
Cohomology and sheaves
-

We'll come back to this is more detail later . For now ,

wejust explain enoughto continue our discussion of

mirror symmetry .

Def (partial) a sheaf of abelian groups F on a topological
.

-

space M is given by ① for each open MCM ,
an abelian group

5-fu) and② for opens MCV a morphism 5-G)→ FCU) satisfying

certain compatibilities .

.

'

⇐① For a '

vector bundle E on M
, get a sheaf where

5- tu) is sections of Elm ,
and morphisms are restrictions .

② For an abeliangroup G , get asheaf G on M where

5-fu) is locally constant functions U→ G .



Complexes of sheaves
-

We can also consider
'

morphisms between sheaves
,
and

.

kernels and images of such .

Then for sheaves

.
.

.

→ fi → fit '→ 5-"2→
.

.
.

di dit i

say have complex if dit's di = 0, and exact complex if furthermore-

-

have equality in her(di") JimCdi) .
Failure of exactness is

measured by Ali (5) = her(d) him (d , coh¥heaf .

⇐ A sheaf of abeliangroups on M = pt is determined by

a single abelian group F = 5-(pt) . Morphism between

such sheaves correspond to morphisms between abelian

-

groups , and thence cohomology sheowes to cohomology groups .



I

aggies

Let's briefly review, for more details see CH ,
Appendix B)

Def a ren 5-
-

of a sheaf S is a sequence 5-'→ 5-
'

→
.

.
.

such that O→ g→ 5-I5- '→
.

. . is exact complex of sheaves

[

echcohomologygrorpstake
M =UUi open cover . Then have tech complex C. (5) of
i =L-n

abelian groups (f) =
, i

,

5-(Uion-nUi;) with differentials

DJ : CJ→ Cj" defined using restriction morphisms . For instance
,

d' : Fali) → HuanUb) with components res if i= a
/

and -res if i =b

s

-

o that turd = FCM) .

Then

Def ##up His (f) = HJ (CCF ))



EI H'(f) = 5- CM) " global sections off
"

- #JCf) for j >O gives obstructions to existence of global sections .

dekhamcohomology-groupswn.bert for the sheaf of j - forms on a smooth manifold M ,
with

coefficients in R
. In particular, of is sheaf of (smooth) functions .

Consider sequence FCM) : O →N(M) toB
' (m) Is . .

.

Def deRham cohomology group HDJRCM ,
= HJELM))

⇐ H'dRCM ,
= { locally constant R-valued functions on M}

.

(solutions of equation df= O )

Prep Hdr(M ,
IR) = H' J(RITEally constant sheaf on M

when {Ui} is god , ie .

all Ui
.

n- nU

are contractible or empty .



Proof Uses that F : O→N →N'→
.

. .

is a resolution of B .

Sheafcohomologyf
or a sheaf 5- on M we make :

Def (preliminary) Hi (5) = CF) for a good cover.

Rein Later
,
we'U see that sheaf cohomology can be

defined more elegantly in terms of a resolution of 5- .

Complexmanifoldswe
may similarly use Cl-valued functions to define

Htdrdx , E) on complex manifold X .

Now a r- form

with E-coefficients may be written locally as a sum

of Cp ,q) - forms fdz ,
n- rdzp not ,

n- rdata
, ptq= r,



for f a function and zj , w; holomorphic functions
(informally a decomposition into holomorphic
and anti-holomorphic parts .)

For a compact Kahler manifold , this has the

following consequence on the level of cohomology .

-Hfer(X, E) =④ HAE(x) where HP'E(x) = HE-
ReinThis follows from "

Hodge theory" [It , 53 .2)

We call HP '9(X) the Hodge groups , and refer to

Hodge numbers HP 'oh = dim HP '9(x)

Symmetriesotliodgegroupswe
have H P'9K) E H9'PCD via complex conjugation



Also Serre duality [It ,} 4 . D gives an isomorphism

ftp.okx) e- Http, n- oh V where n = dim X

It follows that

HP ' oh = hoh P and hp ,9 = hn
-p , n

-

q

Hodge diamond
-

It is convenient to arrange theHodge numbers

as follows :n
hmo . i . no ,

n

⇐ Smooth complex curve X
, genus g . \

H' 'Tx) = It = B' (x) = Cig 8€91
H"XX) = Xx) = a



⇐ Abelian surface X , say X=E×F for

E
,
F elliptic curves

+
-

Calabi -Yan l - folds
, 4 I

Ex assurance ×

¥
A-ix. 6
⇒ H2 's = ①

I 20 I

⇒ has = I

To exclude the case of abelian surfaces it is common to take

Ded A (strong) Calabi-Yau X is Calabi-Yau as above

with furthermore HPP trivial for O -pen



Rein K3 surfaces are Calabi-Yau in this sense

Now
, for a strong Calabi-Yau

z - fold X we have

→ I mirror
Here

, by the above , have
O O

W" =L" Z and h' ' ' =h32 O IR O

ma ::;÷÷ . i'
O O

that h" ' (x) =h" (X') l

and W' ' (X) =L' '
'

(N)

idea : mirror symmetry reflects the Hodge diamond

in the line shown
.

ReinThis is origin of term "mirror symmetry "

we outline how this comes from physics .


