
Recap . ✗ : Fano mfd of cx dim n
.

- Kx ample , Autlx ) discrete .

main-hmof-heminiwurse-llx.tk
, ) admits an ACB metric at level

miffDing (KL) +
Chown (*

,

2) 70

for all very ample test configurations (HL )

of exponent m ,

with equality iff (A. 2)
is trivial .



Piopckellu - H .
)

1. For any hermitian AEgl(H°( X
,

-mkx)) there exists

a sequence
{Ap3p of hermitian matrices with rational

eigenvalues s
. -1

.

the flat limit of etA.XCRCHYX-mk.ly

agrees
with that of etat . ✗ for p

>> 1 and

Ap → A Cp -so ) .

2. For any hermitian A
,

there exist hermitian matrices

Aa and Aps.t.ci) A- = Aa + Ae ,
Iii ) Aa has national eigenvalues,
Liii) The flat limits of e-'A. ✗

,

etta .X
,

ETA ? ✗

are
all equal ( as a subscheme in RIHYX

,

-mkxj?



We want to show

lin¥DmlHe) >0 for all hermitian
e-> to Aegl(H°(X

,

-mk×D
.

He := e-t-HHo.me
- ta

C- Pm
.

fefenenahem.fm .

by assuming F- stability of Saito - Takahashi
,

i.e. I'm ¥Dm(HI ) > 0 for all hermitian

A' c- gl(H°lX, -mkx ))+→ too

with rational eigenvalues .
(To exclude A-- const . id

,
so assume tr -1=0 )



Steph
,

show that for any hermitian AC-gllHY.X-nk.tt

we have Nm

line # Dm / Ht) = ¥, dici-latlimi-ial.ee?x
)
F.

+→ +•

× ,
,

.
.
.

.
Ann : eigenvalues of A

.

*
°
.

This follows from

¥2lFSlH+D=É^if¥ii.li
"

in
e-H.ie

where [Zi
,

- -

i. 2- in] is the hug words on

RUTH
,

- mK×Y)
, I is the FS metric on RIHYX

,

-mK¥

wrt the reference from H&m
.



Note

Ñ÷ /µ.×=FS(Ht)
hem

.

metic an
- kx

i.e. volume form
when tEl¥o

.Emshow that f- converses to

e-
'A.✗
£ Hell

a number C :( X-D which depends only on

the flat limit to of e-
'A.×

,
by

showing that in'=| Hired defines a

volume form which
may

be degenerate
(but nondeg on at least one point in X-o.ie?e).



Write down the volume fam IF / eta . ✗

in

terms of hung words and take the limit +→ toe
.

neg

Pick word system hear each p c- Honed
T

which can be perturbed to

(of
ex n

by flatness)
a
word

. system
for a pt in e+Axµ⇒o)

(essentially IFT)
.

Observing that Ñ± is smooth globdls on

RlH°lX
,

-mK×Y ) shows that the limit

vegof Ñ± / eta . ✗ defines a possibly degenerate
volume fun as Hoped .



Steps
.

Prop 1- ⇒¥:#DIH-il-p.im?Eidi.pCibto)--lEfI:dd=DmlH-i.p)
70 by stability

.

Prop 2 ⇒ fiy.IQ/H-i1--Eldi.a+di.p)CilX-o)i--i=limdd+-DnlH+.a) > o

→¥¥÷É*by stability .

> 0



ss9.com/dedKEmetnisandwup6dDingstabili-#
Suppose that there exist ample ☒ - line bundle ,

L .
,

.
.

: Lh on ✗ S.t. - Kx =L , -1 . - - + Lk
.

Pick me ✗ suff
.

large and divisible so

that mli is a very ample line bundle

for i= I
.

. -

;
k and that the natural

multiplication map

HYX.nl ,)④ . . . ④HYX.mtk-HYX.nl ,+ . . -+mls)

is surjective .
"

Holy - mkx) .



So we get a sequence of embeddings

( cpd : ✗ ↳
R(H°l4-mk×Y)

f
RIHOIX ,mLÑ④ . . -④HYX.mu)

.

We also have

Li : ✗ ↳ RIHO / 4mL :)) i= ! .
- ;k .

Pick hermitian fans Hiii an HYX.nl ;)
i'-1=1

,

-
. . ,k

and define
ho :=Hµ¢to!! ④ a. ☒ Hi:))

hem
.

metric

on
- Kx

.



hi :=l¥FHHo!I)④ - - - ④ lIFSs(Ho
.

!' )

! ! ! !

hi" how
herm

.

metric a -Kx
,

Det
.

It :=H,x . . - ✗Hk

Hi :={ IOECTXR) / Oi + Fiddo> 0}
p

Kohler metric
associated -↳ Iii )

Oi c- c.Ki )
.

The coupled Ding functional

Deed :Ñ→R
,

def by



D9d( $ ,
.

. .io/k):--LcPd1&...-.0h)--EEl$i)i--i
where

L"d($;;$s):=-logS×e¥%idI
volume form associated

All of these were introduced by to hi
.

Hultgren-Wilt Nystrom , who also introduced

the wuptedKE-ne-nis.ie .
W ,

E C
,
K .)

,

- .
-

,

Wkfc ,
/ (k)

,
satisfying

Ricki)= Ricki)
-

-

- - -

-

- Riclws)=Éwi
i= ,

-

They showed that the en't .pt . d- D"
'd
is precisely

the coupled KE metrics
.



HWN show 7- coupled KE metrics ⇒
"

coupled k-stability!

We want to
find the slope formula fan Dop!

Let ( Hi"
.

. . ;H:') c- Bin"× . . - Bit )

where Bi" =

GLCNii.CI/u(NiiyNii':--dimH0lX.mLi).H-Y:=e-tA'" *

Hjije
- tail

for some A
" >

c- gllHYX.nl ;D

( i=l
,

-

i.b)
.



expf-E.ES:(Hi" ))dµ
'

= expf-FS.pe/H-i))dro
where HI := HI"④ . . -☒ HIM is the

hem
.

form an HYX.nl .)④ - . - ④ H9YmLk)
In particular ,

I"d( FS.CH ! -
. ;FSs(Hi"))=L(FScpdlÑeD

.

PI.LHS-i-f-EIlsjiiyii.ir/-'=daii--iji--1Fsj.i"

)j? is an
Hi"-ab

.



= -

"

118!"④ - " ④£ 's"Hhi"*
. ☒him)÷dµ'

=(¥¥.÷H%HÉÑ " " "

µ,µ,

II. -ab for

HYX.nl ,)④ . . -④

= ( E -2*11%16. )÷dµin ji '

= expf-FS.pe/H-iHdno ☐
.

So finding the slope formula reduces to finding

¥÷¥L(FGpdlÑ+ )) .



Suppose that each A'" C- gllHYX.nl :)) above

has integral eigenvalues . Then we get

a b. tuple of test config 's

(* i. Li) :=( Hai:)
,

Lai :))
each for IX. Li) of exponent

m
,

as the Zarisk closure of

TA
'"

. ✗ in RIHYX.nl:)) ✗ Q

where T : → GLIHYX.nl :))
I i→ TA

"'

z , e
- t



We define a test configuration ( y
,
Loy)

by the Zariski closure at

Lapd A) CRIHOIX.nl#--.xoH9x.mLedY
under the 1- PS TA

"

.
. .
TA
"!

Loy = restriction of the hyperplane bundle .

Prof
.

d

¥;%ñL( t-sa.at#tD---1+lc-ty?Dyi.Ii)



Thin
.

¥z¥D"YFS.CH#1...-.FSlH-iY)k(LaiT)h"

= - ¥
,
ñdi

- 1- + lctfy! Dog ; Yi )
= : Ding / (X-aiii.LA"):?)

conpleddinginvar.am#



Det
.

(X
.

- Kx ; L .
,

. . ;Lk) is coupled Ding stable

if for any
MEN andfmauy-

very ample test config (* :L ,)
,

- -

;
(Hs

,

Hs)

we have Ding ( (* i.Lili:?) > 0

with equality iff all 1¥ .:L ;)'s are
trivial

.

Rem
-

.

Original def of HWN further assumed

of = It , = -
- - = Hk in their def of

stability.gg#lt..isae product . )given by
the Saffo

.

v.f.



Product case considered by Fatali - Zhang
,

Ddonix - Hultgren . Nakamura
,

. . .

2. 2 is determined by the generators of the

- actions defining at :L . )
.

. -

;
lots

,

Lt!

But different exponents may
lead to different

G.
e. s .

If Gm is def by 1st
,.LY?--;H-s.Lii

there's no reason to believe Gm -7L ,
,

'



Gir
.

Suppose that ( X
.

-Kx :L , .

. Lh) admits

a coupled KE metric
.

Then it is

coupled Ding semi stable
,

i.e.

Ding ( (* i. Lili! , )> 0

MEN
,

very ample t.ci of exponent
m

.

Openpwbtans
1

.

Can the above be improved to uniform
stability ?

Should we use JNAIG.LY) or
EJ~ACX-i.LI! ?
in



2
.

Can we prove
uniform coupled Ding stability

⇒ 7- coupled KE metric ?

3. Is it possible that the non- Archimedean

metric an
- Kx up by 1722) can

be defined by the NA metics nep.ba
cfwupld(* i. Lil ? m > 1

Takahashi defined a coupled ACB metrics
.

This
.

7- coupled ACB metric at land in

⇐ DiÑ*i¥Éiih%¥÷÷¥÷e
.for all my ample t.is. of exponent in ,

with equality iff



7- coupled KE metrics

⇒ coercivity of Dpd
HWN

,
Takahashi

⇐ a_É÷"
> 1

coupled (algebraic) d- invariant


