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First we formally define afar in Naz =N IR µ
. .

ZZ

Def Arfational polyhedral) @ o ENR . . .

is
'

generated by a finite subset
. .

-

or N over Rso ,
that is NIR R2

• = { Exine / X 03 for ni EN ⇐
g

Ng fo } is considered a cone . !
Say o stron# if on fo) = {O }

. . I

Nox for meM have !
- hyperplane Hm = {n l Lm ,n) -- 03 c NIR

p not

- half space Htm= { same with > 03 Strongly
convex .

I



-

I

I

-

Say Hm supports 6 if OC Hmt .

In this case
, say Hmh 6 is a fad of o .

Def A tan E is a finite set of such
-

'

cones such that

- for o EE
,
each face of o c-E

- for o
, PEE , Gnp is aface of o , p .

I

⇐ Have a far as follows in NRI 1122 with
A 2- dim cones o

G , Go

p . I -dim cones p

Ps
•

62
O - dim cone T



I

⇐ Have far in NRI IR with 3 cones :
+

Es

.

e This is a cone if and only if

,

the slope of l is rational .

Affine toric varieties
I

Recall that an affine variety X is determined by its

ring of functions .

R
.

⇐ X- I
. Choosing coordinates x, y , have Re , y] .

Write X = Spec , spec€mm of a ring .

EI
.

X -- 0422 where 22=4-13 . Ring of functions

spanned by -5=5 , g - say , hey} with

Re Q g ,
h]/fh-g?



.

Now comes naturally give rings , as follows .

To glue
the corresponding affinevarieties later, we use :

Def (dud cone) I = {ml him ,
n> so the 63 cMk

Thisgives a monad Mgs onM .

Note a monoid has an associative addition with an

identity element , but does not have inverses .

.

Def ring QCOJ has generators (as a vector space)
2-
m

for meMo- and multiplication -2mi
.

zmz = 2-MHM2

Rein Another way to say this is we associate monomials

to . elements of dual lattice M , as below .

:



✓

EI
. . . . . .

' ¥÷÷÷
. '

'
. '

'

here we write z D= yd , and get 067 = y]

.

.

.

'

EI
.

.

. . . . . say
' x'y
'

'

'

i ¥÷i:
i '

'
. '

'

here we get EET --Ey , say
"

] = Icca ,b.CI/a2-bc

Note For this example Spec EET Zz .

Def The affine toric variety for cone o is

U
, Spec EGF



General toric varieties
#

We now explain how the fan naturally gives a recipe
to glue the Mo together .

Note that

- Specf) is a contrariant functor, that is a morphism
RSS gives a morphism Specs→SpecR .

- The duality GT is also contravariant : an inclusion

I↳ o gives an inclusion o
'
↳5

.

Combining
.

.these
,
we have that Us depends covariantly on o

in the following sense :

IS-ohasfaceocso.haveopenembeddingrlec.tl

I



The embedding here comes for a localization Its T .

For details
,
see [R ,

Section 2.2]
.

We give examples .

EX NK IR ¥-1 x
"

x
"

! si si

As before , ICED , ICED

For their mutual face c- = {03 cNir
. I = MR E IR
So ICE] = CIG , x

" ]
,
with obvious

inclusion of I ] .

Now SpecQGD 1C
, Spec si ] I ①*

so we have embeddings as follows :

'

'

cord si ' cords I '
,
x word x



Now we may glue the Us using these embeddings .

Def Theariey Xs for a fan E is a union

of yo for all GE E ,
where if 6 , and a

share a face T we glue Us ,

and Ua along Ure .

Ex Continuing the previous example ,
we get

Xs =Q¥€ =p '

Nose By construction have ①
*de Uo Cs Xs

- for c- = {03 , which allows us to

show Xs is toric variety according

to our first definition (with d
- action)



EI
.If XE P ' xp '

✓

⇐
.

-

Xs = 14212 Xs , = ICY 212
minimal resolution

⇐ total space of

C-2) on P '

EI E E
'

Xs = Q2 Xz = BL
p
Q2 I total space of

Otl) on P '



stmctweoftor.cc#eties
Recall that a toric variety X carries an action of a

torus T⇐ ①*d
.

When X comes from a fan E , there

is a correspondence

{cones o of E3→{ T -orbits in XD

For details
,
see CR ,

§ S] .

In outline :

A cone o gives an orbit 66C Us .
For the other

direction
,
we take the minimal o such that some

orbit 6 satisfies 0 c-Us .

It is inclusion - reversing on closures , that is

o o o ⇒ Jo c Jo

and codim Go = dins o. We give some examples .

I

I



EX -

N
,
IR

T

Xs = Us
. Yeatts , = QY¥ =P

'

'

€ = {03 E E = Us ±

.

O
,
= Et E et = Me

A
6 , Go

⇐ NRI R2 p .

Xz = PZ = {Gao : x ,
i say} P '

o

G

.

Ooi =L(0,033 E EZ c P ' where I is {sci*03
Go = {x; * 0 Tj] = ①*

Z
c IPZ

For pi contained in Gj and ok, GI o Goi , 66k ,

so ① si = ①
*
C P

'

,
the line joining Go; and Gok .

I

l

l



I

sheathing:Ee→
""

The Go andUo are beautifully related as follows
.

Jo = U Go Uo = U Oo
o is a G has a
face of a face I

Note : for this ,
we consider o to be a face of o .

Divisors

In particular l - dimensional cones o c EG) correspond

to T- invariant divisors Do = Go C Xs .

Here we write Id) = {d-dimensional cones] C E



I

I

Note By the above Do ,

and Da intersect if

the Gi are faces of some TEE .

' 63 p
'

EI E n Xs pix pl Di Dz

.

'

6
,#Gz #

.

£
,

Let Di -Doi /#i.

Fast The canonical bundle Wx corresponds to
the divisor -§Do . Gee KK , § 3. S) )

'

In other words
,
the anticanonical - divisor -Kx

is given by §Do

⇐ X- P2
,
-Kx =

.

Dpi , corresponding to Opz (3) .

I


