
Gromov -Witten invariants : discussion
-

We briefly discuss calculation and significance of

Gromov-Witten invariants
, before using the same

techniques which we used to define them to

study Lagrangian Florer homology : the latter is

a key ingredient in defining A -side categories in
mirror symmetry .

Note I continue to follow viewpoint of Joyce .

Question : why do we call them " invariants" ?

Ier : given a Kahler manifold (M ,I w) , we

expect the invariants CIG , m ,
B) to be unchanged

by continuous variation of complex structure J .



NIE : This fact was implicit in our construction of

the g , m ,B ) (as well as the Ig , m . B) , as we used

that the virtual classes VC are in fact independent
of the almost complex structure J .

This follows

from work of Fukaya-Ono .

Axioms for GW invariants
-

The deformation invariance , and other properties

of the invariants are formalized in a set of axioms
.

This approach originated with work of Kontsevitch-

Manis . These allow the invariants to be calculated

algorithmically in many cases .

Rein For details
,
see CCK , 57.3 . D ,

and for

calculations for M = P2
, see CCK, 57.4 .

2J
.



Quantum cohomology
-

A key application of GW invariants is to define

a certain ring which we denote QH*CM , ,
the

multiplication on which is a deformation of that

on HIM ,
E) .
This structure

,
which has a string

theory interpretation, turns out to corresponds to

a certain "variation of Hodge structure" on the

mirror M! This was famously used by Candelas ,

deLa Ossa
,
Green and Parkes to conjecture counts or

curves on the quintic 3-fold (in our language ,

GW invariants
.) Forfurther details , see CCK, 583 .



Morse theory
#

This provides conceptualmotivation for the construction

of Lagrangian Floor homology .

S¥ng Take M compact smooth manifold ,
with

a Morse function f : M→ IR , namely where

crit(f) = Ez ,- Zn3 (finite, isolated critical points)
and the Hessian Hesszdf) is non-degenerate .

It follows that , in a neighbourhoodU of each zi ,

we have coordinates ⇐ = Gc , , - , xn) such that zit Q

and fGs)=fCzD-xf-_-xKtxp+it_tcn
where M depends on i , and is known as the

Morseindx or zi



⇐ µ
-

- O (n) for local minimum (maximum) off .

Now choose a metrics on M , have vector field v
such that gf, -) = - If I

#f
constant f

DIE flow lines for v are u

j : R→M smooth with dolt = vKD

Then by compactness 8ft) = LingOCD exists ,
and Ott) c- { Zi , - ,

2-N}

DEI For distinct is
.

we put

M zj) = {y l of) -- Zi , y =-3
. 3/112

with CE IR acting by G -Dct) = Oct + c)



If g is chosen to be generic , then Mti , -2J)
is smooth

, compact and oriented ,
with

dimMti
,
2-j) = tutti) - prczj) - I

and boundary 2M(Zi,Zj) = / / Mti ,Zk) xMCzekaj ) ④
ktij

X Mczi)=
-

y
-.⇐¥÷÷÷÷÷:p .

.
with boundary

/

Mfa ,Zz) xM€3,24) / O

=pEx Zpt = Zpt creasing



Morse homology
#

Def (Morse complex) Let Ce = (Zil Mti)=L> IR

and define 2 : Ce → Ce- i by letting

2 Zi = I #Mft i ,Zj ) . Zj

µ (Zj ) = l- I

Note The Uti ,zj) appearing here is O -dimensional,
so # means

" court points , with signs from
the orientation"

.

Z is a differential
.

The (zip;) matrix element of

22 is
.

-

I #Mti ,zk) .#MCzk,zj)
MGR) =L- I
I

= # 2M(zi ,zj) = O

Det (Morsehomology) HYMN) = H *(C* ,2)

Note This is independent off and metrics , and is
isomorphic to homology defined n a-her ways .



⇐ MEES , za) = Zpt , z
, mczi)=

but#Mts
,
2- 4) = 1- I - I = O f 2

T.name#b is at

. I

1122 IR⇒ IR t o

so H* gives homology of S2,
⇒

I - dim in
.

degrees O and 2 .

Lamieogy

Setting (M ,
w) symplectic manifold , Lo, L , Lagrangian

Compact , connected)

with Lon L ,
= Ep ,
- PN3 , each a transverse intersection



Def P = Pks ,L , ) = { paths from Lo to L , 3

= {y :[o, I ]→M smooth /

OCD c- Li is 0,13

Choose a basepoint to c-P
.
Then given a further 0 ,

E P
,

a path {a} tea ,
i ] in P joining go and y , may be viewed as

G :[o , D2→ M defined by GG ,
t) = Otts) . Observe then

that GLEB xG , D) C Li for e- 0 ,
I

.

c..



We want to define F : Pdo ,
Li) → IR

o ,
'→ SO*Cw)

co , 132

and treat it like a Morse function on P

to obtain a cohomology theory .

There are two immediate problems however

① the integral may depend on the

choice of path Ot

② P is infinite dimensional

The first may be addressed by replacing P with

its universal cover
. To address the second , we

work out a sequence of analogies , before defining
our cohomology theory .



-

Lagrangionintersect.com/Morse#eoryanalogy
A constant path o ,(s) = pi corresponds to a

critical point of F
.

A path ⑥3 between such paths

for, say , pi and pj then Pi Lo
Li

corresponds to a map
co ,

,, µ µ⇒G pictured as follows

pj

The condition of ye being a flow line associated to

F corresponds to G being a J- holomorphic .

curve .

By analogy with Morse theory , we therefore construct

our differential for Lagrangian Hoer homology by
"

counting
"
such curves .


