannian G9,4(C)(the universal Chern numbers):

The cohomology of the Grassmannians Gn,k are the most classical and
archetypal examples of intersection theory [60, 61], [33, p.4]. Traditionally,
the characteristics cwu1,u2

are given by the combinatorial Littlewood-Richardson
rule [51], rather than a closed formula. In contrast our formula (4.2) is practical
for numerical computation. In term of the convention above we set

cr := s{k−r+1,k−r+2,··· ,k} ∈ H2r(Gn,k), r = 1, · · · , k.

Then cr is also the rth Chern class of the canonical k-dimensional complex vector
bundles on Gn,k [55]. Applying Characteristics to the case G9,4 we obtain the
following table of characteristics for the monomials in the Chern classes at the
top degree dimCG9,4 = 20 .

c54 = 1 c43c
2
4 = 1 c2c23c

3
4 = 1 c2c63 = 9

c22c
4
4 = 1 c22c

4
3c4 = 6 c32c

2
3c

2
4 = 4 c42c

3
4 = 3

c42c
4
3 = 45 c52c

2
3c4 = 26 c62c

2
4 = 16 c72c

2
3 = 231

c82c4 = 126 c102 = 1296 c1c3c44 = 1 c1c53c4 = 4
c1c2c33c

2
4 = 3 c1c22c3c

3
4 = 2 c1c22c

5
3 = 29 c1c32c

3
3c4 = 17

c1c42c3c
2
4 = 10 c1c52c

3
3 = 141 c1c62c3c4 = 76 c1c82c3 = 756

c21c
2
3c

3
4 = 2 c21c

6
3 = 19 c21c2c

4
4 = 1 c21c2c

4
3c4 = 12

c21c
2
2c

2
3c

2
4 = 7 c21c

3
2c

3
4 = 4 c21c

3
2c

4
3 = 89 c21c

4
2c

2
3c4 = 48

c21c
5
2c

2
4 = 26 c21c

6
2c

2
3 = 451 c21c

7
2c4 = 231 c21c

9
2 = 2556

c31c
3
3c

2
4 = 6 c31c2c3c

3
4 = 3 c31c2c

5
3 = 59 c31c

2
2c

3
3c4 = 32

c31c
3
2c3c

2
4 = 17 c31c

4
2c

3
3 = 276 c31c

5
2c3c4 = 141 c31c

7
2c3 = 1491

c41c
4
4 = 1 c41c

4
3c4 = 24 c41c2c

2
3c

2
4 = 12 c41c

2
2c

3
4 = 6

c41c
2
2c

4
3 = 175 c41c

3
2c

2
3c4 = 89 c41c

4
2c

2
4 = 45 c41c

5
2c

2
3 = 886

c41c
6
2c4 = 436 c41c

8
2 = 5112 c51c3c

3
4 = 4 c51c

5
3 = 119

c51c2c
3
3c4 = 59 c51c

2
2c3c

2
4 = 29 c51c

3
2c

3
3 = 539 c51c

4
2c3c4 = 264

c51c
6
2c3 = 2962 c61c

2
3c

2
4 = 19 c61c2c

3
4 = 9 c61c2c

4
3 = 339

c61c
2
2c

2
3c4 = 164 c61c

3
2c

2
4 = 79 c61c

4
2c

2
3 = 1744 c61c

5
2c4 = 832

c61c
7
2 = 10302 c71c

3
3c4 = 104 c71c2c3c

2
4 = 49 c71c

2
2c

3
3 = 1047

c71c
3
2c3c4 = 496 c71c

5
2c3 = 5912 c81c

3
4 = 14 c81c

4
3 = 641

c81c2c
2
3c4 = 300 c81c

2
2c

2
4 = 140 c81c

3
2c

2
3 = 3437 c81c

4
2c4 = 1600

c81c
6
2 = 20887 c91c3c

2
4 = 84 c91c2c

3
3 = 2025 c91c

2
2c3c4 = 936

c91c
4
2c3 = 11853 c101 c23c4 = 552 c101 c2c24 = 252 c101 c22c

2
3 = 6792

c101 c32c4 = 3102 c101 c52 = 42597 c111 c33 = 3927 c111 c2c3c4 = 1782
c111 c32c3 = 23892 c121 c24 = 462 c121 c2c23 = 13497 c121 c22c4 = 6072
c121 c42 = 87417 c131 c3c4 = 3432 c131 c22c3 = 48477 c141 c23 = 27027
c141 c2c4 = 12012 c141 c32 = 180609 c151 c2c3 = 99099 c161 c4 = 24024
c161 c22 = 375804 c171 c3 = 204204 c181 c2 = 787644 c201 = 1662804

Table 2. The characteristics of the Grassmaniann G9,4

The Characteristics works equally well for other types of flag manifolds. For
example consider the flag manifold E6/P{2}, where P{2} = S1 ·SU(6). Following
Bourbaki’s numbering of simple roots [9] let y1, y3, y4, y6 be respectively the
Schubert classes sI with

I = {2}, {5, 4, 2}, {6, 5, 4, 2}, {1, 3, 6, 5, 4, 2},

Then the cohomology H∗(E6/P{2}) is generated by y1, y3, y4, y6 by [27, The-
orem 3]. Applying Characteristics we obtain the following table of character-
istics for all the monomials in the Schubert generators y′is at the top degree
dimCE6/P{2} = 21.

12
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Solution to the problem of characteristics

Example

The characteristics of the exceptional flag manifold E6/S1 × SU(6)

y3y36 = 3 y3y34y6 = 3 y33y
2
6 = 21 y33y

3
4 = 21 y53y6 = 156

y73 = 1158 y1y24y
2
6 = 2 y1y54 = 2 y1y23y

2
4y6 = 14 y1y43y

2
4 = 100

y21y3y4y
2
6 = 9 y21y3y

4
4 = 9 y21y

3
3y4y6 = 66 y21y

5
3y4 = 483 y31y

3
6 = 6

y31y
3
4y6 = 6 y31y

2
3y

2
6 = 42 y31y

2
3y

3
4 = 42 y31y

4
3y6 = 312 y31y

6
3 = 2328

y41y3y
2
4y6 = 28 y41y

3
3y

2
4 = 201 y51y4y

2
6 = 18 y51y

4
4 = 18 y51y

2
3y4y6 = 132

y51y
4
3y4 = 972 y61y3y

2
6 = 84 y61y3y

3
4 = 84 y61y

3
3y6 = 624 y61y

5
3 = 4677

y71y
2
4y6 = 56 y71y

2
3y

2
4 = 404 y81y3y4y6 = 264 y81y

3
3y4 = 1956 y91y

2
6 = 168

y91y
3
4 = 168 y91y

2
3y6 = 1248 y91y

4
3 = 9390 y101 y3y24 = 813 y111 y4y6 = 528

y111 y23y4 = 3936 y121 y3y6 = 2496 y121 y33 = 18837 y131 y24 = 1638 y141 y3y4 = 7917
y151 y6 = 4992 y151 y23 = 37752 y171 y4 = 15912 y181 y3 = 75582 y211 = 151164

Table 3. The characteristics of the flag manifold E6/S
1 · SU(6).

The contents of Tables 2 and 3 are compatible with Schubert’s computation
in Table 1. Let M be the variety of complete conics in 3-space. Then dimCM =
8, while the ring H∗(M) is generated by the Schubert’s symbols µ, ρ, ν ∈ H2(M)
[23]. That is, the equalities in Table 1 consist of the characteristics of the
monomials µmνnρ8−m−n in the symbols µ, ρ and ν at the top degree 8. �

Remark 4.7. Geometrically, the operator TAw in (4.2) handles the integrations
along the Schubert cell Xw [4, 19].

The formula (4.2) has been extended in [20] to compute the products of the
basis elements of the Grothendieck K-theory of flag manifolds, and to evaluate
the Steenrod operations on Schubert classes in [25] . �

4.4 The intersection rings of flag manifolds

As in Example 4.6 let ci ∈ H2i(Gn,k) be the ith-Chern class. Borel [6] has shown
that

(4.3) H∗(Gn,k) = Z[c1, . . . , ck]/
〈
c−1n−k+1, . . . , c

−1
n

〉
,

where c−1j denotes the component of the formal inverse of 1+c1+· · ·+ck in degree
j, and where 〈· · · 〉 denotes the ideal generated by the enclosed polynomials.
Comparing formula (4.3) with the contents in Table 2 reveals the following
phenomena: the characteristic numbers are essential for enumerative geometry,
but fails to be a concise way to characterize the structure of the ring H∗(Gn,k).
It is the Weil’s problem that motivates us the following extension of Borel’s
formula (4.3) to all flag manifolds.

Theorem 4.8. For each flag manifoldG/P there exist Schubert classes y1, · · · , yn
such that

(4.4) H∗(G/P ) = Z[y1, · · · , yn]/ 〈f1, · · · , fm〉 ,

where fi ∈ Z[y1, · · · , yn], 1 ≤ i ≤ m, and where the numbers n and m are
minimum subject to the presentation..

Proof. Let H+(G/P ) be the subring of the cohomology H∗(G/P ) spanned
by the homogeneous elements of positive degrees, and let D(H∗(G/P )) be the

13

Example

The characteristics of the exceptional flag manifold E7/S1 × E6

y39 = 10 y21y
5
5 = 184 y31y

3
5y9 = 92 y41y5y

2
9 = 46 y71y

4
5y9 = 432

y81y
2
5y9 = 216 y91y

2
9 = 108 y121 y

3
5 = 1014 y131 y5y9 = 507 y171 y

2
5 = 2380

y181 y9 = 1190 y221 y5 = 5586 y271 = 13110

Table 4. The characteristics of the �ag manifold E7=S1 � E6

1
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Solution to Weil problem

Turning to the Weil problem we show that:

Theorem 5. For a flag manifold G/P, there exist a minimal system of Schubert
classes {x1, · · · , xn}, and polynomials f1, · · · , fm ∈ Z[x1, · · · , xn], such that

H∗(G/P) =
Z[x1, · · · , xn]

〈f1, · · · , fm〉
.

Proof. Since the flag manifold G/P is finite dimensional, the quotient group

H+(G/P)/H+(G/P) · H+(G/P)

is finitely generated. By the basis theorem of Schubert calculus, there exists a set
of Schubert classes {x1, · · · , xn} on G/P that correspond to a basis of the
quotient group H+(G/P)/H+(G/P) · H+(G/P).
It follows that the inclusion x1, · · · , xn ∈ H∗(G/P) induces an epimorphism

h : Z[x1, · · · , xn]→ H∗(G/P).

By the Hilbert’s basis theorem, there exist finite set of polynomials {f1, · · · , fm}
in x1, · · · , xn such that ker h = 〈f1, · · · , fm〉.�
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Solution to Weil problem

Combining ”CHARACTERISTICS” with the proof of Theorem 5, we have
composed a package entitled ”CHOWRING ” in the works:

The Chow rings of generalized Grassmannians (2010);

Schubert presentations of complete flag manifolds G/T (2015),

whose function can be described as follows:

Algorithm

Input: The Cartan matrix C = (cij)n×n of the Lie group G , and a subset
I ⊆ {1, 2, · · · , n} to specify a parabolic subgroup P ⊂ G .

Output: A presentation of the Chow ring H∗(G/P) = A∗(G/P).
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Solution to Weil problem

Example

The Chow rings A∗(G/P) of the flag manifolds
G/P = F4

Sp(3)·S1 ,
F4

Spin(3)·S1 ,
E6

SU(6)·S1 ,
E6

Spin(10)·S1 ,
E7

E6·S1 ,
E7

Spin(12)·S1 ,
E8

E7·S1
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Solution to Weil problem

Example

The Chow rings A∗(G/T ) of the complete flag manifolds: G = G2,F4,E6,E7 :

schubert presentation of the cohomology ring 499

Theorem 5.1. For each exceptional Lie group G, the cohomology ring H∗(G/T ) has the
following presentation:

H∗(G2/T ) = Z[ω1, ω2, y3]/〈ρ2, r3, r6〉, where (5.1)

ρ2 = 3ω2
1 − 3ω1ω2 + ω2

2 ;

r3 = 2y3 − ω3
1 ;

r6 = y23 .

H∗(F4/T ) = Z[ω1, ω2, ω3, ω4, y3, y4]/〈ρ2, ρ4, r3, r6, r8, r12〉 where (5.2)

ρ2 = c2 − 4ω2
1 ;

ρ4 = 3y4 + 2ω1y3 − c4;

r3 = 2y3 − ω3
1 ;

r6 = y23 + 2c6 − 3ω2
1y4;

r8 = 3y24 − ω2
1c6;

r12 = y34 − c26.

H∗(E6/T ) = Z[ω1, . . . , ω6, y3, y4]/〈ρ2, ρ3, ρ4, ρ5, r6, r8, r9, r12〉, where (5.3)

ρ2 = 4ω2
2 − c2;

ρ3 = 2y3 + 2ω3
2 − c3;

ρ4 = 3y4 + ω4
2 − c4;

ρ5 = 2ω2
2y3 − ω2c4 + c5;

r6 = y23 − ω2c5 + 2c6;

r8 = 3y24 − 2c5y3 − ω2
2c6 + ω3

2c5;

r9 = 2y3c6 − ω3
2c6;

r12 = y34 − c26.

H∗(E7/T ) = Z[ω1, . . . , ω7, y3, y4, y5, y9]/〈ρ2, ρ3, ρ4, ρ5, ri〉,
where i ∈ {6, 8, 9, 10, 12, 14, 18} and where (5.4)

ρ2 = 4ω2
2 − c2;

ρ3 = 2y3 + 2ω3
2 − c3;

ρ4 = 3y4 + ω4
2 − c4;

ρ5 = 2y5 − 2ω2
2y3 + ω2c4 − c5;

r6 = y23 − ω2c5 + 2c6;

r8 = 3y24 + 2y3y5 − 2y3c5 + 2ω2c7 − ω2
2c6 + ω3

2c5;

r9 = 2y9 + 2y4y5 − 2y3c6 − ω2
2c7 + ω3

2c6;

r10 = y25 − 2y3c7 + ω3
2c7;

r12 = y34 − 4y5c7 − c26 − 2y3y9 − 2y3y4y5 + 2ω2y5c6 + 3ω2y4c7 + c5c7;

r14 = c27 − 2y5y9 + 2y3y4c7 − ω3
2y4c7;

r18 = y29 + 2y5c6c7 − y4c27 − 2y4y5y9 + 2y3y
3
5 − 5ω2y

2
5c7.

H∗(E8/T ) = Z[ω1, . . . , ω8, y3, y4, y5, y6, y9, y10, y15]/〈ρi, rj〉,
where i ∈ {2, 3, 4, 5, 6}, j ∈ {8, 9, 10, 12, 14, 15, 18, 20, 24, 30} and where (5.5)

ρ2 = 4ω2
2 − c2;

ρ3 = 2y3 + 2ω3
2 − c3;
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Solution to Weil problem

For a compact Lie group G and a closed subgroup H, the quotient space G/H is
smooth manifold, called a homogeneous space of G .

A classical problem in topology, starting with the works of H. Cartan, A. Borel, P.
Baum, H. Toda (and so forth), is to express the cohomology ring H∗(G/H) by a
minimal system of explicit generators and relations.
To study the problem, various spectral sequence techniques were developed for
certain fibrations associated with G/H, such as

Leray-Serre spectral sequences;

Eilenberg-Moore spectral sequences;

Bockstein spectral sequences;

· · · .

But the calculation encounters the same difficulties when the cohomology H∗(G )
contains torsion elements, in particular, if G is an exceptional Lie group.
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Solution to Weil problem (Duan and Zhao)

Example

Schubert calculus makes the cohomology theory of homogeneous spaces
appearing in a new light: (G ,H) = (E6,SU(6)), (E7,Spin(12)), (E8,E7)
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References

In problem 15 Hilbert asked for a rigorous foundation of Schubert calculus.

Baker (1933) and Manin (1969) commented that, to secure ”the foundation of a
calculus” it suffices to decide:

The objects to be calculated;

The rule of the calculation.

1 Baker, H. F. Principles of geometry, Cambridge: Univ. Press, 1933.

2 Manin, Ju. I. On Hilbert’s fifteenth problem, Izdat. “Nauka”, Moscow, 1969.

As for the case of Schubert calculus, the foundation consists of two results:

The basis theorem of Schubert calculus tells that the objects to be
calculated are the ”Schubert symbols”, or ”Schubert varieties”;

Our characteristic formula (or intersection formula) provides an
effective rule performing the calculation.
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References

This talk is based on the following survey papers on Problem 15:

Duan, Zhao, Schubert calculus and Intersection theory of Flag manifolds,
Russian Math. Surveys, 77 (in Russia, Uspekhi Mat. Nauk, 77), 2022;

Duan, Zhao, Make Schubert calculus rigorous (in Chinese). Sci Sin Math,
2022.

Duan, Zhao, On Schubert’s Problem of Characteristics, In: Schubert
Calculus and Its Applications in Combinatorics and Representation Theory,
Springer proceedings in Mathematics and Statistics, 332, 2020.

where we have concluded that ”Problem 15 has been solved satisfactorily”.

In particular, the following tasks have been accomplished:

Schubert (1870), Severi (1916): ”The problem of characteristics is the
fundamental one of the enumerative geometry”;

Weil (1963): ”The classical Schubert calculus amounts to the
determination of intersection theory of flag manifolds.”

Haibao Duan (CAS) Make Schubert calculus calculable
Current Developments in Mathematics and Physics, Yau Mathematical Sciences Center, 2024 34

/ 38



References

This talk is based on the following survey papers on Problem 15:

Duan, Zhao, Schubert calculus and Intersection theory of Flag manifolds,
Russian Math. Surveys, 77 (in Russia, Uspekhi Mat. Nauk, 77), 2022;

Duan, Zhao, Make Schubert calculus rigorous (in Chinese). Sci Sin Math,
2022.

Duan, Zhao, On Schubert’s Problem of Characteristics, In: Schubert
Calculus and Its Applications in Combinatorics and Representation Theory,
Springer proceedings in Mathematics and Statistics, 332, 2020.

where we have concluded that ”Problem 15 has been solved satisfactorily”.

In particular, the following tasks have been accomplished:

Schubert (1870), Severi (1916): ”The problem of characteristics is the
fundamental one of the enumerative geometry”;

Weil (1963): ”The classical Schubert calculus amounts to the
determination of intersection theory of flag manifolds.”

Haibao Duan (CAS) Make Schubert calculus calculable
Current Developments in Mathematics and Physics, Yau Mathematical Sciences Center, 2024 34

/ 38



Thanks you so much for your attention!
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Computational aspects:

Data mining: Cartan matrix ⇒ Characteristic numbers

Data Processing: Characteristic numbers ⇒ the Chow rings A∗(G/P)

Question

Can AI be helpful to speed up the computation?
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Van Der Waerden’s paper
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Serre’s elegant formula for the intersection multiplicites

Haibao Duan (CAS) Make Schubert calculus calculable
Current Developments in Mathematics and Physics, Yau Mathematical Sciences Center, 2024 38

/ 38


