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2XWOLQH

Ɗ� %DVLF IDFWV DERXW *DXVVLDQ 0XOWLSOLFDWLYH &KDRV PHDVXUHV

Ƌ� %DVLF IDFWV DERXW &ODUN PHDVXUHV

ƌ� %DVLF IDFWV DERXW *0& PHDVXUHV DV &ODUN PHDVXUHV

:DUQLQJ� &ODUN PHDVXUH LV DOVR NQRZQ DV VSHFWUDO PHDVXUH� $OHVDQGURY
PHDVXUH� RU $OHVDQGURY�&ODUN PHDVXUH� DQG DOVR DSSHDUV LQ ZRUNV RI
6LPRQ�:ROII RQ $QGHUVRQ ORFDOL]DWLRQ�

=



%DVLF IDFWV DERXW *DXVVLDQ YDULDEOHV

&RQVLGHU D VWDQGDUG *DXVVLDQ YDULDEOH N DQG LWV QRUPDOL]HG H[SRQHQWLDO

E(t) = etN− t22 , 1≪ t.

Ɗ� 7KH SUREDELOLW\ WKDW E(t) LV DERXW 1 LV DERXW e−t2/8�
! ,W LV URXJKO\ WKH SUREDELOLW\ WKDW N ≃ t/2 ⋅ YDU(N)�

Ƌ� :H KDYH E[E(t) ∧ 1] ≃ e−t2/8� DQG E[E(t)1/2] = e−t2/8�
! 6R UHDOO\ WKH {E(t) ≃ 1} UHJLRQ FRQWULEXWHV WR WKH ƓUVW H[SHFWDWLRQ�

ƌ� 7KH H[SHFWDWLRQ RI E(t) LV 1� DOWKRXJK E(t) LV XVXDOO\ YHU\ VPDOO�
! 7KH {N ≃ t ⋅ YDU(N)} UHJLRQ FRQWULEXWHV WR WKLV H[SHFWDWLRQ�
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*DXVVLDQ 0XOWLSOLFDWLYH &KDRV

Kahane 85

'

✗ log-corr
Gaussian field



/RJ�FRUUHODWHG *DXVVLDQ ƓHOGV LQ ƊG

$V D IRUPDO *DXVVLDQ SURFHVV �LQ IDFW� UDQGRP JHQHUDOL]HG IXQFWLRQ��

E [X(z)X(z ′)] = ln 1

∣z − z ′∣ +O(∣z − z ′∣).

([DPSOHV�

E [X(e iθ)X(e iθ′)] = ln 1

∣e iθ − e iθ′ ∣ , ŏFDQRQLFDOŐ RQ WKH XQLW FLUFOH

E [X(z)X(z ′)] = ln 1

∣z − z ′∣ , ŏFDQRQLFDOŐ RQ WKH XQLW LQWHUYDO1
¥'



%DVLF IDFWV DERXW ORJ�FRUUHODWHG *DXVVLDQ ƓHOGV� WKH )RXULHU YLHZSRLQW

%URZQLDQ EULGJH DV D UDQGRP )RXULHU
VHULHV RQ WKH XQLW LQWHUYDO t ∈ [0,1]�

Bt = ∞∑
n=1
√
2Zn
πn

sin(πnt).
E[BsBt] = s(1 − t).

&DQRQLFDO ORJ�FRUUHODWHG *DXVVLDQ ƓHOG
RQ WKH XQLW FLUFOH θ ∈ [0,2π]�
X(θ) = ∞∑

n=1
1√
n
(An cos(nθ) +Bn sin(nθ)).

E[X(θ)X(θ′)] = − ln ∣e iθ − e iθ′ ∣.

,Q RWKHU ZRUGV� +LOEHUW VSDFH VWUXFWXUH DQG .DUKXQHQ�/RªYH H[SDQVLRQ�

1-



%DVLF IDFWV DERXW ORJ�FRUUHODWHG *DXVVLDQ ƓHOGV� WKH PXOWLIUDFWDO YLHZSRLQW

%URZQLDQ EULGJH RQ [0,1]�
E[BsBt] = s(1 − t), s, t ∈ [0,1].

%URZQLDQ EULGJH RQ [0,1/2]�
E[Bs/2Bt/2] = s/2(1/2 − t/2) = 4E[BsBt].

&DQRQLFDO ORJ�FRUU ƓHOG RQ [0,1]�
E[X(z)X(z ′)] = − ln ∣z−z ′∣, z, z ′ ∈ [0,1].
([DFW�VFDOLQJ ORJ�FRUU ƓHOG RQ [0,1/2]�
E[X(z/2)X(z ′/2)] = E[X(z)X(z ′)] + ln 2.

&RPSDULQJ GLIIHUHQW ORJ�FRUUHODWHG ƓHOGV� .DKDQHōV FRQYH[LW\ LQHTXDOLW\�

I
-



$UWLVWV LQ 5HVLGHQFH� *DXVVLDQ )UHH )LHOG LQ WZR GLPHQVLRQ

)LJXUH Ɗ� 6LPXODWLRQ E\ -DFRSR %RUJD�



*DXVVLDQ PXOWLSOLFDWLYH FKDRV PHDVXUH LQ ƊG

/HW γ ∈ (0,√2)� >.DKDQH ƑƎō@� GHƓQH D UDQGRP PHDVXUH µ(T ) = ∫T eγX(θ)dθ�
ZKHUH X LV D ORJ�FRUUHODWHG ƓHOG �LQ DQ\ GLPHQVLRQ��

Ɗ� 5HJXODUL]H WKH ƓHOG� Xε(θ) DV ŏDYHUDJHŐ RI X RQ [θ − ε, θ + ε]�
! E[Xε(θ)2] ≃ − ln ε�

Ƌ� 'HƓQH UDQGRP PHDVXUHV µε(T ) = ∫T eγXε(θ)− γ22 E[Xε(θ)2]dθ ≃ ε γ22 ∫T eγXε(θ)dθ�
! E[µε(T )] = ∣T ∣�

ƌ� 6KRZ ZHDN FRQYHUJHQFH RI PHDVXUHV µε → µ�
! E[µε(T )p] XQLIRUPO\ ERXQGHG IRU DQ\ p < 2

γ2
�DOVR QHJDWLYH p��
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,QWXLWLRQ IRU IROORZLQJ WKLV WDON

/HW γ ∈ (0,√2)� >.DKDQH ƑƎō@� GHƓQH D UDQGRP PHDVXUH µ(T ) = ∫T eγX(θ)dθ�
4� :KDW LV WKH EHKDYLRU RI µ([0, r]) FRPSDUHG WR µ([0,1]) IRU VPDOO r"

Ɗ� 6FDOLQJ RI WKH ƓHOG X� {X(rz)}z∈[0,1] = {√− ln rN +X(z)}z∈[0,1] LQ ODZ�
! E[X(rz)X(rz ′)] = − ln(r ∣z − z ′∣) = − ln r +E[X(z)X(z ′)]�

Ƌ� 6FDOLQJ RI WKH PHDVXUH µ� µ([0, r]) = eγ√− ln rN− γ22 ln 1r ⋅ r ⋅ µ([0,1]) LQ ODZ�
! E[∶ eγ√− ln rN ∶] = 1�

4� *HRPHWULF LQWHUSUHWDWLRQ RI N"

Ř ,QWXLWLRQ� RQ WKH LQWHUYDO [θ − r, θ + r]� N ≃ Xr(θ)�
! 7KH XQGHUO\LQJ *DXVVLDQ ƓHOGV DUH DOPRVW LQGHSHQGHQW�

=
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%DVLF IDFWV DERXW *DXVVLDQ 0XOWLSOLFDWLYH &KDRV

8VH WKH LQWXLWLRQ� 1r µ([0, r]) = eγ
√− ln rN− γ2

2
ln 1
r µ([0,1])� LPDJLQH µ([0,1]) = O(1)�

Ɗ� /DUJH GHYLDWLRQ RI WKH PHDVXUH� P[1r µ([0, r]) ≃ 1] ≃ r γ28 IRU VPDOO r �

! P[eγ√− ln rN− γ22 ln 1r ≃ 1] ≃ P[N ≃ γ2√− ln r] �VR�FDOOHG γ2 �WKLFN SRLQW��
Ƌ� 6XSSRUW RI WKH PHDVXUH µ� VXSSRUWHG RQ γ�WKLFN SRLQWV� Xr(θ) ≃ γ√− ln r �
! &RQWULEXWLRQ WR µ([0,1]) IURP α�WKLFN SRLQWV ≃ r α22 ⋅ r−αγ+ γ22 �

ƌ� )UDFWDO GLPHQVLRQ RI α�WKLFN SRLQWV� D�V� dimH{θ LV α�WKLFN} = 1 − α22 �
! P[X1/N(θ) ≃ α√lnN] ≃ N−α22 IRU ODUJH N �VHH +X�0LOOHU�3HUHV��

7KH *0& PHDVXUH LV DOPRVW VXUHO\ VLQJXODU WR /HEHVJXH�

o
- -1-7
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$UWLVWV LQ 5HVLGHQFH� *0& ZLWK γ = 1.6 LQ WZR GLPHQVLRQ

)LJXUH Ƌ� 6LPXODWLRQ E\ 0LFKHO 3DLQ�

A
^

A

h

:
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7KH H[WHQGHG 6HLEHUJ ERXQG LQ /LRXYLOOH FRQIRUPDO ƓHOG WKHRU\

,QWXLWLRQ� D PXOWLIUDFWDO PHDVXUH LQWHJUDWHV PRUH VLQJXODULW\ WKDQ /HEHVJXH�

6WDWHPHQW� FRQVLGHU WKH PDVV RI *0& RQ [−1,1] ZLWK ORJ�VLQJXODULW\ DW 0� 7KHQ

Mp,s([−1,1]) = E [(∫ 1

−1 ∣θ∣−sdµ(θ))
p] <∞

IRU 0 < p < 1 LI DQG RQO\ LI s < 1 + γ22 (1 − p)�
! %\ VFDOLQJ�Mp,s([−1/2,1/2]) = 2sp−p(1+γ2/2)+p2γ2/2 ⋅Mp,s([−1,1])�
8VH LQ WKLV WDON� FRQWURO RI QRQ�FRPSDFW UHJXODUL]DWLRQV�

-

☐
→
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7ZR PHVVDJHV

5HPHPEHU WKHVH IRU WKH UHVW RI WKH WDON�

Ɗ� *)) �DQG WKHUHIRUH *0&� KDV D UDQGRP )RXULHU UHSUHVHQWDWLRQ�
Ƌ� $YHUDJH RI *0& RQ VPDOO LQWHUYDOV EHKDYHV OLNH WKH H[SRQHQWLDO RI D

*DXVVLDQ�



&ODUN PHDVXUH DQG DQDO\WLF IXQFWLRQ



%DVLF IDFWV DERXW WKH KDUPRQLF H[WHQVLRQ RI D PHDVXUH

7DNH D QRQ�QHJDWLYH PHDVXUH dµ(θ) RQ WKH XQLW FLUFOH� :H FDQ H[WHQG LW WR D
KDUPRQLF IXQFWLRQ x(z) LQVLGH WKH XQLW GLVF YLD WKH 3RLVVRQ NHUQHO�

x(z) = ∫ 2π

0
Pz(e iθ)dµ(θ), Pz(e iθ) = 1 − ∣z ∣2∣z − e iθ ∣2 .

Ɗ� 3RLVVRQ NHUQHO LV D QRQ�FRPSDFW UHJXODUL]DWLRQ� 7KLQN x(z) ≃ X1−∣z ∣(z/∣z ∣)�
L�H� ZLWK θ = z/∣z ∣� WKH DYHUDJH RI µ RQ [θ − (1 − ∣z ∣), θ + (1 − ∣z ∣)]�

Ƌ� /HEHVJXHōV GHFRPSRVLWLRQ� ZULWH µ = σ + µadl ZLWK σ VLQJXODU DQG µa WKH
GHQVLW\� $V r → 1� µ(rθ)→ µa(θ) IRU dl �D�H� θ DQG µ(rθ)→∞ IRU σ�D�H� θ�

=



%DVLF IDFWV DERXW WKH KRORPRUSKLF H[WHQVLRQ RI D PHDVXUH

&RQVLGHU WKH KDUPRQLF FRQMXJDWH y(z) RI WKH KDUPRQLF H[WHQVLRQ x(z) ZLWK
y(0) = 0� 7KHQ x + iy LV KRORPRUSKLF LQ WKH XQLW GLVF� L�H�

x(z) + iy(z) = ∫ 2π

0

e iθ + z
e iθ − z dµ(θ).

Ɗ� 7KH IXQFWLRQ y LV WKH +LOEHUW WUDQVIRUP RI WKH IXQFWLRQ x RQ WKH ERXQGDU\�
Ƌ� $ WKHRUHP RI 5LHV] URXJKO\ VD\V WKDW ∣y(z)∣ FDQQRW EH PXFK ODUJHU WKDQ x(z)�
ƌ� ([SOLFLWO\� y(z) FDQ EH ZULWWHQ ZLWK WKH NHUQHO Qz(e iθ) = −2∣z ∣ sin(θ−DUJ(z))∣z−eiθ ∣2 �

-

☐ D-
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%DVLF IDFWV DERXW &ODUN PHDVXUHV

*LYHQ DQ DQDO\WLF VHOI PDS ϕ ∶ D→ D RI WKH XQLW GLVF RI WKH FRPSOH[ SODQH� IRU
HDFK ∣α∣ = 1� WKH PHDVXUH να = νϕ,α LV GHƓQHG YLD

5H(α +ϕ(z)
α −ϕ(z)) = ∫

2π

0

1 − ∣z ∣2
∣e iθ − z ∣2 να(dθ), z ∈ D.

! 7KH IXQFWLRQ 5H(α+ϕ(z)α−ϕ(z)) LV KDUPRQLF DQG QRQ�QHJDWLYH�

7KH PHDVXUH να� RU HVSHFLDOO\ LWV VLQJXODU SDUW� GHVFULEHV KRZ VWURQJO\ DQG
ZKHUH RQ WKH ERXQGDU\ WKH IXQFWLRQ ϕ WDNHV WKH YDOXH α�

-

-

{rx}t
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([DPSOHV RI &ODUN PHDVXUHV

Ɗ� (OHPHQWDU\ H[DPSOH� ϕ(z) = zn� 7KHQ να LV n SRLQW�PDVVHV� HDFK RI PDVV
1/n� ORFDWHG DW WKH n URRWV RI XQLW\ RI α�

Ƌ� $WRPLF LQQHU IXQFWLRQ� ϕ(z) = exp ( z+1z−1)� 7KHQ να LV GLVFUHWH� VXSSRUWHG RQ
{ζ ; ϕ(ζ) = α} DQG HDFK PDVV HTXDOV ∣ζ − 1∣2/2�

)DFW� 7KH DQDO\WLF IXQFWLRQ ϕ KDV QRQ�WDQJHQWLDO OLPLW ∣ϕ(e iθ)∣ = 1 D�H� LI DQG RQO\ LI
να LV VLQJXODU IRU VRPH α �RU IRU DOO α��

/HW νϕ,α=1 EH WKH *0& PHDVXUH DQG VWXG\ WKH UDQGRP LQQHU IXQFWLRQ ϕ�

D- 4131=2
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'HFRPSRVLWLRQ RI LQQHU IXQFWLRQV

$Q LQQHU IXQFWLRQ LV D ERXQGHG DQDO\WLF IXQFWLRQ RQ D ZLWK ∣f (e iθ)∣ = 1 D�H�

Ɗ� 0¸ELXV PDS� αw(z) = w−z1−wz � z ∈ D�
!2QO\ ]HUR DW w = z �

Ƌ� %ODVFKNH SURGXFW� B SURGXFW RI 0¸ELXV PDSV �DQG PD\EH VRPH DQJOH��
! 'HWHUPLQHG E\ LWV ]HURHV� FDQ EH XVHG WR HOLPLQDWH ]HURHV�

ƌ� 6LQJXODU IDFWRU� S(z) = exp(− ∫ 2π0 eiθ+z
eiθ−z dν(θ))� dν ⊥ dθ� dν ≥ 0�

! ([DPSOH� S(z) = exp ( z+1z−1)� QR ]HURHV LQ D�

&DQRQLFDO )DFWRUL]DWLRQ 7KHRUHP� HYHU\ LQQHU IXQFWLRQ f LV

f = e icB(z)S(z), c ∈ R.He



*0&PHDVXUHV DV &ODUN PHDVXUHV



)URVWPDQōV OHPPD IRU LQQHU IXQFWLRQV

3KLORVRSK\� WKH VLQJXODU IDFWRU LV XQVWDEOH XQGHU PRVW FRQIRUPDO PDSV�

)URVWPDQ VKLIW� IRU DQ\ KRORPRUSKLF VHOI�PDS ϕ RI D DQG DQ\ w ∈ D� GHƓQH
ϕw = αw ○ϕ, αw(z) = w − z

1 −wz .
)URVWPDQōV OHPPD� LI ϕ LV LQQHU� WKHQ ϕw LV D %ODVFKNH SURGXFW IRU TXDVL�HYHU\
w ∈ D� L�H� H[FHSW D VHW RI ORJ�FDSDFLW\ ]HUR�

0=6

-



$ TXHVWLRQ RI +HGHQPDOP DQG 3ROWRUDWVNL

4XHVWLRQ� GRHV WKH VDPH KROGV IRU UDQGRP &ODUN PHDVXUH E\ *0&"

0RUH SUHFLVHO\� SLFN D *0& µ RQ WKH XQLW FLUFOH DQG GHƓQH LW DV WKH &ODUN
PHDVXUH DW α = 1� 8VH WKLV WR GHƓQH D UDQGRP KRORPRUSKLF IXQFWLRQ ϕ� 7KH
IXQFWLRQ ϕ LV D�V� LQQHU VLQFH µ LV D�V� VLQJXODU Z�U�W WR /HEHVJXH� %XW LV LW VR WKDW ϕ
LV D�V� D %ODVFKNH SURGXFW� L�H� ZLWKRXW VLQJXODU LQQHU IDFWRU"

$QZVHU �+��6DNVPDQ�� <HV� 7KH PHDVXUH µ LV FKDUDFWHUL]HG E\ SXUH�SRLQW GDWD�

-

SW



,GHDV RI SURRI� SHUWXUEDWLRQ RI )RXULHU FRHIƓFLHQW

Ɗ� %\ VLPSOH LQHTXDOLWLHV� LW VXIƓFHV WR VKRZ WKDW WKH LPDJLQDU\ SDUW y(z) KDV
XQLIRUPO\ ERXQGHG QHJDWLYH PRPHQWV� L�H� IRU VRPH 0 < p < 1�

sup
r∈[0,1)E [

1

∣y(r)∣p ] <∞, y(r) = ∫
2π

0

−2r sin(θ)
∣r − e iθ ∣2 dµ(θ).

Ƌ� 5HFDOO Xc(θ) = B1 sin(θ) + X̃(θ) VR dµ(θ) = exp(γB1 sin(θ) − γ2 sin2(θ)2 )dµ̃(θ)�
2EVHUYH WKDW −∂y(r)∂B1

LV RI FRQVWDQW VLJQ� )XUWKHUPRUH� ORZHU ERXQG YLD µ̃�
ƌ� &RQFOXGH ZLWK PRPHQW ERXQGV RI µ̃ VLQFH LW LV DOVR D *0& PHDVXUH�

$ SUREDELOLVWLF FULWHULD IRU )URVWPDQōV OHPPD� WKH UDQGRP LQQHU IXQFWLRQ ϕ LV D�V�
%ODVFKNH SURGXFW LI IRU VRPH ε > 0�

sup
z∈D E [(− ln ∣ϕ(z)∣)1+ε] <∞.

-

sin⑨

¥7,7
-
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'HQVLW\ RI UDQGRP ]HURHV

/HW {zk}k≥1 EH ]HURHV RI WKH %ODVFKNH SURGXFW ϕ� 7KHQ

∑
k≥1
(1 − ∣zk ∣) <∞.

4XHVWLRQ� IRU WKH *0& SUREOHP� ZKLFK 0 < α < 1 GR ZH KDYH DOPRVW VXUHO\

∑
k≥1
(1 − ∣zk ∣)α <∞.

$QZVHU �+��6DNVPDQ�� WKH WKUHVKROG LV α = 1 − γ28 �
E



,GHDV RI SURRI

Ɗ� %\ *UHHQōV IRUPXOD

∑
k≥1
u(zk) = 1

2π ∫D u(z)∆ ln ∣ϕ(z)∣dA(z) =
1

2π ∫D ln ∣ϕ(z)∣∆u(z)dA(z),
URXJKO\ UHGXFH WR SURYLQJ

(1 − r) γ28 +ε ≲ ∫ 2π

0
− ln ∣ϕ(re iθ)∣dθ ≲ (1 − r) γ28 −ε, r → 1−.

Ƌ� 8VH − ln ∣ϕ(z)∣ = ln(1 + 4x(z)(x(z)−1)2+y(z)2 )� 1RWLFH WKH VLQJXODULW\ DW x(z) = 1�
ƌ� )RU WKH XSSHU ERXQG� VKRZ E [ln(1 + 4x(z)(x(z)−1)2 )] ≲ (1 − ∣z ∣) γ28 −ε�

! 3HUWXUEDWLYH PHWKRG VLPLODU WR WKH SUREDELOLVWLF )URVWPDQōV OHPPD�
ƍ� )RU WKH ORZHU ERXQG� PXOWLIUDFWDO DQDO\VLV WR WKH OHYHO VHW {x ∼ 1, y ≤ 1}�

! ,QYHQW IURP eγX VRPH UDQGRP YDULDEOH VXSSRUWHG RQ γ2 �WKLFN SRLQWV�

÷÷:
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8SSHU ERXQG YLD WKH H[WHQGHG 6HLEHUJ ERXQG

5HFDOO RXU JRDO� E [ln(1 + 4x(z)(x(z)−1)2 )] ≲ (1 − ∣z ∣) γ28 −ε�

Ɗ� ([WHQG WKH SURRI RI SUREDELOLVWLF )URVWPDQ� XVH UDQN�WZR SHUWXUEDWLRQ WR
ŏVZLSH WKURXJKŐ WKH VLQJXODULW\ DW x = 1� /HIW ZLWK URXJKO\ E [x(z) ∧ 1]�

Ƌ� :LWK WKH 3RLVVRQ NHUQHO� x(r) = ∫ 2π0 1−r2∣r−eiθ ∣2 dµ(θ) LV URXJKO\ WKH PDVV RI D
*0& ZLWK VLQJXODULW\ DW 1� &RPSDUH WKLV VLQJXODULW\ ZLWK WKH H[WHQGHG
6HLEHUJ ERXQG WR RSWLPL]H E[x(z)p] IRU 0 < p < 1�

ƌ� 2SWLPL]H WKH SDUDPHWHUV �ZLWK p = 12 � WR ERXQG E [x(z) ∧ 1] ≤ E[x(z)p]�

! 7KH ODVW ERXQG LV HIIHFWLYH DURXQG x(z) ∼ 1� ZKLFK KDV SUREDELOLW\ ≃ (1 − ∣z ∣) γ28 �



/RZHU ERXQG YLD PXOWLIUDFWDO DQDO\VLV RI OHYHO VHWV RI *0&

5HFDOO RXU JRDO� (1 − r) γ28 +ε ≲ ∫ 2π0 − ln ∣ϕ(re iθ)∣dθ = ∫ 2π0 ln(1 + 4x(x−1)2+y2 )dθ�
Ɗ� 2Q WKH OHYHO VHW {x ∼ 1, y ≤ 1}� − ln ∣ϕ(re iθ)∣ LV ERXQGHG EHORZ E\ SRVLWLYH

FRQVWDQW� ,W VXIƓFHV WR VKRZ ∣{x ∼ 1, y ≤ 1}∣ ≃ (1 − r) γ28 LQ rT�
Ƌ� 3UREDELOLVWLF DQDORJXH RI 5LHV] WKHRUHP� UHGXFH ∣{x ∼ 1, y ≤ 1}∣ WR ∣{x ∼ 1}∣�
ƌ� 8VH PXOWLIUDFWDO DQDO\VLV� KHXULVWLFDOO\� x ∼ 1 LV WKH VHW RI γ2 �WKLFN SRLQWV�

! 5HFDOO WKDW P[x(z) ≃ 1] ≃ (1 − ∣z ∣) γ28 �
ƍ� 7ULFN� LQYHQW D YDULDEOH GHƓQHG E\ eγX WKDW VFDOHV OLNH e

γ
2
X�

Mp,ε(I) = ∫
I
ε−(p−p2)γ2 ( 1

2ε
µ([θ − ε, θ + ε]))p dθ, I ∈ T.

,Q VRPH VHQVH� lim
ε→0Mp,ε(I) EHKDYHV OLNH limr→1−(1 − r)−

γ2

8 ∣{x ∼ 1}∣�

PI
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