HOEFFDING’S INEQUALITY, MINIMUM DISTANCE ESTIMATION,
KOLMOGOROV ENTROPY, RATES OF CONVERGENCE AND MATCHING

1 Probability Inequalities

e Markov Inequality: If X is a positive random variable (r.v.), EX < 0o,€ > 0,

EX
P(X >¢) < —.

€

Proof: (for continuous r.v.’s) Let fx be the density of X.

EX = /00 zfx(z)dr > /00 % cefx(x)dx > 6/001 - [x(x)dx = eP(X > €).
0 € €

e Chebychev Inequality: Let X be r.v. with EX? < oo, then

Var(X)

2

P[|X —EX|>¢ <

€

e Cauchy-Schwartz inequality: If U and V are r.vs, EU? < oo, EV? < o0,
a)

[EUV| < [E(U)]2 BV, (D)

b) for U = |X|,V = ||,

E|X|-|Y] < [E(X?)]V?[BY?)]2.

Proof: 0 < E(U — aV)? = E(U?) + a*E(V?) — 2aEUV which is minimized at a = 5((‘]/‘2/)

(g(UVZ; —2(52]\/‘2; = E(U)Q—(g(U—VZ; — |[EUV| < [E(U)*[E(V)'2,

- 0< E(U*)+

Definition 1.1 Let f(x) be a real valued function defined on the interval I = |a,b]. f is convex if

forevery x1,x5 € [a,b] and 0 < X\ < 1,

FAar + (1= Nza] < Af(@1) + (1= A)f(x2). 2)



Proposition 1.1 (Jensen’s Inequality) Let X be a r.v. with domain the real line and with expected

value EX. Let f be a convex function with domain the range of the values of X. Then,

f(EX) <Ef(X). 3)

Note: If you want to see the Proof for Jensen’s inequality, please let me know.

2 Hoeffding’s Inequality

Recall from Probability Chebychev’s inequality: Let X, ..., X,, be i...d. r.vs with mean x4 and

variance 02, X,, denotes the average of the X’s. Then, for every € > 0,

2
PlX, —ul>d <2

o
ne2’
Observe that the upper probability bound converges to zero as n 1 oo at rate %

We would prefer an upper bound that tends in probability to zero at faster rate.

A sharper inequality is Hoeffding’s inequality, with the upper bound decreasing exponentially

to zero. A lemma will be used to prove it.

Lemma 2.1 Let X be arv. withmean 0,a < X < b,a <0 < b. Then, foranyt > 0,

MX(t) — EetX S et2(b—a)2/8' (4)

Proof: Since ¢ > 0, the function e'* is convex. Consider = € [a, b], then

=M+ (1-XNa

with
r—a b—ux
A= %1a= .
b—a’ b—a
Then, by convexity of g(x) = €' when t > 0,
¢ — MHI=NG < Aot 4 (] \)ete — T, b—ux “
b—a b—a



and since by assumption £.X = 0,

— Fel® = b e = 0ot and taking In in both sides
b—a b—a
In Mx(t) = In( b ete — 2 ™) = ta + In( b _ _a etb=a))
X b—a b—a b—a b—a '
Letu = t(b — a) — ta = ;%-u, then
a b a
In Mx(t) = | — Y =
WM (1) = (e = ),
observe that f(0) = 0,
, a 1 -a a ae® ,
— _ _ 0) =0
Jw) b—a+%—ﬁe“ b—a"  b-a b—ae F0) =0,
f,,(u)__ae“(b—ae“)+a262“ _ abe" |
(b — aev)? (b — aev)?

To show:
1
f(u) < 1 <= —dabe" < b* — 2abe" + a*e®™ <= 0 < b* + 2abe" + a*e*™ = (b + ae")?,

which holds. It the follows that,

In Mx(t) = f(u) = £(0) + £ (0)u + f"(uo)“; < %2 _ M L My(t) < "%

(1963)

Proposition 2.1 (Hoeffding’s inequality-One of several versions) Let X, ..., X, be indepen-
dent, centered random variables, EX; = 0,a; < X; < bj,a; < 0 < b, = 1,...,n,5, =

> iy Xi. Then, for any e > 0,

P(S, > ¢) < e 2/ Einbima)?, (5)
Using (5) for — X, ..., —X, it follows that
P(=8, > €) = P(S, < —¢) < ¢ 2/ Xim(bima)? (6)
and
P(|S,] > €) < 2. e 2/ bima)?, (7)
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Proof: For any ¢ > 0, use Markov Inequality for e/,
P(S, > €) = P(e" > ') < emEe!n = eI My, (t)

From Lemma 2.1, My, (t) < e’ ®=4)*/8 j — 1 ... n, and the quadratic t2w — ¢t in the

probability bound is minimized at ¢ = 4¢/ > ;" | (b; — a;)?, thus

P(Sn > 6) < 67262/2221(51*%)2.

Remark 2.1 a) For a sample of i.i.d. Bernoulli(p) random variables, X7, ..., X,, compare the
Chebychev and Hoeffding bounds for P(|X,, — p| > ¢) for your choice of €, n; X,, = n~*(X; +
...+ X,), X; = 1, with probability p and X; = 0 otherwise,i = 1,...,n.

b) Let A be a measurable set in R, i.e. for which we can calculate the probability P(A) and
Xi,..., X, are ii.d. P.Let [4(X;) = 1, when X, take value in A and otherwise [4(X;) = 0.
Then, 14(X1),...,14(X,) are i.i.d. Bernoulli random variables with probability P(A) of taking
the value 1. Obtain Hoeffding’s bound for P[| X 3" | I4(X;) — P(A)| > k).

3 Distances and deviations between probability measures/densities

Let P, ( measures on a space X with a o-field .A. Assume the measures have densities p and

P aQ _

q respectively, with respect to dominating measure y : @ =D q. You can think of u as

dp
Lebesgue measure, i.e. p(dz) = dx.
e [ ;-distance (or Total Variation distance) between P, () :
1P = Ql[s = 2sup |[P(4) — Q(A)]. (8)
AcA

e Show that [, [p(z) — q(z)|p(dz) = ||P — Ql|: denoted also |[p — ¢||1.
e Draw the graph of two normal densities, e.g. AV'(2,1), N'(4, 1) on the real line and see graphically

what their L;-distance is; use ||p — ¢||1.



e Hellinger distance /( P, ) between P, () :

h*(P,Q) = h*(p,q) /‘v —v/q(x))*p(dr) = 2|1 L/v )/ q(z)p(dz)] = 2[1-p(p, )],

€))
- /X Voo @) da).
p(p, q) was called by Le Cam the affinity of P, and it holds from (9) and via Cauchy-Schwartz
inequality
OSanzl—%ﬁﬁﬂbél. (10)

(Indeed: [, \/p()\/a(@)n(dr) = [y (o) /B p(dr) < [ [y o) EDp(dw))? = 1)

e It follows that 0 < h(P, Q) < \/_
e For N (01,1),N(02,1), 61 < 65, calculate their Hellinger distance and their L;-distance.

Remark 3.1 Express the L,-distance like the last equality in (9). What will be the corresponding

affinity in L,-distance?

Exercise:
a) |IP =@l =2[Px:p) > q(z)) - Qz : p(z) > q(2))]. (11
In the proof you may use the integral version in (8).

) IP=@ll = [ @) =a@)ide = 21— | po)ngada] =21 | ple)vatertr=1] (12)

Proof of b): Use the notation p > ¢ for the set {x : p(x) > ¢(z)}.

2:/ p(x)da:+/ p(x)dx—l—/ q(x)dm+/ q(x)dx (13)
p>q p<gq q>p q<p

and observing for the second and the fourth integrals in (13)

/p<qp(:v)d:1: + /q<p q(z)dxr = /Xp(g;) A q(z)de

it follows for the sum of first and third integrals

—>/ d:zH—/ . (m)d$:2—/xp(x)/\q(x)d:p
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%P@>@—Q@>®=1—/

X

M@Aﬂ@M—HW—Qm=2U—/p@WW@Mﬂ

X
Note that the first equality above is easily seen drawing the graphs of densities p, q.

Also, (13) can be rewritten
1
2= [ plo)vata)da+ [ pla)n <Mx%2=/mmvwmm+u—;w—@m>

—>/ Ydr =1+ - HP Qll1-

e Kullback-Leibler non-distance (WHY?) between P, () :

p(x)

(@) p(dx)

dgr(P,Q) = dgr(p,q) = /Xp(x) log

Observe: dic(P, Q) = [, p(x)log B2 pu(dz) = — [, p(x) log &3 u(dx) = Ep| - log ]
> —logEpdSd = —log(1) = 0.

e L"-distances for densities, r > 1: ||p — q||, = [[, p(z) — q(z)|"dz]"/".

¢ Kolmogorov distance, dy, between c.d.fs For c.d.fs I, G in R¢,

de(F,G) = sup |F(z) — G(x)|;

rzER

it is also called Kolmogorov-Smirnov distance.

Inequalities for distances

-MﬁmwsHP—@h<MPQn@T?Wﬂ$s2MPQ>
Proof: [, |p(x) — q(z)|p(dz) = [, [v/p(x) — /a(@)] - |v/p(x) + V/a(@)|p(de) > B2 (P,Q),

| vte) —qrum>‘/<>u—iﬂr@wzﬁy@m IO 1y VD

@ VoA
" _Vale) )12, . q(z) Y2 — . V2 0 de) 2
<1 o=V utan) 1 | o)+ VLS ) MR@MQWKHV«MMMM

=h(P,Q) - (2+2p(p,q))"/* = H(P,Q) - (4 — I*(P,Q))"/* < 2n(P,Q)



Lemma3.1 Let0<u; <1,2=1,...,n. Show that
1 -1 ( ) < Z u;. (14)
Proof: By induction: for i = 1, indeed it holds 1 — (1 — u;) < u;. We do it also for i = 2 to get a
feeling for the general case:
I—(1—u)(l—ug) Sug+uy < 1—[1—uy—uy +ugus] <up+uy <= —ujug <0.

Assume that for n = k£ (14) holds,

-1, (1 —u) < Zuz

To show it also holds forn = k + 1,

k
1-TE (L) = 1T (L =) (L= tpgr) = =TT (1= g T (1—w) <O wib g
i=1
Proposition 3.1 a) If X;, ©« = 1,...,n are independent r.v. with probabilities either P;,i =

1,...,no0r Qi = 1,...,n with densities p;,q;,i = 1,...,n, then (Xy,...,X,) will have as
joint probability the probabiliy defined by Px ...xP, (notation, well defined by products) or
Q1x ... xQ, and densities either p - pa...p, Or 1 - Qo . .. qy. Then,

W (PiaPor...xPy, Q1aQox ... 2Q,) = 2[1 — I p(ps, ¢i)] < ZhQ P,Q). (15

=1
b) When P, = ... = P, = P, (1 = ... = @, = Q then for the corresponding n-product
probabilities P™ and Q™ it holds
R?(P™, QM) =2[1 = p"(p,q)] < n- B (P, Q). (16)

Observe: From the equality in the middle of (16), the distance h%(P™ Q™) increases to 2 with

n, i.e. the probabilities (P™, Q™)) separate and are easier to distinguish in estimation and testing!

Proof:

R (PiaPyx ... Py, Q12Qox ... Qy) = 2[1 — I p(pi, ¢;)] = 2[1 — T, (1 — %hz(pi, qi))]



Suffices to show that

i=1

Recall that

thus the result follows from (14).
eWhen P, = ... =P, =P, @, = ... =@, = Q then for the corresponding n-product
probabilities P(™ and Q™ it holds

R (P™, Q™) =2[1 - p"(p,q)] < n-B*(P,Q).

o |[P-Qlf <2-dkr(p,q)
Proof: A set that determines the L,-distance between P and @) is: A = {z : p(x) > q(z)}. A
will be used to prove the inequality by splitting the integral in dx, in two parts, over A and its

complement A°.

Note that [4(z) = 1,if 2 € A, and 0 otherwise, and that ¢(x)4(x)/ [, q(x)dx is a density over

the whole space where p, ¢ are defined.

The convex function f(y) = ylogy,y > 0, is used and Jensen’s inequality after creating f for
y= péx% > 0. For convexity note: f'(y) =logy + 1, f”(y) = 1/y > 0 wheny > 0.

p(@), _ [ la@)a(2)  p(z), ~ p(2), e
/AW”) e @™ = ) Toawar o) 8 q@) | ot
(«

L N T /L Py R VR e
2 1 P ) [ ataye ot toel [ [ ataya
_ P(4)
= P(A)log 0A)
Similarly, since the nature of A was not used to obtain the inequality, it also holds
p() og PAY _ (1 prayiiog L=
/x ()logq( )d:p>P(A)l Q(AC)_[l P(A)]lgl_Q(A).
Therefore,
P(A) B o 1—P(A)
dgr(p,q) > P(A)log oA " [1 = P(A)]log T—51 Q) (17)
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Let p = P(A),§ = Q(A). Recall A = {z : p(x) > ¢(x)} which implies P(A) > Q(A). Then,
(17) can be written denoting the lower bound H (p, §) as

S - P -
drr(P,Q) > H(p,q) = plogg + (1 —p)log

1—-q
Let p = g + r. Then,
1
r= P(4)— Q) = 2IP — @l

H(p,q) = H(G+7,d) = (§+7)log(1+ q) +(1—G—r)log(l —

We now bound H(q + r, §) using Taylor expansion. For H' the first derivative of H with respect

to r we get:
H'(G+7q) =log(1+ 1)+ (G+r) q log(1— ——)+(1—g—r) L—q (_1)
r,q)= = )= == - p —q—-r ~ ) ~
IrnG =R T G T TR T TG LR PR
T T
= log(1+ =) — log(1 —
og(1l+ =) — log( 1_5),
i 11— ~1 1 1 1
H”~—|-7“>~:~q Tz po : =) = = + o = = po > 4,
T =g i T W= g TTog =y (G+r)(l—=g—r)

Vr:0<r<l1-—q.
Observe that H(q,q) = H'(q,q) = 0 then from a Taylor expansion with a remainder term
2

_ - r 1
dxr(P,Q) > H(G+,q) 245 =2r° = §||P—Q||§-

Exercise: Show that ||P — Q||; < 2/1 — exp{—dx (P, Q)}. (Hint: log 42 — log(L% A 1) +

)
p(z)
log(f% V1))

Proof of Exercise: Sometimes we write log but we mean In .

1 (P.Q) = = [ o) 1os Z8de = [ piwlloa(§ A +10a(45 v 1)

<togl [ a(o) A pla)da] + logl [ a(o) v pla)da]
> exp{-dir(P.Q)) < [ afa) Ap(@)ds [ a(o)vpla)ds = (1= S 1P =QIl)- [+ 5]1P= QI
— exp{—drr(P,Q)} <1-— %lHP = Q[ = IP = QI <4[1 — exp{—dx.r(P,Q)}].
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4 Characterizing the dimension of a space

Examples from compact subsets in R%.

Ni(a) = # of intervals of length a needed to cover(0, 1) ~ 1
Ns(a) = # of rectangles, side length a needed to cover(0,1)? ~ %
Ny(a) = # of rectangles, side length a needed to cover(0,1)% ~ -

Observe:  log Ny(a)/log(+) ~ d, the dimension of the space where [0, 1]¢ lives.

Definition 4.1 Let (F, p) be a metric space. For a > 0, let
N(a) = minimum # of p-balls of radius a needed to cover F.

Then, log, N (a) is Kolmogorov entropy of the space (F, p).

N(a) is useful in determining the dimension of a space, in particular of a space of functions

metrized with a distance.

Examples
Notation: If z = (z1,...,24) € R?, a € Rand s = (s1,...,54) is a d-tuple of non-negative
integers,
xf = (x', ..., 2)), xs = 2151 + ... + 2484, axr = (aT1,...,axq), [s] = S1 + ...+ S4
fory € RY,

T —y| =maxy|r; —yi|,t =1,...,d}.
=1 d

For a real valued function g defined in R let g*) () denote the [s]-th order mixed partial derivative

of g at xg, i.e.
Sy = —ata0)
O out B

a) ¢-smooth functions defined on a compact in ¢

10



Let X = [0, 1]%, the uniformly bounded functions in sup-norm F = {f : [0, 1] — R*}, such
that each f has p-derivatives and the p-th derivative satisfies a Lipschitz condition with parameters

O<a<l1,L>0,

[P (@) = fPy)| < Lo —y|*q=p+a
Note: In the literature you may see exponents «;,7 = 1,...,d, for each of the components of
|z — y|. Then, min{ay;i =1,...,d}, max{a;;i = 1,...,d} play different roles in estimation. In

the sequel we use the “isotropic” case, with all «;’s equal to a.

Kolmogorov and Tikhomirov (1959) have shown that F metrized with the sup-norm,

1f = 9lloo = sup:|f(x) — g(x)|
is totally bounded and that for every a > 0 for the smallest number N, (a) of || - ||.-balls of radius
a needed to cover F it holds

Cp 2" < Nog(a) < Cy - 2" 0 < Cy < Co. (18)

Clements (1966) showed that when F is metrized by the L;-distance then inequalities similar to

(18) with the same bounds in terms of a modulo the constants.
b) Functions with uniformly bounded modulus of continuity

Let X = [0,1], F = {£: [0,1] = B* : wy(e) = sup | f(z + h) — ()]s € (0, 1),]h] < e} <
w(e)}. By Lorentz (1966), F metrized with || - || is totally bounded,

K
o(v-a)’
for K, fixed constant s and 6 = §(a) any root of the equation w(J) = a.

NOO(G) <

5 Statistical Experiments-The estimation problem

Definition 5.1 A Statistical Experiment, (X, A, P), consists of sample space X with o-field A,
the parameter space © with distance dg and probability measures P = {Py-;0* € ©}; see e.g.
Le Cam (1986), Le Cam and Yang(2000).
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The problem: X € X is observed from F, ¢ unknown and the aim is to estimate 6 and study

properties of the estimate, e.g. its rate of convergence to § with respect to dg.

Note: X could be a sample X1, ..., X,, with each X; from F.X could be seen as vector in R"
and then in the Statistical Experiment X is indeed A" = R", and the corresponding P includes

product probabilities, or joint densities each indexed by 6 € O.

Instead of P one can use the corresponding c.d.fs Fo = {Fy-, 0" € O} with generic distance
d used also for functionals T(Fp),0* € O, and assume identifiability i.e. Fy, = Fy, implies

01 = 60,. We will use Fg to denote c.d.fs or the corresponding densities.

6 Upper Rates of Convergence in Probability

Our goal is to define the upper rate of convergence of an estimate to a parameter in Probability.

If Xi,...,X, is i.i.d. sample with unknown mean y and finite variance o> = 1, we want k,, | 0
such that
lim P[|X, — pu| > k,] = 0. (19)
n—oo

We hear X,, (or the MLE) converge at rate n~ /2. Can we use k,, = n~'/? in (19)?

From CLT, n'/?(X,, — ;1) has asymptotic distribution the Normal. Is k, = \%, C > 07 Observe
that

_ C
PlIX, — > =)~ P2 > €] £0, (20)

and for this probability to converge to 0 we need C' = C,, 1 00, C,, = o(n™/2).

We complete (19) in view of (20): for every e > 0 there are C,, n(e) :
P(| X, — | > Ccky) < € @21

for every n > n(e). For n < n(e) there will be another constant that depends on e that will make
(21) hold for 1 < n < n(e). Thus, there is C, for which (21) holds for n > 1. We would prefer

that the rate is the same for all y, i.e. uniform, so we will add in front of the probability in (21) the

12



sup,,,

sup P[|X,, — p| > Cck,] < e,n > 1. (22)
w

Note also that (22) can be written

lim sup P[| X, — u| > Ck,] =0,n > 1. (23)
C—oo L
Definition 6.1 Let X,..., X,, be a sample of d-dimensional vectors from unknown probability

Py, element of a known family of probabilities P, 6 element of a metric space (O, p). A sequence
6,, of estimates of 6 is uniformly consistent estimate for § in probability, with upper rate of conver-
gence d,, with respect to p if for every € > 0 there is C'(¢)(> 1 w.l.0.g.) such that
sup P\ [p(6,,,0) > C(e)6,] <, ¥ > 1. (24)
SC)

(24) 1s briefly denoted “0,, has upper p-error rate, d,,, in probability.” It is expected 9,, converges to

Zero. Pg(”) in (24) denotes the joint probability of the sample.

7 Wolfowitz’s Minimum Distance Estimates

Wolfowitz introduced Minimum Distance Estimation/Estimates (MDE) in a series of papers in
the 50’s (e.g. 1957) using as tools the empirical cumulative distribution of the sample, Kolmogorov
distance d and Dvoretzky-Kiefer-Wolfowitz inequality (1956) for iid r.vs that was extended also

for i.i.d. random vectors in R%.

Kolmogorov distance, d, between c.d.fs: For c.d.fs F, G in R?,

di,(F, G) = sup |F(x) — G(x)];

rCR4

it is also called Kolmogorov-Smirnov distance.

Definition 7.1 For any n-size sample Y = (Y1,...,Y,) of random vectors in R% nF,(y) denotes
the number of Y;’s with all their components smaller or equal to the corresponding components of

Y. E), is the empirical c.d.f. of Y, denoted also Fy.
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Theorem 7.1 (Dvoretzky, Kiefer and Wolfowitz, 1956, and the tight upper bound by Massart,
1990) Let E), denote the empirical c.d.f of the size n sample Y of i.i.d. random variables obtained

from cumulative distribution F'. Then, for any ¢ > 0,

Pldg(Fy, F) > €] < Upgwu = 2¢72"¢ (25)

Inequality (80) implies that E, converges in probability to F' with respect to Kolmogorov distance.

For example check that with €,, = ‘/\1/?

an upper rate of convergencein probability is obtained.

Generalizations of (80) in R? have been obtained, at least, by Kiefer and Wolfowitz (1958),
Kiefer (1961) and Devroye (1977); d > 1. The differences in upper bound U in (80) are in the
multiplicative constant, in the exponent of the exponential and on the sample size for which the
exponential bound holds which may also depend on €. The constants used are not determined ex-
cept for Devroye (1977).

i) In Kiefer and Wolfowitz (1958), the upper bound in (80) Uy = C (d)e~ > dne’,
ii) In Kiefer (1961), the upper bound in (80) Ux = Cs(b, d)e~ =07 for every b € (0,2).
iii) In Devroye (1977), with the upper bound in (80) Up, = 2¢2(2n)% 2" valid for ne? > d?.

There are also exponential bounds under weak dependence and for non-exponential bounds for

linear time series. I can provide the reference if you need it.

Definition 7.2 For sample X having unknown c.d.f Iy € Feg, the Minimum Distance Estimate,
0 MDE, of 0 is defined such that:

A ~

dK<F Fn) < mf dK(Fg*,Fn) —f—/yn, (26)

OvpE’ — 0*cO

with the user’s choice of v, | 0 as n 1 oo, when ~y,, = 0 cannot be used.

The infimum in (42) may not be achievable and by including ,, > 0, 01 pr is element of
0, ={01,...,0,,, ...} 27)

14



A

satisfying (42). Thus, dg (F; Fn) is kept small for OripE € On.

OrmpE>
Key inequality for proving consistency and the uniform convergence rate \’“/—% of Iy . toFyis:
dic(Fj, 0 Fo) < dic(Fy, 0 Fo) + dic(Fy, Fp) < 2 dig(F, Fy) + o, (28)

the Dvoretzky, Kiefer, Wolfowitz (DKW) (1956) inequality for d K(Fn, Fy) and controlled ~, <

\k/—"ﬁ, k. = o(y/n) increasing as slowly as we wish with n to infinity.

Convergence in Probability of 0 vpE to 6 from convergence of d K<F§MDE7 Fy) to 0 in prob-
ability will hold when
de(b1,02) < hldr(Fp,, Fp,)]

for every 61, 65 elements of © and h continuous at 0.

The MDE method can be used for any functional 7'(F}) for which consistent estimate 7, exists
with respect to distance CZ, by replacing in (42) d, Fn, Fy-, respectively, by J, T, T(Fy+), to obtain

estimate T'(Fj (e.g. Yatracos, 2019, Lemma 3.1).

]WDE)

8 Li-Estimate of a probability or density via MDE with upper

rates of convergence in Probability

Set-up: The observations Y7, ..., Y, are i.i.d. random vectors from a distribution with unknown

parameter 6 € O.

Parametric estimation problems: © is finite dimensional, subset of R* for some k € N, e.g. for
a sample from a multivariate normal distribution with unknown vector of means, m and unknown

covariance matrix X and the space © of parameters § = (m, X).

Nonparametric estimation problem: © is not subset of R* for any k, e.g. when 6 is either an

unknown density f € © or an unknown probability P € © with © infinite dimensional space.

Observe: when 6 is a density with polynomial form of degree k then # has at most k£ + 1

unknown parameters so it is a parametric problem. If © = F is the set of densities in [0, 1]* with

15



p-continuous derivatives is infinite dimensional and the problem is nonparametric.
Estimation via discretization of the parameter space ©

When we have n i.i.d. observations, Yi,...,Y,, we cannot estimate the unknown parameter
¢ € © without error. Thus, we cover metric space (©, d) with N(a,,) d-balls of radius a,, and their
centers, O,,, is a discretization of ©. Then, we can choose one element of the discretization, ©,,, as

the estimate of 6. This will motivate the family of pseudodistances approximating the L-distance.

Nonparametric estimation of densities in © using its discretization ©,, and tests of hypotheses
among the elements of ©,,, with calculations of rates of convergence in Probability and in risk
were provided by Le Cam (1967, 1970, 1973) and Birgé (1983) for d Hellinger and L,-distances,
p > 1. We will present a Minimum Distance Estimate MDE) of the unknown parameter with
calculation of L;-upper convergence rates in probability to the true underlying 6, either probability
or density, uniformly in ©. All these results assume the family of the underlying probabilities P to

be determined and known.

Under mild assumptions, similar results will be presented for the case P is either unknown or
the probabilities indexed by # € O are intractable, with calculation of rates of convergence to ¢

using MDE for the Kolmogorov distance, dy.

Why not stay with Wolfowitz’s MDE and dx when P is known? For observations in R, the
L,-distance between probabilities P, () is always greater than or equal to Kolmogorov distance, d.

Therefore small L; distance between two probabilities P, ) “means more” than small dx (P, Q).

Recall that if 5 is the underlying Borel o-field, P = @ if P(A) = Q(A) for every A € B.

Assumption: © = P = {P; : s € S}, a set of probability measures that is L;-totally bounded,
i.e. the cardinality N (a,,) of L;-balls of radius a,, needed to cover P is finite for each a,, > 0. The

n independent observations, Y7, ..., Y, follow an unknown probability P € P.

MDE for L,-distance: Assume the probabilities in P are defined on the space ) with o-field
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A. The tool used is the empirical measure,

ZIA _HNEA e

n
I4(Y;) =1ifY; € A, and is O otherwise, i = 1,...,n

Observe: If sets of the form (uy,...,u,) € A and the probabilities in P have continuous

densities, then for every P € P

[t — Psll1 = 2sup{|pn(A) — Ps(A)[; A € A} =2,
and cannot obtain MDE, P;

OMDE"

Thus, a family of pseudo-distances, d,,, should be determined, taking supremum over a sub-

class A,, of A such that
dn(Psapt) S ||P5_Pt||1 Sdn(PsaPt)+5n7 (29)
for every s, in S, with §,, | 0 as n increases to infinity.

The pseudo-distance d,, in (29) should be able to discriminate/separate measures equally well
as with the L;-distance at least for each a,-discretization, ©,, = P,,, of P, and then hopefully for

‘P; a,, should play a role in the determination of 9,, in (29).

Since P is L;-totally bounded, denote the cardinality of the most economical ©,, by N(a,,) and

if there are more than one candidates for ©,, simply pick one,

@n:{Pla--wPN(an)}- (30)

The sets determining the L;-distance of Probabilities P; and P; have been shown in (11) to be

Ay =z pi(x) > pj(x)} = {pi > pj},i # J, (31)

where p;, p; are densities with respect to dominating measure p which exists since P is L;-totally
bounded (Hint: There is an L;-countable dense subset of P). Therefore, densities exist for all

elements of ©,, in (30) and since

15 = Pilly = 2[Fi(p; > pi) — Pi(p; > pi)]
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it is enough to use for the separation between each each P;, P; the set A;; = {p; > p;} in the

pseudodistance, therefore the pseudo-distance d,,(Ps, P;) for any Py, P, in P is
d,(Ps, P,) = 2sup{|P;(A) — P,(A)|,A € A,} (32)
with
A, ={A4;;;1<i<j<N(a,)} ={{pi >pj}1;1<i<j<N(a,)} (33)

A key Lemma is now provided.

Lemma 8.1 Let P = {P; : s € S} be Ly-totally bounded family of probability measures on space
Y with o-field A such that the smallest number of L,-balls of radius a,, covering P has cardinality
N(a,). Then, for the class of sets A, (C A) in (33) with cardinality card(A,) < N?(a,) it holds
foreverys, tinS,

||Ps — Py||1 < 4a, + 2sup{|Ps(A) — P,(A)|; A € A,,} = 4a,, + 2d,(Ps, P,), (34)

which has the form (29).

Proof: Let P;, P, be elements of P. For a,, > 0 let P,, be the centers of L, balls covering P. Let
P; and P; be, respectively, the centers of the balls where P, and P, live, 1 < i < j < N(a,). From

the triangular inequality it follows that
185 = Pilly < [[Ps = Bl + ||B = Bylls + [[P5 = Billy < 205 + 2[Pi(Ay) = Pj(Ay)|

< 2a, + 2|Pi(Aij) — Po(Ay| + 2| Po(Ayy) — P(Aig)| + 2| Pi(Aij) — Pj(Ay)]
< 4a, + ZSUP{‘PS(A) - Pt(A)|a A€ An} = 4da, + dn<P57 Pt)'

MDE for L-totally bounded 7 : The MDE P; ~ of Fp is such that

dn(pin, Py ) = inf{d,(ptn, Ps); s € ©)}. (35)

MDE

In (35) it is assumed the infimum is achieved. If not ~y, will be added as in (42). The infimum

could be taken instead over s € ©,,, the discretization of O.
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Proposition 8.1 Ler Y1,...,Y, be i.i.d. random vectors with probability Py € P, L, totally
bounded with Kolmogorov entropy N (a),a > 0. Then, there is a uniformly consistent MDE, P

MDE

of Py with rate of convergence a,, :

In N(a,)

n

112, (36)

ap ~

when a,, | 0in (36); a, ~ b, denotes Cib,, < a,, < Csb,,0 < C; < (.

Proof: PéMpE is defined in (35). We have then from (34),

||PéNIDE_P9||1 S 4an+dn(Pé P@) S 4a'n+dn(PéMDEa Mn)+dn(ﬂn7 PQ) S 4an+2dn(ﬂna PG)
(37)

From Hoeffding’s inequality, since Card(A,) < N?(a,), P(U™,B;) < Y., P(B;) and for

MDE’

each A in A, the corresponding Probability bound for |, (A) — Py(A)| in d,, (g, Py) is uniform,
it follows that
Pldy(pin, Po) > k) <2+ N%(ay) - e72%n (38)

lnN(an)]

and the result follows taking k, = (| /2 with ¢ > 0 such that the upper bound in (38)

converges to zero as n increases to infinity and &, is used to bound the last term in (37).

Exercise: Show that the upper convergence rate when P has densities the g-smooth functions

in [0,1]%is n~Z7a.

9 Learning about parameters with Matching

The evolution of Statistics to Data Science with the positive influence of Computer Science and
Big Data, motivates the search for new tools when the sample of size n, X(€ R"*?), is generated
from M (6), a quantile function or a sampler or a “black-box”, M, with input § € ©; X is indexed
by 0, X(#). In this Data-Generating Experiment (DGE), the goal is statistical inference for § with
unknown statistical nature in the intractable or unavailable cumulative distribution function (c.d.f.),

Fy, of each observation in X ().
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Matching and Fiducial Calibration ideas in Cochran and Rubin (1973) and in Rubin (1973,
1984, 2019) motivate, instead of calibrating #’s estimates, to find the best match for the observed
x(0) learning from generated X*(6*), hence discovering the “best” parameter 6* matching 6.
Matching Estimation is model-free. The luxury of having M allows using N,., repeated X*(0*)
for each 8* € ©. Since models for the Data are never accurate, Matching Comparisons as Learning
Tool for 0 can have universal use. Matching estimation will improve with the evolution of com-
puting capabilities allowing for more prompt comparisons, thus making it a useful tool in Machine

Learning.

Matching measure is generic d-distance between empirical distributions Fx(g) and FX*(Q*) and

0 vy pe 1S the Minimum Matching Distance Estimate (MMDE), w.l.o.g
Ornipp = arg{min d(Fx--), F)}, (39)

extending the classical Minimum Distance Estimation method (e.g., Wolfowitz, 1957) used when

{Fp;0* € O} are tractable.

For € > 0, the Matching Support Proportion among the N,., X*(6*) for which
d(Fx- (o), Fx) < ¢, (40)

is calculated w.l.o.g. for each §* € © and the Maximum Matching Support Probability Estimate,

Oy vmspE, 1S obtained.

Motivation for MMSPE is that for several models, as 8* approaches 6 the higher its Matching
Support Probability is, increasing to 1 (Propositions 15.2, 15.4, Remark 15.2 and Yatracos, 2020,
Proposition 5.2). MMSPE is a relative of noisy Approximate Bayesian Computation (ABC) MLE
(Dean et. al., 2014, Yildirim ef al. 2015) and is more distant from Maximum Probability Estimator
(Weiss and Wolfowitz, 1967, 1974); see Remark 15.4.

The estimates are obtained using a discretization ®* of ®. Under mild conditions on the metric
space (O, dg) and the underlying family of c.d.fs {Fy-,0* € O} which is either unavailable or
intractable and with d the Kolmogorov distance d, it is shown that the Matching Estimate, 0, is

uniformly consistent for 6; =20 MMDE, 0 vy sep- The convergence rate for 0 to 6 is obtained via
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that of the unavailable Fj to F}y. The upper bounds on the dx-rate of convergence of Fj to Fy and
on the de-rate of 0 to ¢ depend on the Kolmogorov entropy either of (©,dg), or of increasing
sets ®;, covering ©®, e.g. when ® = R™ with m either known or unknown;k 1 oco,m > 1.
The rates are presented for i.i.d. Fy vectors in R? and remain valid under mixing conditions and
dependence when there is exponential bound on P|d (F,, Fy) > €] similar to the Dvoretzky-
Kiefer-Wolfowitz-Massart bound; d > 1,¢ > 0. The rates often change in other situations of
dependence, as for example in Time Series where different probability bounds hold (see, e.g.,

Chen and Wu, 2018).

When O is a Euclidean space, the uniform upper dg-rate in Probability has often order at most

—VI%”; see Example 15.1. The usual n~° parametric rate, e.g. of the MLE én, or of other estimates
from model-based estimation methods, is attained when models are tractable. Both Matching
Estimation methods apply for any 7},(X) estimate of 7'(6), replacing in (39) and (40) F} by T,,(x)

and FX*((;) by T,,(X*(0*)); dis generic distance.

In Examples 14.1-14.3, matching distances and support probabilities are plotted over @(C
R™ m = 1,2) for several parametric models and have extremes pointing to the true parame-
ters. Thus, preliminary applications of the methods with a discretization over ® will indicate a
compact, K, where 6 lives, and then a finer discretization for K is used to reduce estimation bias.
Choosing a large K may be preferred than choosing various starting points when looking for a
global maximum, as in MLE. In Examples 14.4-14.6, averages of M/ = 50 Matching Estimates
are used successfully with the mixture of two normal densities and with the intractable Tukey’s

(a,b, g, h) and the (a, b, g, k)-models (respectively in Tukey, 1977, and Haynes et al., 1997).

In DGE, there is no indication about #-identifiability or what n is needed to discriminate param-
eters’ values within the acceptable bias’ level. Thus, the Empirical Discrimination Index (EDI) is
introduced, to provide insight on the quality of 6’s estimates and/or compare DGEs. In Example
16.1, Tukey’s g-and-h parameter discrimination improves that of g-and-k model which is further

studied for local g-discrimination in Figures 7 and 8.

EDI’s use is justified from the literature. Rayner and MacGillivray (2002) indicated the diffi-
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culty in samples to discriminate distributional shapes and parameters’ values for small and mod-

3

erate n, e.g. for the g-and-£ and the generalized g-and-A models: “... computational Maximum

Likelihood procedures are very good for very large sample sizes, but they should not necessarily

13

be assumed to be safe for even moderately large sample sizes” (p. 58); also, “... with moder-
ately large positive (i.e. to the right) skewness, the MLE method fitting to the g-and-k distribution
cannot efficiently discriminate between moderate positive values and small negative values of the
kurtosis parameter.” (p.64). For Tukey’s asymmetric A-distributions and Moments estimation it is
observed: “An additional difficulty with the use of this distribution when fitting through moments,
is that of nonuniqueness, where more than one member of the family may be realized when match-

ing the first four moments ... ” (Ramberg et al. 1979, Rayner and MacGillivray, 2002, p. 58).

Thus, Matching estimates in DGE should be examined at least locally with EDI.

Dean et al. (2014) prove consistency and asymptotic normality of ABC based maximum like-
lihood estimates. Yildirim et al. (2015) use sequential Monte Carlo to provide consistent and
asymptotically normal estimates for parameters in hidden Markov Models with intractable likeli-
hoods. Takafumi et. al. (2018) estimate parameters for simulator-based statistical models with
intractable likelihood using recursive application of kernel ABC and show consistency. Bernton
et al. (2019) provide Minimum Wasserstein distance estimates for intractable models, with their
rates of convergence and asymptotic distributions for real observations only (section 2, line 4)
using strong model assumptions some of which hold for the empirical c.d.f. and Kolmogorov dis-
tance, dx. The “empirical distribution”, fi,,, in the Wasserstein distance denotes simply the data,

neither the empirical c.d.f., Fn, nor the empirical measure, fi,,.

10 From Statistical Experiments to Data-Generating

Experiments (DGE)

A Statistical Experiment, (X, A, P), consists of sample space X’ with o-field .4, the parameter

space © with distance dg and probability measures P = { Py-; 0* € ©}; see e.g. Le Cam (1986),
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Le Cam and Yang(2000). X € X is observed from Fj and the aim is to estimate ¢ and study

properties of the estimate.

Instead of P one can use the corresponding c.d.fs Fo = {Fy-, 0" € O} with generic distance
d used also for functionals T(Fy+),0* € ©, and assume identifiability i.e. Iy, = Fp, implies

01 = 0,.

Definition 10.1 A Data-Generating Experiment (DGE) consists of (X, My, 0, Mg), with sam-
ple and parameter spaces, respectively, X and ©, Samplers Mg, My, respectively, for random
O and for X given © = 0*. Underlying structure includes o-fields Ax, Ae, prior 7 for ©, c.d.f.
Fy for generated X given © = 0, non-available or intractable c.dfs Fg = {Fy-,0" € O} with

distance d, O-identifiability, distance dg for ©.

- X = X(f) € X is observed and the aim is to estimate 6.

- The user can select 8* € © to draw one or more X*(0*) via M (6%).

DGE examples include those where data is obtained via either a Quantile function, or a Sampler,

or a “Black-Box™.

In the sequel, for c.d.fs d=d K, Kolmogorov distance.

Definition 10.2 For any two distribution functions F, G in R%,d > 1, their Kolmogorov distance

dg(F,G) = sup{|F(y) — G(y)|;y € R%}. (41)

11 The Minimum Distance Method for Statistical

Experiments

Wolfowitz introduced Minimum Distance Estimates (MDESs) in a series of papers in the 50’s
(e.g. 1957) using Kolmogorov distance dx and empirical c.d.f. Fx of sample X representing data

D that is “matched” with a model from a pool of models.
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Definition 11.1 For any n-size sample Y = (Y1,....Y,) of random vectors in R* nFy (y) de-
notes the number of Y;’s with all their components smaller or equal to the corresponding compo-

nents of y. Fy is the empirical c.d.f. of Y.

For a Statistical Experiment with X having c.d.f Fy € Fg, X = X(0), O p satisfies
dic(Fp,y s Fxo) < j0f dic(For, Fxo) + 7, (42)

with the user’s choice of ,, | 0 as n 1 oo, when ,, = 0 cannot be used.

The infimum in (42) may not be achievable and by including ~,, > 0, 01 is element of

©,={01,....0m,,...} (43)

A A

satisfying (42). Thus, d (F Fx(p)) is kept small for OripE € ©,,.

MDE’

k.

Tools for proving consistency and the uniform convergence rate
n

of Fy to Fy are:
MDE

~

d (F, Fx) + dx (Fx), Fo) < 2-dg(Fx@), Fo) + Y, (44)

OMDE’

Fy) < dg(F,

OMDE’

the Dvoretzky, Kiefer, Wolfowitz (DKW) (1956) inequality for d K(F x(0) Fi p) and controlled ~,, <

\k/—"ﬁ, k., = o(y/n) increasing as slowly as we wish with n to infinity.

The MDE method can be used for any functional T'(F}) for which consistent estimate 7, exists
with respect to distance d, by replacing in (42) d, Fx, Fy., respectively, by d, T,, T (Fp-), to obtain

estimate 7'(F; ) (e.g. Yatracos, 2019, Lemma 3.1).

OMDE

12 The Minimum Matching Distance Method

In observational studies, Rubin (1973) matched data D with data D* from a big data reservoir
to reduce bias, using a mean matching method and nearest available pair-matching methods. In a
DGE, D = X = X(6) is available generated by unknown 6 to be estimated, and D* = X*(6*)

become available via My, 0* € ©. D and D* are replaced, respectively, by FX(Q), FX*(Q*).
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Definition 12.1 The Minimum Matching Distance Estimate (MMDE), 0 MMDE, Satisfies

A

dk (Fx (6

*(OmMDE)’

Fx(p) < ei*relfa A (Fx+ 0y, Fx(9)) + s (45)

with v, = 0or~, L 0asn T co.

Orivpp is Ot necessarily unique. -, appears in the upper rate of convergence of Fj to Fy

MMDE

and has rate smaller than the other additive components.

(D) Discretizations of (©,de): ©O’s finite de-discretization, % is used in (45) instead of

O, O 1 0,Card(®}) = N,. 0 . (s) is the element of O, closest to s. When (0, dg) is totally

ap,n

bounded, ©; consists of the V,, = N(a,,) centers of the smallest number of dg-balls of radius a,

covering ®;a,, > 0,a, | 0Oasn T oco.

The convergence rate for 0 v DE to 0 1s obtained via that of FéMMDE

to Fy. The parallel, match-
ing inequality to (44) is

~

d(F

OMMDE’

Fy) < dk(F,

Ovmpr’ ™ X*(OummDE

))+dK(F “( Fx(o))—i-dK(Fx Fp). (46)

OrmDE)

In a nutshell, d K(Fx(@), Fy) decreases to 0 in Probability, bounded above by \’“/—%, kn, = o(y/n),

with k&, 1 oo with n as slowly as we wish. d K(FéMMDE’

ability by Vl\nf by Lemma 17.1 with QMMDE one of N,, selected 0* € O, lnN" $ 0,N, T o0

FX*(éAIAIDE)) is bounded above in Prob-

as n 1 oo. The “matching term”, d(F X*(OnnmpEr)’

FX(Q)), is bounded above in Probability by a
multiple of v,, + \F + dg (Fp, Fg* (0 )) and depends on #; k,, as above. Under mild assumptions,
an upper bound in Probability is obtained for d@(éM vpE, 8). Details are in Proposition 15.1 and

Corollary 15.1.

Remark 12.1 The advantage of having Sampler My allows using N,.p(fixed) samples X*(6*)
for each 0* € ©3. OrivinE minimizing all the distances gives much weight to one sample. The
Mean Matching dk-distances, one for each 0*, are also compared using their minimum to obtain

0 MM MDE, Minimum Mean Matching Distance estimate(s).

Remark 12.2 MMDE applies for any estimate, T,,(X), of T'(6) with generic distance d, replacing
in (45) Fx(g) by T,(X(0)) and Fx- gy by T,,(X*(6%)).
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13 The Maximum Matching Support Probability Method

Niep X*(6) are used for 0* € ©.

Definition 13.1 For 6" € ©, N,, samples X1(0%), ..., X%, (0") are drawn via M x (") and for

€ > 0 those supporting e-matching with X(0) = x are:
A07) = {X5(0°)  dic(Fx: 0y, Fxo) < €5 =1, Nyep }- (47)

The e-Matching Support Proportion for 0* is:

Card[A.(67)]
Nrep

The Maximum e-Matching Support Probability Estimate (MMSPE) is

pe,match(e*) = > 0. (48)

éMMSPE = arg{maxpe,match(e*)}- (49)
0*cO
Observe that:
a) for large N,, and n,
Dematen(07) estimates Py [X*(6%) : dc(Fxe(g+), Fp) < €], (50)

b) for all s € © and for all n by construction,

pﬁ,match(éMMSPE) Z pe,match(H:;p,n(S)) (51)

Small € in (47) with pe maten (é vmMmspe) at least .7 is the goal in practice.

In MMDE, with N,., X*(6*) drawn for each #* € ©; and several candidates to choose from
as Oyrns pE, (48) is used with € equal to the upper bound in (45) and generated data supports

arg{maxg*eépe,matchw*)} as MMDE. The upper bound on the convergence rate in Proposition

15.1 holds for @5/ ,,5p5 Which is also MMDE.

The convergence rate for éM mspE to 0 is obtained via that of Fj to Fy. Inequalities to

MMSPE

determine the rate for I

brinrsps With Dematen (OrravrspE) involved, are:

A A

di (F, Fy) < dg(F,

éIVI]\/[SPE’ 6'}\/IJWSPEE’ FX*(éNII\/ISPE)) + dK(FéIWI\/ISPEE’ F@)
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A

< dy(F

- Omysper’ ~ X*(OummsPE

)+ dic (F

X+ (Garmsrn) FX©0) + dr (Fx ), Fo)- (52)
The first and the last term in upper bound (52) have uniform upper bounds in Probability with
order, respectively, V = and k” .k, = o(y/n), as explained in the paragraph after (46); choose

kn, ~ +/In N,,. The mlddle “matchlng term” is bounded by € in (47).

Lemma 13.1 For the Maximum e-Matching Support Probability estimate, 0 MMSPE, in (49), © =

®;, with cardinality N,
Vin N,

) Vin N,
dK(FéMMSPE,Fg) <C-le+ Tn "] < C - max{e, \/_ —"} C>0. (53)
From (53) the question arises, whether uniformly in 6 the order of € can be at most ~ l\"f , with

peymatch(GM mspe) T 1asn T oo. From (51), it seems clear the latter holds when there is 0* € O}
such that dy (Fy-, Fp) < e. In simulations with i.i.d. rvs., small ¢ > 0, n, N,,, N,, moderately
large, pe,match(éM mspe) is at least .70 for Normal, Cauchy, Weibull, Uniform, Poisson models
with one parameter unknown and 0 mmspE 1s near 6, competing well with MMDE. The results are
confirmed in Propositions 15.2, 15.4 for the probabilities and in Propositions 15.3, 15.5 for the

upper bounds on the convergence rates.

Remark 13.1 When any of Oyrvipe, Ovivivipe, Ovivspe takes more than one values, the average

is reported as the corresponding estimate.

14 Matching Estimation Examples

The Examples have two goals. In parametric models, readers to compare the values of Matching
Estimates and mainly observe how plots of matching Kolmogorov distances and matching support
probabilities over © point to the parameters and can provide indications for a compact K in R?
where 6 lives via preliminary Matching Estimation. The second goal is for readers to observe
the performance of Matching Estimates with intractable models: Tukey’s g-and-/ model (Tukey,

1977), the g-k model (Haynes et al., 1997) and the mixtures of two normal distributions. M
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repeated estimates are obtained with each method and their average is used with its estimated

standard deviation, providing density plots for the estimates of each parameter.

In Figures 1-3, observe for several parametric models the “path” towards the unknown parame-
ter(s) with the mean matching distances of N, X*(6*) getting smaller and the matching support
probabilities larger along the #*-values, confirmed by the results in Section 15; see Propositions
15.2, 15.4 and Remark 15.2. Preliminary Matching Estimation with distant * over R will pro-
vide paths to determine the large compact K. Alternatively, increasing compacts covering R can

be used and K is determined concurrently with the Matching estimates.

In Examples 14.1-14.3, § € R for the exponential, normal and Poisson models and § € R2,
either with equal coordinates for the Weibull, Cauchy and normal models or with different coordi-
nates for the normal model. For MMSPE, the choice of € is crucial. To determine € one may use
Empirical Quantiles of Kolmogorov distance between FX and FX* (Yatracos, 2020, Section 3.1,
Table 1). In the Examples, ¢ = .13 is used which is the 90th Empirical quantile for the Kolmogorov
distance of FX(O) and Fx*(o) from a normal distribution with mean zero and variance 1. Alterna-
tively, € can be chosen by trial with a satisfactory matching support probability and avoiding very
many MMSEP candidates, starting with e-value C' - Vion. g < C < 1.5 is preferred for small

Jn !
d. When more than one elements of discretization ®* satisfy a method’s criterion, the reported

estimate is their average.

Example 14.1 The observed X consists of n = 100 i.i.d. r.vs from the exponential and Poisson
models, each with parameter 5, and from normal model with mean 5 and assumed known standard
deviation o = 1. It is assumed the unknown 0 (i.e. 5) is in the compact [3, 8|, divided in 49 equal
sub-intervals with their end-points elements of discretization ©*, N = 50. N,., = 100 samples of
size n are obtained using each element of ©* and the value ¢ = .13 is used for MMSPE. Estimates

appear in Table 1' and, most important, plots pointing to the parameters are in Figure .

I'Standard deviations of estimates for intractable models appear after Example 14.3.
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MATCHING ESTIMATES
Model MMDE | MMMDE | MMSPE | pc match
Exponential | 5.11 4.53 5.14 0.75
Poisson 5.48 5.45 5.35 0.95
Normal 4.84 4.94 4.94 0.88

Table 1: Matching Estimation for one parameter with value 5

Example 14.2 The observed X consists of n = 100 i.i.d. r.vs from the Weibull, Cauchy and the
normal models, with both parameters equal to 5. For Matching estimation it is assumed known that
these parameters are equal and only the discretization of [3, 8| is used. The rest is as in Example

14.1. Results appear in Table 2 and plots pointing to the parameters are in Figure 2.

MATCHING ESTIMATES
Model | MMDE | MMMDE | MMSPE | pe maten
Weibull | 5.14 5.14 5.14 0.85
Cauchy | 4.79 4.94 4.84 0.92
Normal | 5.16 4.94 4.84 0.75

Table 2: Matching Estimation for two equal parameters with value 5
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Example 14.3 The observed X consists of n = 100 i.i.d. r.vs from the Normal model with mean
w = 5 and standard deviation o = 2. It is assumed for 0 = (u,0) that ® = [3,8|x[.5,4.5],
discretized by dividing each interval in 49 equal sub-intervals with their end-points elements of
discretization ©*, N = 2,500. N,., = 100 samples of size n are obtained using each element of
O* and ¢ = .13 is used. Estimates appear in Table 3 and the plot pointing to the parameters in

Figure 3.

MATCHING ESTIMATES FOR THE NORMAL MODEL
Parameters | MMDE | MMMDE MMSPE, pematen = -9
1 5 5.04 4.94
o 2.1 2.05 2.13

Table 3: Matching Estimation for parameter 6 = (5, 2)

Examples 14.4-14.6 present Matching estimates for intractable models. The estimation is re-
peated M = 50 times and MMDE, MMMDE and MMSERP are the averages accompanied by their

standard deviation in (-), all in Tables 4-6.

Example 14.4 The observed X consists of n = 200 i.i.d. rvs, X1,...,X,, from Tukey’s g-and-h
model (see, e.g., Tukey, 1977, or Yan and Genton, 2019) which accommodates data with non-

Gaussian distribution, with g real-valued controlling skewness, non-negative h controlling tail

heaviness and with location and scale parameters a € R,b > 0. Standard normal Z+, . .., Z, are
used, a = 3,b=4,9 =3.5,h = 2.5 and
9Zi _ |
X;=a+ b e i1 p (54)
[Y

Parameter spaces © 4, Oy, O, Oy, are each the interval [2, 5], divided in 10 equal sub-intervals with
the 11 end-points used to obtain for ©® = 0,20,20 ,20), discretization ©* with cardinality N =
11%. N, = 100 samples of size n are obtained using each element of ©* for Matching Estimation
with € = .13. The process is repeated M = 50 times and the average Matching estimates and their
estimated standard deviations are in Table 4. The distributions of the M = 50 obtained estimates

for each of g, h,a,b are in Figure 4.
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MEAN MATCHING ESTIMATES FOR TUKEY’S g-and-h MODEL
Parameters | MMDE & SD | MMMDE & SD MMSPE & SD
a=3 2.98 (.03) 3.04 (.04) 3.03 (.04)
b=14 3.91 (.08) 4.06 (.12) 3.77 (.09)
g=3.5 3.42 (.08) 3.52 (.09) 3.52(0.07)
h =25 2.72 (.05) 2.57 (.07) 2.93 (0.05)

Table 4: Matching Estimates with independent observations, 7n=200.

Example 14.5 The observed X consists of n = 50 dependent rvs, X1,...,X,, from g-and-k
model (Haynes et al., 1997), with g real-valued controlling skewness, k > —.5 controlling kurtosis
and with location and scale parameters a € R,b > 0. The g-and-k distributions accommodate dis-
tributions with more negative kurtosis than the normal distribution and some bimodal distributions

(Rayner and MacGillivray, 2002, p. 58). Standard normal Z, . . ., Z, are used and

c is a parameter used to make the sample correspond to a density; usually ¢ = .8. The normal

variables used have covariance .5 and are obtained using R as one vector of size n from a multi-
variate normal. The parameters in (55) are: a = 3,b = 4,9 = 3.5, h = 2.5; ¢ = .8. Parameter
spaces ©4, Oy, ©,, O, the discretization of © and € are as in Example 14.4 and Matching Estima-
tion follows. The process is repeated M = 50 times and the average Matching estimates and their
estimated standard deviations are in Table 5. The distributions of the M = 50 obtained estimates

for each of g, k,a,b are in Figure 5.
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MEAN MATCHING ESTIMATES FOR g-and-k MODEL

Parameters | MMDE & SD | MMMDE & SD | MMSPE & SD
a=3 2.96 (.07) 3.31 (.15) 3.09 (.1)
b=14 3.66 (.07) 3.81 (.14) 3.98 (.09)

g=3.5 3.35(.05) 3.54 (.12) 3.36 (.1)
k=25 2.98 (.06) 3.08 (.12) 2.78 (.08)

Table 5: Matching Estimates with dependent observations, n=50.

Example 14.6 The observed X consists of n = 200 independent r.vs, from a Normal mixture with
two components, means 11 = 1, s = 06, standard deviations o1 = 1,09 = 1.5 and weights,
respectively, p = p1 = .3,p2 = 1 — p = .7. Parameter spaces ©, = [0,1],0,, = [.5,3.5],0,, =
[3.5,6.5],©,, = O,, = [.5,2], are divided each in 10 equal sub-intervals with the 11 end-points
used to obtain for ® = 0,20, 10, 10,,10,, discretization ©* with cardinality N = 11°.
Nyep = 100 samples of size n are obtained using each element of ®* for Matching Estimation with
€ = .13. The process is repeated M = 50 times and the average Matching estimates and their
estimated standard deviations are in Table 6. The distributions of the M = 50 obtained estimates
for each of p, p1, 01, pia, 02, are in Figure 6, using for the means ml, m2 and for the standard

deviations s1, s2.

MEAN MATCHING ESTIMATES FOR pN (j11,01) + (1 — p) N (g, 02)
Parameters | MMDE & SD | MMMDE & SD MMSPE & SD
p=.3 31 (.002) 32 (.006) 34 (.002)
py =1 1.06 (.03) 1.14 (.04) 1.26 (.016)
oy =1 1.11 (.03) 1.15 (.05) 1.33 (.006)
fty = 6 6 (.02) 6.06 (.03) 6.12 (.02)
oy =15 | 1.51(0.02) 1.43 (.03) 1.41 (.02)

Table 6: Matching Estimates with independent observations, 7n=200.
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15 Rates of Convergence for Matching Estimates

15.1 Assumptions and Results

Notation: a,, has order b,,, a,, ~ b, : for large n, C1b, < a,, < Csb,,0 < C; < Cs;

a, ~ b, < lim,_,« Z—Z =1.

Assumptions used in MMDE and MMSPE
(A1) Continuity of Fy: ¥ 6,0, € O, lim,,_,o de(0,,0) = 0 — lim,,_,o dx(Fy,, Fp) = 0.
(\A2) Dimension of © : there are a,, — 0 such that W — 0,N(a,) T oo asn T co.

(A3) From Fj to 0 : w is continuous, increasing function defined on R with w(0) = 0 and
dK(F917F92) Nw(d®(91;92)>7 V91,92 € @7 (56)

or for small neighborhoods of Fy, .

(A1) holds for most parametric models in R?. (A2) holds for sets © = [-£ £]¢ c R4 L > 0,
with a,, ~ n~%, k > 0, but also for families of functions, e.g. densities in a compact in R? that have
p mixed partial derivatives and the p-th derivative satisfying a Lipschitz condition with parameter,
e.g. a € (0,1). Observe that (A3) implies (.A1). (A3) holds for several parametric families in R
with bounded densities, at least locally using the mean value theorem. (.A3) provides the upper

bound on the error rate for 6 from the error rate for Fy.

Uniform consistency of Fj to Fy and upper bounds on the dy-rates of conver-

MMDE’ Fé]\/f}\lSPE
gence in Probability are initially established when (©, dg) is totally bounded or is the union of

increasing totally bounded sets. Under (A1), (A2), the upper bound in Probability, €, for the

matching estimate F9~,0~ = éMMDE, éMMSPE, of Iy is

\/lnN(an)}_

I

dx(Fy, Fy) < €, ~ max{supdx(Fyp: (s, Fs),
K (Fg, Fp) {se(g K (Foz, (), F5) N

see (59), (71), (77). When, in addition (.43) holds,

In N(a,
€ ~ v/In N(an) ~ w(an):

NG
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see (60), (72), (78). The upper bound on the dg-rate for éMMDE, éMMSPE to 6 depends on the
relation between dg (Fy,, Fp,) and de(0;,6,) determined by (.A3). The results are obtained for
i.i.d. vectors in R? and it is indicated how the results are extended under dependence, e.g. see

Roussas and Yatracos (1997).

15.2 Upper bound on the rates of convergence for MMDE

We find instructive the reader to observe the passage from the data to the parameters via the

empirical c.d.fs and the intractable or unavailable models.

Proposition 15.1 In a DGE, let X = (X4, ..., X,,) consist of i.i.d. rvs with c.d.f. Fy € Fg. As-
sume that (©, de) is totally bounded with discretization ®}, and associated notation a,,, N (a,), 0}, ,(0)
in (D), section 4. X*(0*) are drawn via M (0) for 0* € ©%. Obtain Oy ypp in (45) with

0 =0;.

a) For any ¢, > 0, a,, | 0,

. n
Pldg(Fy,,. Fy) > €] <6-N(ay)-exp —E(en — dg(Fys, ) Fo) —m)°}- (57)
When
In N(a,)
n=€,(0) = dg(Fp: , b 6———= 4 Vn, 58
€n = €n(0) = dr(Foy, . (0), Fo) + Tn + 7 (58)
the upper bound in (57) is % and converges to zero as n increases to infinity.
b) Under assumptions (A1), (A2), €, in (58) decreases to zero in probability:
b1) The uniform upper dy-rate of convergence, €, for FéIVIJ\/IDE to Fyis:
In N(a,
e ~ max{sup dic(Fy (9 Fu), Y (an), (59)

SEO \/ﬁ
by) Using the upper bound of (56) in (A3), the uniform upper rate of convergence for d (F

OrvvpE’ Fg)

in Probability to zero is:

€~ %@ln) ~ w(ay,). (60)
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bs) Under (A3), from €', in (60) the uniform upper rate of convergence for de (éM MpE, 0) in Prob-
ability to zero is w (€.

n

¢) Under (A2), (A3), with a,, = w™' (n~Y2), an upper rate in by) is u,, = v/In N (w=1(n=1/2))/\/n

and in by) is w ' (uy,).

Similar results hold when © is union of increasing sequence of totally bounded sets.

Corollary 15.1 Under the assumptions of Proposition 15.1, with © = U2 0, O C Oy,

O, de-totally bounded, Ny (a) the smallest number of de-balls of radius a covering Oy, for every

0 € ©y, the uniform upper d-rate of convergence, €, for I3 nnpg 10 Lo is:
In Ny (a,
e o VI w(ay). (61)

n \/ﬁ

Foreach 0 € ©, eventually inn, upper rates of convergence for di (Fj Fy) and de (éMMDE, 6)

MMDE’

are as in Proposition 15.1, bs), c) with k = k(n) 1 oo as n T oo.

Remark 15.1 The MMDE rates of convergence in Proposition 15.1 and Corollary 15.1 hold with
observations in R?,d > 1, using Lemma 17.1 with probability bound (80) Ugy, in Remark 17.1.
Similar rates hold under dependence, with the upper bound in (80) and therefore (57)-(59) all
including mixing coefficient ¢ (Roussas and Yatracos, 1997, page 339, equations (8),(30)-(33)).
The rates change, e.g. in Linear Time Series, using an upper probability bound in Chen and Wu

(2018, p. 3, equation (8)): for z > \/nlog(n)

P[sup|i](Xi <t - Ft)| >z <C—"

teR = 1248 1og™(2)’

B is dependence parameter, with larger [ indicating weaker dependence, q,r, are parameters
measuring tail heaviness, ¢ > 1 and vy > 1;1 is indicator function, C constant. The upper

probability bound is sharp.

Example 15.1 Use the assumptions of Proposition 15.1, with @ = R™ m > 1, dg the sup-norm,

w(a) =a,a > 0.
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a) When ¢ € (—L/2,L/2)™, L > 1, m known, for a,, > 0

Ni(an) = (29" 62)

Qn

From (60), the upper rate of convergence in probability for d (F} Fy),0 € |—L/2,L/2]™,

MMDE’

1/21 L—1 1/2
ej;wm (In na,) ~a, 63)

nl/2

and with a,, = \/Lﬁ the rate of convergence is

1/2(111L+.51nn)1/2 Vinn
m ~

nl/? \/ﬁ :
Since dg (Fy,, Fy,) ~ de(b1,02) for all 6,,0, € O,

Vi
NG

b) When § € R™ = U (L2 La)™ 4 known and a,, > 0, there is n* such that § € (—Zax Lar)ym

d@(éMMDE,Q) <C- , C>0.

27 2 2 2
Then , for n > n*, from (63), the upper rate of convergence in probability for dx (Fy . Fp)is
1/2 InL. —1 1/2
oLy —Inay) T (64)

nl/2

When q,, = \/iﬁ and L,, < /n, foreach § € R™, eventually in n,

vinn
NG

In a Statistical Experiment, with § € R™ and Fj known but possibly inaccurate, the order of

d@(éMMDE>9) ~ dg(F, <C-

OrvrvDE’ Fg)

, C>0.

convergence in probability of an estimate to ¢ is often \"}—%, k., = o(y/n) with k,, 1 oo as desired
with n.
¢) When m is unknown in a) and b), it is replaced by m,, in (63) and (64) and the rate for the upper

bound is —w, with m,, increasing to infinity as slow as desired.

15.3 Upper bound on the rates of convergence for MMSPE

Confirmation that pe,match(éM mspe) T 1 asn 1 oo, follows for real observations, under condi-

tions holding for mentioned models and several other parametric families, namely that dy (Fy, Fy) =
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A(> 0) is achieved at single = g € R, where the difference of densities f,(z)— fy(x) changes sign.
Tools in the proof are limiting distributions of Kolmogorov-Smirnov type statistics for one and two
samples under the Alternative (Raghavachari, 1973). By Glivenko-Cantelli theorem, w.Lo.g. Fx(g)
is replaced by Fj in the middle matching term of (52), suggested also by the inequality preceding

(52), and the result for one sample is used.
Proposition 15.2 In a DGE, let Fg be a family of continuous c.d.fs in R and for s # 0,
A(s,0) = d(Fs, Fy), (65)
Ky ={x: Fy(z) — Fp(x) = A(s,0)}, Ky ={x: Fy(z) — Fy(x) = =A(s,0)}.  (66)
(A4) One of K1, Ky in (60) is singleton and the other empty, w.Lo.g.
Ky ={zp}, Ky =10. (67)
Assume (A1) holds and fix 0 € ©, ¢ > 0. Then, for large n there is s* € ©, such that

A(s*,0) <e— \];%, kX =o(v/n), kX 1 oo with n. (68)

If X*(s*) is a vector of n i.i.d. Fy observations obtained via My (s*),

Pyl (Fxe(s)s Fy) < €] > ®(2- k%)) 11, asn 1 oo (69)

® is the c.d.f. of standard normal. The lower bound in (69) is independent of 0, therefore it holds

uniformly in 6.

Upper bounds follow on the rate of convergence of estimates for real observations and ® C R.

Proposition 15.3 In a DGE with the assumptions (Al) and (A4) in Proposition 15.2, let the
observed X (0) = (X1, ..., X,) consist of i.i.d. rvs with unknown c.d.f. Fy € Fo,0 C R,dg =

a) Assume (©, | - |) is totally bounded, w.l.o.g. (—%, L), with discretization ©}, and notation
an, N(an),0;,,(s) in (D), section 4. For every 0* € @}, Ny, X*(0%) are drawn via Mx(0*).
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Obtain Oyprspp in (49) with © = O and in (47)

vInN(a,)
€ =¢, =supdg(Fyp (o, Fs) + ——F7=. (70)
8616) K< eapm( ) ) \/ﬁ

a1) The rate of the uniform upper bound in (53) is:

v/In N(a,,)
o, Fs)y ——F7=—1 71
e Byt B S 7

ay) Under (A3), with a,, | 0 asn T oo, € converges to zero,

ey YO (a). (72)

Jn

Fors* =0 (0),nlarge, (69) holds, and the uniform upper rate of of convergence for dy (F

ap,n

in Probability to 0 is €, in (72).

&€ ~ max{sup dg (Fp-

MMSPE’ F‘Q)

as) Under (A3), the uniform upper rate of convergence for |0y nspi — 0| in Probability to 0 is

w(€r), with € in (72).

b) Assume (A3) holds and ® = R = U;’Lozl(—%”), @) Then, eventually in n, the upper rate
of convergence in probability for d (F Fy),

MMSPEE’

. VInk(n) —Ina,
e NG

and for de (Orrarsprs, 0) is w™(€4).

w(an), (73)

c) Assume (A3) holds and a,, = w=(n=Y/2). Then, an upper rate in ay) is u,, = \/— In(w=(n=/2))/\/n

and in az) is w™' (uy,). In b) the upper rates are, respectively, @i, = max(y/In k(n), \/— In(w=1(n=1/2)))/\/n

and w1 (1,).
Proposition 15.2 is extended for 4.i.d. observations in R%.

Proposition 15.4 For 0 € ©, ©;, discretization of ©,0; () the element of ©}, closest to 0 and

n i.i.d. random vectors in R with c.d.f. Fy:, .0, nlarge:

Pe;;p,n(e) [dK(FX*(G;p,n(G)b Fe) < Gn] >1- Cl(d) : eXp{—Cz(d) "n- [En - SU(I; dK<F0(’;p’n(s)a Fs)]2}§
sE
(714)
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C(d), Cy(d) are positive constants.
Lower bound (74) is uniform in 6 and increases to 1 as n increases to infinity when

n - e, —sup dK(Fgépn(s)7 F,)]* 1 oo with n. (75)
s€EO '

Remark 15.2 (A3) with (68), (69), (74) and (75) confirm that when s* approaches 0 pe maten(s*)
increases, as seen in Figures 1 and 2. Preliminary simulations indicate a large compact where 0

lives.

Proposition 15.3 is extended for 4.i.d. observations in R?. Similar results hold under mixing
conditions, as for MMDE, and when © is union of increasing sequence of totally bounded sets, as

in Corollary 15.1.

Proposition 15.5 In a DGE, let the observed X(0) = (X1, ..., X,,) consist of i.i.d. random vec-
tors in R with unknown c.d.f. Fy € Fe.Assume that (O, dg) is totally bounded with discretization
®} and notation a,, N(ay,), 0% . (s) in (D), section 4. N,, X*(0*) are drawn via M (0*) for

? T ap,n

every 0" € ©3,.
Obtain Oyprspp in (49) with © = O and in (47)

V/1og N(ay)
€ =¢, =supdg(Fp (o, Fs) + ——7r—=. (76)
seg K( bipm(e) ) \/ﬁ

a) The rate of the uniform upper bound in (53) is:

In N(a,
EZ ~ max{sup dK(ngpm(S), Fs), n—(a)

s€EO \/ﬁ

b) Under (A2), (A3), € converges to zero with Probability increasing to 1 uniformly in 0 € ©,

3 (77)

o V) ), 78)

¢) Under (A2), (A3), the uniform upper rate of convergence for de (Oyarspr, 0) in Probability to
zero is w™(€}), with € in (78).

d) Under (A2), (A3), with a,, = w™' (n"/2), an upper rate in b) is u,, = \/In N(w=1(n=1/2))/\/n

and in c) is w™ (uy,).
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Remark 15.3 p. atc1(0%) in (48) has been introduced in F-ABC (Yatracos, 2020), an alternative
to ABC with N,., X*(0%) drawn for each 0* to reduce the variation effect of a single X*(0*) in the

selection of 0*. e maten(0%) is used in the approximate posterior of 0 if 0* is selected.

Remark 15.4 MMSPE is a relative of ABC MLE (Dean et. al., 2014, Yildirim et. al. 2015)
where an e-neighborhood like that in (47) is used, but in ABC MLE an approximate likelihood is
maximized, constructed assuming a Hidden Markov Model. MMSPE is less related with Maximum
Probability Estimator (MPE) Z,, (Weiss and Wolfowitz, 1967). The reason for calling 7, MPE
is that if 0 can be estimated with increasing accuracy as n increases, then MPE maximizes the
asymptotic value of the expected 0 — 1 gain at each point in © among a class of decision rules
(Weiss, 1983, p. 268). With f(x|0) the conditional density of X given 0, MPE Z,, is d maximizing
/ F(x10)db, (79)
{0:de (d.0)<c/v/m}
(Weiss and Wolfowitz, 1974, p. 15), which is expected to be an average of f(x|0) in a -neighborhood
of the MLE: (79) is not a probability, it is defined via a neighborhood in ® and does not have the

frequentist interpretation (48) of pe maten(0%) for a particular 6*.

Remark 15.5 Rates (60), (61), (72), (73) and (78) have the form of the upper convergence rate in
estimation of a density and a regression type function via Kolmogorov entropy, log N (a,,), of the

corresponding space of functions that is a,-discretized and w(a,) = a,, (see, e.g., Yatracos, 1983,

1989, 2019).

16 Empirical Discrimination of DGE

In Rayner and MacGillivray (2002) it is indicated that there is plethora among Tukey’s asymmetric-
A and g-and-h models and the g-and-k model that have shapes affected concurrently by more than
one parameters and valid ML estimation requires a very large sample but Moments’ estimation

cannot discriminate between parameters.
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Related information on #-discrimination is missing with DGEs, since the underlying model is
unknown or intractable and the “discrimination” of parameters, dg (0, 6*), cannot be associated

with models’ shapes via plots or their distance, e.g., di (Fy, Fp-).

The alternative is to use the data: estimate empirically dy (Fy, Fp+) by drawing X(6) and
X*(0*), calculate dK(FX(g), FX*(Q*)) and compare it with de (6, 6*). If D is the -discrimination
tolerance, it is desired that when dg (¢, 0*) exceeds D then dK(FX(g), FX*(Q*)) is large enough,
discriminating Fy and Fjy-. The distance between the empirical c.d.fs is random and its size is re-
flected in the P-value of a two-sided test of hypotheses under the null, i.e. models’ equality. This

leads to the DGE’s Empirical Discrimination Index.

When m = 1, the P-value for the Kolmogorov-Smirnov two-sample test of Fj against Fy- is cal-
culated under the null repeatedly with M samples, X (#) and X*(0*), and the average of P-values
is the Empirical Discrimination Index, EDI(0, 6*; DG E, n, M ). EDI-values denoting significance
indicate discrimination of models Fj, Fy-. For m = 2 and m > 2, the approaches in Peacock

(1983) and Polonik (1999) can be used to obtain P-values.

EDI can be used to evaluate locally each coordinate of the estimate § = (0~1, ...,0,) by cal-
culating EDI(6, (51, .., 4+ D; + 6, 9~i+1, - ém); DGE, n, M), where D; is the tolerance for

91,5i>0,i:1,...,m.

EDI can be used to compare DGEs. Tukey’s g-and-h model (DGE 1) and the g-and-£ model
(DGE 2) are now compared g-locally with EDI. The same normal sample is used to obtain the ¢-th

samples from DGE 1 and 2 and DGE with the minimum P-value is identified, s = 1, ..., M.

Example 16.1 Samples X1(g1,h), X(g2, h) of size n are generated from Tukey’s g-and-h model
(DGE 1) with g1 = 5, g2 = 3, h = 2.5 and with the same standard normal variables X5(g1, k), X5(g2, k)
are generated from the g-and-k model (DGE 2), with k = h. The corresponding P-values are ob-
tained. The experiments are repeated M = 1000 times for n = 50, 100, 200, 500, 1000, 1500, 2500, 5000
and the EDIs for DGE 1 and DGE 2 are calculated for each n, with Tukey’s g-and-h model hav-
ing better 0-discrimination. This is confirmed by the number of times P-value(g-and-k) is smaller

than or equal to the P-value(g-and-h), which decreases as n increases; similar observation for

43



M = 10000 including also n = 10000 with the results available but not presented. The results

appear in Table 7.

g-LOCAL DISCRIMINATION: TUKEY’S g-and-h AND g-and-%
n EDI (g-and-h) | EDI (g-and-k) | # PV(g-and-k)< # PV(g-and-h)
50 8.9 e-01 9.52 e-01 369

100 7.95 e-01 8.98 e-01 291

200 6.11 e-01 7.59 e-01 248

500 2.69 e-01 3.95 e-01 221

1000 7.29 e-02 1.29 e-01 174

1500 1.99 e-02 4.21 e-02 149

2500 1.82 e-03 5.15 e-03 144

5000 4.26 e-06 2.61 e-05 77

Table 7: Model parameters: g; = 5,92 = 3,h = k = 2.5. EDI-values for g based on M=1000

repeats, PV=P-value.

The results in Example 16.1 for the g-and-k model suggest comparing also estimated density
plots using the data. Plots appear in Figures 7 and 8, respectively, with ¢ = 5 and g = 3.5 and
also for g = 5 and g = 4.5, with the corresponding sample size, n, and P-value for discriminating
the corresponding models; k£ = 2.5. The results are in agreement with the findings in Rayner and
MacGillivray (2002) but the problem seems to be the family of distributions and not the estimation

methods.

17 Appendix

Theorem 17.1 (Dvoretzky, Kiefer and Wolfowitz, 1956, and Massart, 1990, providing the tight

constant) Let Fy denote the empirical c.d.f of the size n sample Y of i.i.d. random variables
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obtained from cumulative distribution F'. Then, for any € > 0,

P[dK(Fy, F) > 6] < UDKW]\/[ = 26_2n62 (80)

Lemma 17.1 Let X be a sample of i.i.d. Fy rvs, with € © = O}, = {07,...,0% }. For any
¢ > 0 it holds for Oyvpp in (45),

Pldx(F

OrvmpE’ FX*(éIWIMDE)

) > (<2 N, e ¢ (81)

When ( = ¥ 1\%\[", the upper bound in (81) is Nln and converges to zero as N, increases to infinity

with n.

Proof of Lemma 17.1:

P[dK(FéMMDE’ FX*(éMMDE)) > d - Z P[dK(FéAHMDE7 FX*(é]MMDE)) > ¢ & Orvvpe = 0:]
=1

Np,
<D P lAk (For Fxeon) > () <22 Ny - e

i=1

with the last inequality by Theorem 17.1. When ( = ¥ 1\‘} the upper bound is - O

Remark 17.1 Extensions of Theorem 17.1 in R%,d > 1, appeared at least by Kiefer and Wolfowitz
(1958), Kiefer (1961) and Devroye (1977) with corresponding upper bounds U in (80): Uxw =
Cy(d)e= @D 1, = Cy(b, d)e= 0" forevery b € (0,2), and Up, = 2€2(2n)% 2" valid for

ne2 > d?. Thus, Lemma 17.1 holds in R® at least when using Uy and different constants.

Proof of Lemma 13.1: The first and the last term in upper bound (52) have uniform upper

bounds in Probability with order, respectively, Vl\nf (from Lemma 17.1) and k*;L k= o(y/n)
from (80); choose k,, ~ v/In N,,. O

Proof of Proposition 15.1: a) From (45), with ®;, instead of ®, the “matching term”

Ar (Fx (byynipi)? Fx@) < 0}25) A (Fx+ 67y, Fx(8)) +Tn < dK(FX*(9*pn(6))7 Fx) + Yn
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A

< dx(Fx~@z,..0) For,.0) + dx(Foz, ), Fo) + drc (Fo, Fx()) + n- (82)
From (46) and (82),
dic(F

OrvvpE’ Fg)

S A (Fyy,pme Pxunpe)) T (Fx 0z, 0)): Foz, . 0)) Hdic (Foz,  0), Fo) +2dic (Fo, Fx(6)) +7n-

(83)
Using (83), Lemma 17.1, the Dvoretzky-Kiefer-Wilfowitz-Massart inequality (80) and
€ = €n — dK<F9;p’n(g), Fg) — Tn; (84)
P[dK(FéMMDE’ Fg) = 6”]

A

S P{dK(FéJ\/I]WDE’ FX*(éM]\/IDE))+dK(FX*(9;p,n(9))’ Fg;p’n(g))‘i‘dK(Fgap’n(g), F9)+2dK<F9, FX(Q))+7n > En]

~

= P[dK(FéZ\/HWDE7 FX* (OmrpE

)+ dic(Fx- 03,00+ Fos, ) +2 - dic(Fo, Fx) > €

€ S € A €
saios EXe o) > 1T Pl (Fxey, 0 For, ) > 314 PlAR (Fo, Fxo) > ]

< Q.N(an).6—2n€2/9+2_€—2n€2/9+2‘€—2n€2/36 _ 2.[N(an)+1]e—2n€2/9+2_€—n€2/18 < [QN(an)+4]6—n€2/18

< Pldx(F,

<6- N(ay) e "/, (85)

From (58) and (84),

and upper bound (85) becomes.

6 - N(an) . €—n€2/18 — G- N((ln) . e—21nN(an) _

b1) (59) follows from (58) since ~,, can be of smaller order than the other terms.

by) Since de (07, ,.(s),s) < a, and w is increasing, from (58)

ap,n

In N(ay,)
Vn

and the uniform upper rate of convergence (60) follows ignoring 7,,.

e, < C- w(an> +6 + Yy 1 < O? (86)

b3) Follows from (60) and the properties of w.
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¢) For by), u,, follows from (86) with a,, = w™'(n"'/2) and (.A3) implies the rate for b3). O

Proof of Corollary 15.1: (61) follows from (60). Let k = k(n) 1 co as n 1 oco. Then, for each
§ € O there is k* = k(n*) : 0 € Oy, for n > n*. Then for 0 (61) holds, with k = k(n),n > n*.
Rates follow taking a,, = w™"(n~'/?) as in Proposition 15.1, b3), c), replacing N by N. O

Proof of Proposition 15.2: Under (.44) and a result in Raghavachari (1973, Theorem 2, p. 68,

or Serfling, 1980, p. 112), for the given 6, any other s € © and X*(s) ¢.i.d sample of size m from
F,. 6 € R,

lim P,[v/m(dx(Fx«s), Fy) — A(s,0) < 6] = &( ). (87)
moos v VE(00) (1= Fy(2.9)
When 6 > 0,
)
O( ) > P(2-0). (88)
\/Fs(xsﬂ)(l - Fs($5,0>
From (87), for the given ¢, 6 and large m,
. — A(s, 0
Puldi(Freoo ) < ) m o(— L 260D ) (89)
\/Fs(xsﬁ)(l - Fs(xs,a)
with “~” denoting asymptotic equality.
From (A1), for large n there is s* € © :
A(s*,0) < e— ki =o(v/n), ki 1 oo with n. (90)

Yol

For s = s*, m = n in (89) and from (88),

. B Vn - (e —A(s*,6)) W APINE o
P ) O e = By = VA2 20

Proof of Proposition 15.3: a,) € follows from (53), with € = ¢, in (70), N,, = N(a,,).
az) Since a, | 0 asn 1 oo, from (A1) and (A3), € decreases to zero as n increases and (72)

follows from (62) with d = 1. For ¢;, ,(0),

5-/InN(a,
A(QZp’n<0)7 9) S Sup dK(F@;p n(5)7 FS) S €n — - (a >7
s€EO ’ \/ﬁ
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with the last inequality due to (70). Then, for large n, (90) (same with (68)) holds with s* =
g% .(0)and k¥ = .5-+/In N(a,). Hence, from (91) for large n,

ap,n

Pty i (P03, 00, Fi) < €a] > B2 (60— A(03,,,(0),0)) > B(2:k;) T 1 with 1 1 oo,

ap,n

Convergence in Probability for 0 v mspe follows from its construction and (50), (51).
as3) Follows from (.42), (A3), (72) and the properties of w.
b) When ©® = R = U;’f:l(—%”), %”)), there is n* such that § € (—k(g*), k(g*)) and for n > n*,

Fy)

from (62), the upper rate of convergence in probability for d K(FéMMSPEE,

., (Ink(n) —Ina,)"?
€y~ Y5 ~ w(ay).

¢) Replace a,, = w~(n~1/2) in (72) and (73) to obtain the upper rates u,, and i, for dx (F}

MMSPE’ FQ)'

Their images for w~" are upper rates for \é vymspe — 0. O

Proof of Proposition 15.4: Since

A

drc(Fx«(0z, .00 Fo) < dK(Fx*(e;P,n(e)), Fy: ) +dx(Foz, 0, Fb)
< di(Fx-0s,..0)) Foz, .(0)) + Sup drc(Fos, (), F5),
Pldx(Fx=s:, ,0)), Fo) > €n) < Pldx(Fx-es,..0)) Foz, . 0)) + sup dic(Fo;, (), Fs) > €]
= Pldi(Fx-(ss, .0 Foz,.0) > en — sup dic(Fy, (), )
< Cy(d) - exp{—Ca(d) - n - [€n, — fgg A (Fy:, (s, F3)]*},

with the last inequality obtained using Uy in the upper bound (80) as suggested in Remark 17.1.
(74) and (75) follow. a

Proof of Proposition 15.5: a) € follows from (53), with € = ¢, in (76), N,, = N(a,).
b) Follows from assumptions (A2), (A3), (74), (75) The result for 6;,;5p follows from its con-
struction and (50), (51).
¢) Follows from (A2), (.A3), (78) and the properties of w.

d) For b), u,, follows from (78) with a,, = w™(n"1/2) and (.A3) implies the rate for c). O
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Figure 4: Density plots for the 50 estimates of Pkey’s g-and-h model with independent samples,

n = 200. The parameters are a = 3,0 = 4,9 = 3.5, h = 2.5.




Figure 5: Density plots for 50 estimates of g-asdlk model with dependent samples, n = 50.

parameters are a = 3,0 =4,9 = 3.5,k = 2.5
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Figure 6: Density plots for the 50 estimates of2the normal mixture with independent samples,

n = 200; the parameters are p=.3, u1=ml=1, o1=s1=1, po=m2=6, oo=s2=1.5.
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Figure 7: Visual comparison of estimated densityplots for g-and-k data and Kolmogorov-Smirnov

P-values.
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Figure 8: Visual comparison of estimated densit§%lots for g-and-k data and Kolmogorov-Smirnov

P-values.




