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de Rham theorem

» M a compact smooth manifold
> (F,VF) — M a flat vector bundle : (VF)2 =0

» de Rham complex with coefficient F' :
(QU(M,F),d"):0— QUM F) — - — QUM F) — 0
» de Rham cohomology :

- ker(dF|Qq(M,F))
Im(dF|Qq_1(M7F))

HY (M, F)

(Joint with Asymptotics of analytic torsion



Analytic torsi q 5 .
naytic torsion Ray-Singer analytic torsion

Hodge theorem

» Given g™, ¢F
> d5 . QF (M, F) — Q*(M, F) adjoint of d¥
> O = (d" +d")?:QI(M, F) = QI(M, F)

» Hodge theorem :

HY(M, F) ~ ker(O})
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Ray-Singer analytic torsion

» For simplicity, we assume H(M, F') = 0 for any ¢ > 0.
Then each O] is invertible

> For s € C,Re(s) > 42 gef

dim M

1 5= 1 F
oF ( ) / Z )9 qTr [exp(—tO))] dt.

» (real) Ray-Singer analytic torsion :
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Ray-Singer analytic torsion

» Tautologically

dim M

PO ) = < T (det (05))"0

q=0

» Smooth invariance : If dim M is odd, then
T(M, g™  ¢') does not depend on (gTM,gF) !

» Denoted simply by 755 (M, F)
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Ray-Singer conjecture

» Ray-Singer conjecture : If there is g© such that
VE gl =0 (orthogonal flat bundle), then

TR (M, F) = TR(M, F)

where T®(M, F) is the classical Reidemeister torsion

» Proved by J. Cheeger and W. Miiller independenly
(1978)

» Both use essentially the surgery method in topology

» Miiller (1992) : Case of V¥ (vol(¢g*)) = 0 (unimodular
flat bundle)
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Ray-Singer conjecture : the general case

» Bismut-Zhang (1992) : Case of general flat vector
bundles : ¢t arbitrary

» f: M — R a Morse function.
» V[ the gradient of f, Thom-Smale complex

» One can define Milnor torsion T™ (M, V£, ') which
may depend on ¢ (but equal to T#(M, F) when
V¥ (vol(g")) = 0)

v

VTM the Levi-Civita connection of g7
> Euler form e(TM, V™) : x(M) = [,, e(TM, V™)
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Ray-Singer conjecture : the general case

> (TM,VTM) the Mathai-Quillen current on T'M :
dp(TM, V™M) = 7*e(TM, V™) — 6,

» Bismut-Zhang (1992) :

TRS(M, F)
() log (TM<M, V7. gF>)

— —%/Mtr [(gF)*1 vFgF] (V) (TM, V™),

» Purely analytic proof
using the Witten deformation e~ 7/dfe?/ = d¥ + Tdf
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Line bundle on general manifold

» F real line bundle on a closed manifold M

» V =d+ w with w real closed 1-form, nowhere zero on

M
» F, with connection V =d+pw
> If p >> 0, then H*(M, F,) = 0.
» Asymptotic formula for analytic torsion :

lim le/Mwe(TM/[w])

p—r+00 P 4
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Miiller’s formula for hyperbolic 3-manifolds

» M =T\ H? closed hyperbolic 3-manifold
[' € SL(2,C) discrete, torsion free, cocompact.

> p:SL(2,C) — GL(C?) canonical representation
induces : pr : I' — GL(C?)

» pr, = Sym”(pr) p-th symmetric power
F, — M associated (unimodular) flat vector bundle
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Miiller’s formula for hyperbolic 3-manifolds

» For any p > 0, H*(M, F,) =0
> TRS(M, F,) equals to the Reidemeister torsion

» Miiller (2010) :

, log(T®(M, F,))  vol(M)
im =
p—+00 p? 47

» Miiller’s proof : Selberg trace formula

» Reidemeister torsion determines hyperbolic volume
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Flat vector bundles from complex geometry

» In view of Bismut-Zhang, seeking more geometric
inperpretation of Miiller’s result/proof and try to get
generalizations

» Complex geometry enters : F' Hermitian vector space,
Ly — Pc(F') canonical line bundle, then

H*%(Pc(F), L) = Sym”(F)

» This motivates the following construction
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Flat vector bundles from complex geometry

» L — N positive line bundle L over Kahler manifold N

» ¢ : P; — M principal bundle with flat connection,
fiber G' Lie Group

» (G acts holomorphically on (N, L)

» p>> 0, get flat vector bundle F, (via Kodaira
vanishing and Hirzebruch-Riemann-Roch) :

Pg xq H**(N,LP) = M

» Study asymptotic behavior of T®%(M, F,) as p >> 0
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Asymptotic torsion formula

> q:N:PGng—)M
TN = THN & TVN with THN ~ ¢*(TM)

w(L,g*) € T(¢*(T*M)) defined by
w(L, g")(U) = (¢") ' Lyvg" for U e T(TM)

» Nondegenerate condition : w(L, g*) nowhere zero

» Bismut-Ma-Zhang : Under nondegenerate condition,

(i) H*(M,F,)=0, when p>>0
. . log(TH5(M, F,)
(H) pEI—Poo pdlmN—I-l / W
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Asymptotic torsion formula

» Bismut-Ma-Zhang :
. log(TH"5(M, F,)
pEI—Poo pdun N+1 / w
» TV locally defined form : let 6 be the one form on N,

9= L9 ¢ pg(ran)

» View 0 asamap oy : N — T*M ~TM
» Bismut-Ma-Zhang : q: Po Xg N — M,
W = / O A opp(TM, V™M) A exp(ci(L, g%)) € Q (M)
N

((TM,VTM) Mathai-Quillen current on T'M)
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Asymptotic torsion formula

» Method of proof : local index theory
(more flexible than the Selberg trace formula)

» When apply to locally symmetric space,

/MW = C - vol(M)
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Hyperbolic 3-manifold revisited

> M =T\H> pr:T — GL(C?), pp : T — GL(C")

» For any a, b > 0, p > 0,
F,=Hx, (symm<c2) ® Sympb(GQ))
» Bismut-Ma-Zhang : If a > b > 0,
RS 2; 13
lim log(T" (3]\47 FE,)) _ (3a*b —b )Vol(M)
p—+oo p 127
» Miiller (2010) : If a > 0, b =0,
log(THS(M, F, 2
lim og(T""(M, Fy)) = a—vol(M)

p—too p? 4
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Outline of proof : Toeplitz operators

» Consider the flat vector bundle F, — M, g*»
> w(Fp, ng) — (ng)—l vang
> Ve = v Fp—’g) , unitary connection on £,

i o(w Fp
> dFe 4 qFer — qumMC(ei)VZi B (w(Fp.g™P))

=1 2

DY _ E(W<FS7QFP))

(Compare with
the Witten deformation dry + d3; = D +Tc(Vf))
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Outline of proof : Toeplitz operators

> O = (D)* = §[D", w(F,, g™)] + {e(w(Fp, g'))
» When acting fiberwise, one meets Toeplitz operators
PY D" w(F,, ¢")|P* and PYC(w(F,,g¢"))*P"

with PL : QO (N, LP) — HOO(N, LP)
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Outline of proof : Toeplitz operators

» The analysis of the asymptotics of such Toeplitz
operators goes back to

» The Thesis of Gang Tian, which was supervised by
Professor Yau

» where one studies the asymptotics of the Bergman
kernel of PE* : Q%*(N, LP) — HOO(N, LF), as p >> 0

» For a modern systematic treatment, see the
comprehensive book of Xiaonan Ma and Marinescu :
Bergman Kernels and Holomorphic Morse
inequalities
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Outline of proof : Toeplitz operators

» Back to the Toeplitz operators
PY[D",w(F,, ¢"™)|PY and PYe(w(F,, ¢™))* P

D

with PL” : QU*(N, LP) — HOO(N, LP)
> Easy : PY[D", w(F,, ¢")|P¥ = O(p) as p >> 0

» By nondegenerate condition and analysis of Toeplitz
operators, there is ¢ > 0 such that

PYE(w(F,, g™))*PY > cp® when p>>0
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Outline of proof : Toeplitz operators

» When p >> 0,
2 2
ofr > (D®)?2 v > v
> (D) + -2
» Immediately implies
H*(M,F,) =0 when p>>0

» Local index techniques + Toeplitz operator analysis
identify local contributions, leading to the W-invariant

» QED.
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Possible relation with the volume conjecture

» Reidemeister torsion determines hyperbolic volume

» In 3-manifold or knot theory, Reidemeister torsion is
twisted Alexander polynomial

» (Twisted) Alexander polynomials determine hyperbolic

volume

» Volume conjecture : Colored Jones polynomials
determine hyperbolic volume

» Naive question : any possible relations ?

» Complex geometry will play more roles in knot theory
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Asymptotic torsion

Happy Birthday to Professor Yau!
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