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1 Moduli spaces in nonabelian Hodge theory
Suppose X is a smooth projective variety over C. For r ≥ 1 the motivic nonabelian H1

with coefficients in GL(r,C) consists of:

• MB the “character variety” or moduli space of representations ρ : π1(Xtop) →
GL(r,C), up to S-equivalence;

• MdR the moduli space of rank r vector bundles with integrable connection up to
S-equivalence;

• MH or MDol the moduli space of rank r Higgs bundles that are semistable and
have ci = 0 in rational cohomology (it suffices to check i = 1, 2), again up to
S-equivalence.

The MdR and MH spaces fit together in a deformation. For λ ∈ C define a λ-
connection on a bundle E to be an operator ∇ : E → E ⊗ Ω1

X satisfying

∇(ae) = a∇(e) + λd(a)e.

For λ = 0 then (E,∇) is a Higgs bundle, whereas for λ ̸= 0 then (E, λ−1∇) is a vector
bundle with integrable connection. In this way, the above moduli spaces fit in as the
two different fibers up to isomorphism in the Hodge moduli space

MH ↪→ MHod ←↩ MdR

↓ ↓ λ ↓
{0} ↪→ A1 ←↩ {1}
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parametrizing vector bundles with λ-connection that are semistable with vanishing
Chern classes.

The nonabelian Hodge correspondence originated in the work of Narasimhan-Seshadri,
that was extended to higher dimensions by Donaldson-Uhlenbeck-Yau. Those were for
the case when the Higgs field is zero corresponding to unitary representations. Hitchin in-
troduced Higgs bundles and the Hitchin equations, and Hitchin, Donaldson, Corlette and
I showed that solutions of Hitchin’s equations define an homeomorphism M top

B
∼= M top

H .
We therefore get the following correspondences between points of the moduli spaces:

• an analytic equivalence Man
B
∼= Man

dR, the Riemann-Hilbert correspondence;

• the homeomorphism M top
B
∼= M top

H given by the Hitchin equations, often called
the nonabelian Hodge correspondence or the Kobayashi-Hitchin correspondence.

Hitchin showed that we get a hyperkähler structure on smooth points of the moduli
space, and Deligne recognized that the Hodge moduli space of λ-connections provided
one of the charts for the resulting twistor space.

2 Twistor space

2.1 General theory

Given a hyperkähler manifold M , the twistor space is the trivial fibration M ×P1 → P1

provided with a family of complex structures indexed by λ ∈ P1 making the total space
into a complex manifold fibering holomorphically Tw(M) → P1. It is useful to look at
how this works first in the case of a quaternionic vector space.

Let H = R⟨1, I, J, K⟩ be the algebra of quaternions. A complex structure κ ∈
H, κ2 = −1 has the form

κ = xI + yJ + zK, x2 + y2 + z2 = 1,

so the space of complex structures in H is identified with the two-sphere S2. This
itself is provided with a complex structure making it into P1. The complex structure I
corresponds to 0 ∈ P1 and J corresponds to 1 ∈ P1.

If V is a quaternionic vector space, i.e. an H-module, then for each κ ∈ P1 we obtain
a complex structure on V , hence a C-vector space Vκ. On the product V ×P1, declaring
the complex structure in the second variable to be the same as that of P1, this yields
a global complex structure making it into the total space of a vector bundle V over P1.
The sections of V of the form {v} × P1 are called the preferred sections.

The antipodal involution (x, y, z) 7→ (−x,−y,−z) corresponds to σ : λ 7→ −λ
−1

(composition of the three natural involutions in coordinates on P1). This involution
may be viewed as a real structure on P1 although its set of real points is empty.

The vector bundle V is provided with an involution defined by σ(v, λ) = (v, σ(λ)),
antilinear and covering σ on the base. In other words, the bundle has a real structure
over the real structure of the base.
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In the vector bundle case, the preferred sections are the only holomorphic sections
compatible with the antilinear involution σ. In the manifold case later, this will no
longer be true globally but only locally.

For V = H one calculates V ∼= OP1(1)⊕2. Since any H-module is just a direct sum
of these, it follows in general that the bundle V is going to be semistable of slope 1.

Proposition 2.1. If (V, σ) is a vector bundle with σ-compatible involution on P1 such
that V is semistable of slope 1, then it comes from the above construction for the quater-
nionic vector space

V = Γ(P1,V)σ.

For each κ ∈ P1, the projection V → Vκ is an isomorphism of real vector spaces and
this induces the complex structure κ on V .

Suppose now M is an integrable quaternionic manifold. Then the twistor space is

Tw(M) := M × P1

with complex structure by combining the different complex structures for κ ∈ P1 as
before:

• the horizontal “preferred sections” {m} × P1 are given the holomorphic structure
of P1, so the preferred section maps are holomorphic; and

• for any κ ∈ P1 the fiber M × {κ} is given the complex structure Mκ determined
by the action of κ ∈ H on the tangent spaces of M .

The “integrability” condition says that these are integrable complex structures, and
the general Penrose theory yields an integrable complex structure on the total space
Tw(M).

The quaternionic structure on each tangent space translates into the statement that
the normal bundle of a preferred section is semistable of slope 1, i.e. it has the form
OP1(1)⊕d.

2.2 Twistor space for Hitchin’s hyperkähler structure

Suppose X is a curve, and consider, within any of the nonabelian Hodge moduli spaces,
the open subset M s ⊂ M parametrizing stable or irreducible objects. Then M s is
smooth. Hitchin showed that the isomorphism between MH and MB provides two
different complex structures to the same space, resulting in a quaternionic structure
that is made hyperkähler by the natural holomorphic symplectic forms on the smooth
moduli spaces.

Deligne, following Witten and Hitchin, explained how Tw(M) could be constructed
by glueing together two charts, the Hodge moduli spaces MHod for X and X, fitting
together into what we call the Deligne-Hitchin moduli space MDH whose smooth points
are the twistor space of the smooth hyperkähler manifold.

The twistor property as seen in the previous section says that the normal bundle to
a preferred section is OP1(1)⊕d.
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Locally near a preferred section p, the nearby preferred sections are the nearby
sections preserved by an antilinear involution σ of Tw(M). This is a real analytic
subspace of the space of sections, that is locally isomorphic to the germ at any one fiber
Mλ at p(λ). This family of sections therefore determines a real analytic isomorphism
between the germs

(M top
λ , p(λ)) ∼= (M top

µ , p(µ))

for any two points λ, µ ∈ P1. The local germs of the Hitchin correspondence are isomor-
phisms of this form (between λ = 0 and µ = 1).

2.3 The Hodge moduli space of λ-connections

The de Rham and Hitchin moduli spaces fit naturally into a one-parameter deformation
that we call the Hodge moduli space

MH ↪→ MHod ←↩ MdR

↓ ↓ λ ↓
{0} ↪→ A1 ←↩ {1}

parametrizing triples (λ, E,∇) where

∇(ae) = a∇(e) + λd(a)e.

Deligne recognized that this algebraic moduli space provided one of the charts for the
twistor space of Hitchin’s hyperkähler structure.

The fibers for different λ ̸= 0 are all isomorphic by scaling ∇, and indeed C∗ acts on
MHod over its action on A1. Combining with the Riemann-Hilbert correspondence this
gives an analytic trivialization over Gm = A1 − {0},

Man
Hod ×A1 Gm

∼= Man
B ×Gm.

The isomorphism of topological spaces between Xtop and X
top gives an equivalence

MB(X) ∼= MB(X)

and using the Riemann-Hilbert correspondence we can then make a Deligne glueing
between two charts MHod(X) and MHod(X).

Define the Deligne-Hitchin moduli space MDH to be the complex analytic space
obtained by glueing together the two charts Man

Hod(X) and Man
Hod(X) along their identi-

fication, over Gm, with Man
B (X) × Gm. The glueing covers the involution λ 7→ λ−1 of

Gm. Therefore, the maps λ over the two charts provide a map

MDH → P1.

In this picture, the projective line is naturally identified with the twistor line.
In the twistor space for Hitchin’s hyperkähler structure, for the complex structure

κ = I corresponding to λ = 0 in P1, the complex moduli space M0 is the moduli space
MH of Higgs bundles. For the complex structure κ = J corresponding to λ = 1 in
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P1, the complex moduli space M1 is the de Rham moduli space of vector bundles with
integrable connection. There is a Gm-action, so for any point κ ∈ Gm = P1 − {0,∞},
the moduli space Mκ is isomorphic to M1. And M∞ is complex-conjugate to M0 via σ.
The same properties are held by the moduli space made up from Deligne glueing, and
indeed the two spaces are the same.
Theorem 2.2. The Deligne-Hitchin moduli space constructed by Deligne’s glueing is
isomorphic to the twistor space for Hitchin’s hyperkähler structure:

MDH ∼= Tw(M)
↘ ↙

P1

A harmonic bundle on X yields a preferred section ρ : P1 → MDH. The normal
bundle to the preferred section is a direct sum of OP1(1)’s. This weight 1 property
corresponds to the fact that we have a twistor space for a quaternionic manifold.

The weight one property is the nonabelian cohomology analogue of the statement
in usual Hodge theory that H1

dR(X) has a weight 1 Hodge structure—recall that the
tangent space to the moduli space is of the form H1(End(E)).

2.4 Goldman-Millson isomorphisms

The equivalences between spaces of polystable objects may be extended, using Kähler
formality, to equivalences of dg-categories CB

∼= CdR
∼= CDol in a procedure that allows

the inclusion of all semistable objects in the categorical equivalences.
The deformation theory of any of these objects is controlled by the dg-category C

in the following way. Suppose A is an artinian local ring, then a family of objects E
parametrized by A is the same thing as an object EA ∈ C with an action A→ End(EA)
such that applying the fiber functor (fiber at a basepoint x ∈ X) yields a locally free
A-module. We may use that to define the deformation functor.

The equivalence of categories therefore yields an isomorphism between the formal
completions of the moduli spaces at corresponding points, using Goldman-Millson the-
ory. This construction includes non-smooth points and gives rise to the equisingularity
principle that the singularities of MdR or MB and MH , are isomorphic at corresponding
points.

The Goldman-Millson formal isomorphisms may be seen in the viewpoint of the
twistor space in the following way. Choose three points λ, µ, η such that η is distinct
from the other two. Then, “projection from η”, using the local family of sections nearby
to p, that pass through p(η) ∈ Mη, gives a holomorphic isomorphism of formal germs
(Mλ, p(λ)) ∼=top (Mµ, p(µ)).

The Goldman-Millson analytic isomorphisms between the formal neighborhoods of
the moduli spaces are of this form, using λ = 0, µ = 1 and η =∞. Pridham has studied
the variation in formality isomorphisms obtained as we let the projection point η vary.

2.5 Mixed twistor normal bundle in the quasiprojective case

In recent work, the twistor picture can be extended partially to the case of quasiprojec-
tive base manifold. The monodromy around divisors at infinity has a weight 2 property,
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fitting well with the Hodge weights in mixed Hodge theory. The weight 2 directions
parametrize parabolic levels and this may be viewed as motivating the introduction of
parabolic structures.

Suppose X is a quasiprojective curve provided with basepoint x ∈ X. The compact-
ification is a smooth curve X with complementary divisor X − X = {t1, . . . , tk}. One
defines a Deligne-Hitchin moduli stack MDH(X, x) of framed logarithmic λ-connections
using the notion of analytic groupoid, including local meromorphic gauge group opera-
tions on logarithmic λ-connections.

Harmonic bundles (satisfying certain hypotheses, that we hope to remove) lead to
preferred sections. A tame harmonic bundle yields parabolic bundles for each λ ∈
P1. The parabolic levels are real parameters governing the growth rate of holomorphic
sections near the punctures. If a = (a1, . . . , ak) is a real tuple of parabolic levels ai

attached to the singular points ti, define a sheaf Ea consisting of holomorphic sections
with growth rate bounded by |z − ti|−ai−ϵ near ti, and these sheaves fit together in a
family that is one way of representing the parabolic structure.

The hyperkähler property, translating into a weight 1 property for the normal bundle
that we have seen above, gives way to a mixed twistor structure involving pieces of
weight 0 for the framing, weight 1 corresponding to hyperkähler leaves, and weight 2
corresponding to deformations of the parabolic levels.
Theorem 2.3. Suppose ρ is a preferred section corresponding to a harmonic bundle on
X, satisfying certain hypotheses. Let V be the pullback by ρ of the tangent bundle of
MDH(X, x). It has a filtration

0 ⊂W0V ⊂W1V ⊂W2V = V

where W1V is the set of tangent vectors that preserve the eigenvalues of the residues,
and W0V is the tangent space of the change of framing. Then (V, W·) is a mixed twistor
structure, meaning that Wk/Wk−1 is a semistable bundle on P1 of slope k (for k =
0, 1, 2).

This mixed twistor property extends to higher infinitesimal neighborhoods of the
preferred section. Even though the moduli space MDH is defined as a quotient of a
complex analytic space by an étale groupoid, we can extract a germ of complex analytic
space MDH,ρ around the preferred section.
Theorem 2.4. The family of complete local rings of the fibers around a preferred section
ρ has a weight filtration making it into a mixed twistor structure.

This is related to other work, including my paper with Eyssidieux that we wrote for
the theorem of Eyssidieux, Katzarkov, Pantev and Ramachandran. That was in turn
a consequence of Goldman-Millson theory. A similar theorem for variations of Hodge
structure over quasiprojective varieties was proven by Lefèvre.

Following much earlier work by Hain and Morgan in the compact case, Pridham
constructed mixed twistor structures on relative Malcev completions under a hypothesis
of unitary eigenvalues of the local monodromy.

The statement of Theorem 2.4 isn’t quite a generalization of these, because the
theory so far includes some fairly restrictive genericity hypotheses guaranteeing the
local structure to be smooth. It will be good to remove these hypotheses.
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3 Higher direct images in nonabelian Hodge theory
Hitchin’s equations for a curve generalize in higher dimensions to the Hermitian-Yang-
Mills-Higgs equations. Those lead to a Bogomolov-Gieseker inequality and the flat case
is when equality holds.

In that case we get a harmonic bundle. This is a bundle together with four operators
tied together by an hermitian metric, denoted (E, ∂, ∂, φ, φ∗, h). It could also be called
“pluriharmonic” because the equations in the flat case are stable on restriction to sub-
varieties. A harmonic bundle contains the data of a flat connection D = ∂ + ∂ + φ + φ∗

as well as the holomorphic Higgs bundle (E, ∂, φ) that we’ll usually just denote by E.
Solutions of Hitchin’s equations come from polystable Higgs bundles, generalizing

the theorem of Donaldson-Uhlenbeck-Yau, or alternatively from local systems by solving
the equivariant harmonic mapping equations (Donaldson, Corlette) where a Bochner
formula shows pluriharmonicity.

If X is quasiprojective with a normal crossings compactification X ⊂ X ⊃ D,
harmonic bundles can in principle be wild, meaning that the Higgs field has poles of
higher order (Biquard, Boalch). The tame case is when the spectral variety lies inside
the logarithmic cotangent bundle. We will assume this condition throughout. We will
also be assuming that the eigenvalues of the residues of φ vanish so the residues are
nilpotent. It means that the local system has unitary monodromy eigenvalues around
D.

Then the underlying holomorphic bundle E = (E, ∂) on X admits a canonical ex-
tension to a parabolic bundle on (X, D) where the sheaf Ea1,...,ak

is the sheaf of sections
having growth bounded by |zi|−ai−ϵ along the divisor component Di with local coordi-
nate zi.

Mochizuki shows that these extensions have good properties, generalizing the proper-
ties that hold for variations of Hodge structure in the theory of Cattani-Kaplan-Schmid
and Kashiwara-Kawai. In particular, along each divisor component Di on the graded
piece grai

(E) over Di, there is a weight filtration given by Deligne’s construction using
the nilpotent residue of φ.

There are similar constructions and properties for the holomorphic vector bundles
with λ-connection associated to our harmonic bundle,(

(E, ∂ + λφ),∇λ = λ∂ + φ
)

and part of the study involves looking at how these things vary as we vary λ. That fits
into the weight 2 twistor property that we saw in Section 2.5.

We said above that we assume the eigenvalues of the residues of the Higgs field
vanish, but more generally one may make the condition called “totally imaginary” that
these eigenvalues have vanishing real part. In that case, on the local system side of
things the corresponding objects are all local systems provided with trivial filtrations.

Theorem 3.1 (T. Mochizuki). Given a tame totally imaginary polystable parabolic
logarithmic Higgs bundles on (X, D), suppose cpar

1 = 0. Then there is a Bogomolov-
Gieseker inequality

cpar
2 ≥ 0
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and if equality holds, it comes from a harmonic bundle.
This gives a correspondence between semisimple local systems on X and totally

imaginary polystable parabolic logarithmic Higgs bundles with vanishing parabolic Chern
classes cpar

1 and cpar
2 .

Sabbah initiated the theory of twistor D-modules, and Mochizuki continued this
theory using the analytic inputs. The basic idea is to develop a D-module theory
relative to the twistor P1, using a deformation of the sheaf of differential operators D
to a sheaf of operators R on X ×A1. This is obtained by the Rees construction on the
filtration by order of operators. Sabbah used the idea of Mellin transform to replace the
Deligne glueing used in the definition of the twistor space by combining also with the
polarization, allowing them to work over A1.

In this setting, Sabbah and Mochizuki obtain a generalization of Saito’s theory of
mixed Hodge modules, yielding in particular a full 6-functor fomalism. Given a tame
purely imaginary harmonic bundle on X, we obtain a pure twistor D-module E on X
(which really means an R-module on X × A1). If f : X → Y is a morphism then this
yields a higher direct image object

F = Rif∗(E ) on Y .

The underlying Betti object is the usual (intersection cohomology) higher direct image of
the local system. Therefore, the fiber of F over λ = 0 is the Higgs bundle corresponding
to the higher direct image local system.

A difficulty in the Sabbah-Mochizuki theory is that their construction does not ex-
plicitly discuss the parabolic filtrations, even if those are implicitly there in the form of
the canonical V -filtrations. So, in order to get the parabolic structures on F |λ=0 needed
to determine the local system, one needs to use the full R-module associated to E .

Donagi and Pantev were interested, for the purposes of their approach to the geo-
metric Langlands conjecture, in computing this Higgs bundle. We therefore worked on
the calculation of higher direct images within the parabolic Higgs bundle viewpoint.

Setup: Suppose dim(X) = 2 and suppose given a map f : X → Y to a quasiprojec-
tive curve Y . Suppose also that this completes to a map f : X → Y such that

D = Dvert + Dhoriz

where Dvert is the inverse image of the complementary divisor in Y , and Dhoriz is etale
over Y . One can get to this situation possibly using semistable reduction—although the
mechanics of doing that posed one of the problems that we needed to treat later.

Suppose E is a tame harmonic bundle with zero eigenvalues of the residues of the
Higgs field (in particular, purely imaginary) on (X, D). It corresponds to a parabolic
bundle E· and twistor D-module E .

We define a relative L2 holomorphic Dolbeault complex to calculate the higher direct
image. Denote the points of Y −Y by t1, . . . , tk. Then for parabolic levels b = (b1, . . . , bk)
we obtain the bundle Eb,vert where bi is put on each divisor component of the inverse
image of ti in Dvert, and we put 0 at the components of Dhoriz.

This will be used to calculate the sheaf Fb at parabolic level b of the higher direct
image parabolic Higgs bundle F· corresponding to the twistor D-module F = R1f∗E .
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Let Wi denote the i-th level of the weight filtration along Dhoriz. The relative L2

holomorphic Dolbeault complex for the parabolic level b is

DOLL2(X/Y, E)b :=
(

W0Eb,vert

φX/Y−→ W−2Eb,vert ⊗ Ω1
X/Y

(log D)
)

.

Theorem 3.2 (DPS 2016). The parabolic level of the higher direct image Higgs bundle
is

Fb = R1f∗DOLL2(X/Y, E)b.

These are locally free on Y and fit together into a parabolic bundle. The total Higgs field
upstairs induces a Higgs field on F· and this is the parabolic logarithmic Higgs bundle
corresponding to the higher direct image twistor D-module F .

This is closely related to Zucker’s theorem for cohomology of variations of Hodge
structure works, and one can recognize that the indices in the weight filtrations are
taken from there. As in Zucker’s theory, the W0 and W−2 can be replaced by W1 and
W−1.

In the case, which is “generic” in some sense, where the relative Higgs field φX/Y has
isolated zeros, then the map in the complex is injective so the complex is quasiisomorphic
to the quotient sheaf:

DOLL2(X/Y, E)b
q.i.∼ G := coker

(
W0Eb,vert

φX/Y−→ W−2Eb,vert ⊗ Ω1
X/Y

(log D)
)

.

The sheaf G is then supported on Z := Zero(φX/Y ) and Z becomes the spectral variety
for F·.

This is the advantage of the Higgs bundle calculation, as the spectral variety does
not exist in the de Rham world (at least in characteristic zero).

4 The Donagi-Pantev program

4.1 Spectral data in geometric Langlands

The geometric Langlands correspondence was initiated for GL2 in the work of Drinfeld,
refined by Laumon, and then extended to GLn by Frenkel, Gaitsgory, Vilonen, Arinkin,
. . . . Recently, Gaitsgory et al have a series of preprints giving a proof in general.

The correspondence says, in basic terms, that a local system Λ with a given structure
group over a Riemann surface C, leads to a perverse sheaf (or D-module) on the moduli
stack Bun of principal bundles for the Langlands dual group. The main condition
characterizing the perverse sheaf is that it is supposed to be an eigensheaf with eigenvalue
Λ for the family of Hecke operators depending on the choice of a point in C.

The singular locus of the D-module on Bun is a divisor known as the wobbly locus.
Its complement is the open subset of very stable bundles defined by Laumon: a very
stable bundle is one that does not admit a nonzero nilpotent Higgs field. Conversely, a
wobbly bundle is one that does admit a nonzero nilpotent Higgs field.

Inside the coarse moduli space X of polystable bundles, the wobbly locus is (usually)
the set of points where other irreducible components of the nilpotent cone in MH meet
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X. Denote this divisor by W ⊂ X. The complement X−W is also the very stable open
subset of the moduli stack Bun.

Thus, the geometric Langlands conjecture/theorem predicts the existence of D-
modules on X with singularities along W . In turn these correspond to local systems on
X −W and hence to parabolic logarithmic Higgs bundles on (X, W ) (after blowing up
to get normal crossings).

The Donagi-Pantev program envisions a canonical description of the resulting ob-
jects, giving in particular a description of the spectral data for the corresponding
parabolic Higgs bundles. They have carried it out in a first case of rank 2 local systems
on P1 − {5 points}.

In my joint work with them, we have been looking at a next case: rank 2 local
systems over a compact curve C of genus g = 2. In what comes next, we will first
discuss the general setup and then specialize to the genus 2 case.

Recall that by Serre duality, the moduli stack Higgs of Higgs bundles is the cotan-
gent space of Bun. This is no longer quite true when we go to moduli spaces, but

T ∗X ∼MH

birationally. The inclusion X ⊂ MH is just the zero-section. Therefore, one place to
start looking for a spectral covering of X is to look for subvarieties in MH that are finite
coverings of X. We have a nice source of these: the fibers of the Hitchin fibration.

A general fiber of the Hitchin fibration meets the inverse image of a general point
of X in finitely many points. In fact, comparing Laumon’s and Hitchin’s papers in the
Manin volume of Duke Math. J., the degree of the finite covering equals the generic
rank of the geometric Langlands local system. The degree is 23g−3 = 8 in the case of a
genus 2 curve.

Thus, a Hitchin fiber fits what we are looking for. Nonetheless, a birational modifi-
cation is needed. This is because the projection map “forgetting the Higgs field” is only
a birational map from MH to X (recall that we are calling X the coarse moduli space
of semistable bundles).

In order to make the map well-defined, one needs to blow up in some way a locus
inside the upward C∗-flow direction of the higher fixed point components. The excep-
tional divisors are going to map to the wobbly locus W ⊂ X. In particular, T ∗(X −W )
is a true open subset of MH .

Fix a general point b ∈ B in the Hitchin base and let Prym ⊂ MH be the fiber
of the Hitchin map over b. The above birational modification restricts to a blow-up
Y → Prym such that the map π : Y → X becomes well-defined.

Over the open subset of very stable points we have an inclusion

Y ⊃ π−1(X −W ) ↪→ T ∗(X −W ).

On the other hand, one can see that this comes from a tautological constant differential
1-form on Prym pulled back to Y . Along the X-codimension 1 pieces of W , it follows
that the inclusion extends to

Y ↪→ T ∗(X, log W ).
The logarithmic cotangent bundle is a priori only defined outside of X-codimension 2
since W can have singularities worse than normal crossings. One of our main difficulties
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is the problem of understanding what happens over the X-codimension 2 singularities
of W . Let us ignore that for the moment.

Once we guess the choice of spectral covering could be a Hitchin fiber, it remains to
be understood which fiber, and how to define the spectral line bundle.

The theory of Electric-Magnetic Duality of Kapustin and Witten, that was also seen
in works by Hausel, Thaddeus, Hitchin, Donagi, Pantev, and others, is a beautiful
relationship between the data entering into geometric Langlands, and the BNR data
that would be needed to define a Higgs bundle over X, at least birationally.

On the level of groups, Langlands duality is an involution G 7→ LG. For example
the groups SL(r) and PSL(r) are Langlands dual. Electric-Magnetic Duality says that
this duality is reflected in the Hitchin systems: the Hitchin fibrations for Langlands dual
pairs share the same base B, and the fibrations

MH(G) MH(LG)
f ↘ ↙ Lf

B

are generically dual SYZ-type torus fibrations.
The Langlands correspondence says that given an LG-local system Λ on C, there

should be a DX -module V on X that is a Hecke eigensheaf with eigenvalue Λ.
Suppose that Λ corresponds to a point E ∈ MH(LG), in the fiber Lf−1(b) over a

general point b ∈ B. The fiber Prym := f−1(b) ⊂MH , typically a Prym variety, is the
dual torus of Lf−1(b), so the point E corresponds to a line bundle L over Prym. Recall
that blowing up Y → Prym is needed to get a map Y → X.

Donagi and Pantev propose to use the blown-up Prym variety Y as spectral covering
and to take L, pulled back and possibly modified on Y , as BNR data to construct a
logarithmic parabolic Higgs sheaf E on X that should correspond to the DX -module V .

Some work needs to be done in order to make the spectral variety Y into something
that will define a parabolic logarithmic Higgs sheaf (E , Φ) on a normal-crossings resolu-
tion of (X, W ). In particular, we need to provide parabolic structures, typically along
the part of the ramification of Y/X lying over W , plus parabolic weights. Then a main
question is to show vanishing of the parabolic Chern classes.

Conjecture 4.1 (Donagi-Pantev). The Higgs sheaf (E , Φ) defined above has a natural
parabolic structure along the wobbly locus W , making it into the parabolic logarithmic
Higgs sheaf corresponding to a local system on X −W which is that of the DX-module
V coming from the geometric Langlands correspondence.

4.2 Some results

Here are some of the results so far.

Theorem 4.2 (Donagi-Pantev 2019). This holds for rank 2 bundles on P1−{5 points}
with certain restrictions on the parabolic weights.

Theorem 4.3 (Donagi-Pantev-S. 2024). This holds for rank 2 bundles on a compact
genus 2 curve. We have an explicit construction of the parabolic structure that satisfies
the Bogomolov-Gieseker inequality and therefore gives a harmonic bundle.
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Theorem 4.4 (Donagi-Pantev-S. 2024). This holds for rank 2 bundles on a compact
curve of any genus, using Drinfeld’s Radon-transform construction of Hecke eigen-
sheaves, but we do not get an explicit description of the parabolic structure.

The proof of the third theorem about the Drinfeld construction, and the proof of the
Hecke eigensheaf properties for the genus 2 case, rely on the Higgs bundle computations
for higher direct images that we discussed earlier.

The construction in the genus 2 case involves using the explicit Narasimhan-Ramanan
description of the moduli space(s) X and calculations of the Chern classes using the
Grothendieck-Riemann-Roch formula. One of the difficulties here is that the wobbly
locus has singularities that are worse than normal crossings. In the 5-point case treated
by Donagi and Pantev in 2019, the wobbly divisor had normal crossings, so the problem
of singularities was not there, however the combinatorics of the wobbly divisor and re-
sulting parabolic weights were complicated. In the genus 2 case, in addition to normal
crossings, the wobbly locus has cuspidal and tacnode points in X-codimension 2.

Therefore, it is not immediately clear (a) what is meant by a logarithmic Higgs field,
and (b) what is meant by a parabolic structure and how to compute the parabolic Chern
classes.

4.3 The case of rank 2 on curves of genus 2
Recall some notation for the moduli spaces of rank 2 bundles on a curve C of genus
2. These were described explicitly by Narasimhan and Ramanan, and also around the
same time by Tjurin and Newstead.

Let X(0) denote the moduli space of polystable rank 2 bundles with determinant
OC . By Narasimhan-Ramanan X(0) = P3. The locus of strictly polystable bundles is
the Kummer quartic K ⊂ P3.

Since Hecke transformations depend on a point of the curve, we look at a family
X (1) u−→ C whose fiber Xp(1) over p ∈ C is the moduli space of stable rank 2 bundles
with determinant OC(p). It becomes a product upon pullback to a finite etale cover
C

16:1→ C, and each Xp(1) is a complete intersection of two quadrics in P5. The Hecke
transformations at p ∈ C go between X(0) and Xp(1).

Our work in the case g = 2 and rank 2 depends on having an explicit description of
the wobbly divisors W (0) ⊂ X(0) and Wp(1) ⊂ Xp(1).

The wobbly locus inside X(0) is given by

W (0) = K ∪ T1 ∪ · · · ∪ T16 ⊂ P3 = X(0)

where K is the Kummer surface having 16 nodes, and Ti are the 16 trope planes. These
planes and the nodal points of K form Kummer’s 166-configuration: each plane passes
through 6 points and each point is contained in 6 planes. The trope planes intersect K
in double curves known as the trope conics, making a tacnode in a general transversal
slice.

To describe the wobbly locus in odd degree we introduce the fixed-point set C ⊂MH .
This is the set of Higgs bundles of the form L(p) ⊕ L−1 with Higgs field φ : L(p) →
L−1(p + p′) noting that KC = OC(p + p′) where p′ is the opposite to p under the
hyperelliptic involution.
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The Higgs field has a unique zero, so we get

L(p) ∼= L−1(p + p′ − q) or L⊗2 = OC(p′ − q).

It means that the set of these fixed points maps by a covering to the set of points q ∈ C.
This covering is pulled back from the doubling map of the Jacobian, so it is 16 : 1 and
etale:

C
16:1−→ C.

The wobbly locus in the odd degree moduli space may now be described as the image
in Xp(1) of the outgoing downward flow lines from points of C.

The downward normal bundle is projectively trivial so the projectivized downward
bundle is a product of the form C × P1. The wobbly locus Wp(1) ⊂ Xp(1) is therefore
the image of a map

C × P1 → Xp(1).

It is generically an immersion but the image has singular points: a cuspidal and a nodal
locus at the stage of X-codimension 2.

The downward flow map from the Hitchin fiber Prym ⊂MH to X is not well defined
at some points, namely those that flow down to a higher fixed point set rather than the
bottom component X. This is why we need to blow up Prym in order to get the spectral
covering Y → X we are looking for.

In the present situation this may be done explicitly in a single modification. This
is one of the main simplifications that allows us to calculate in the special case g = 2,
g = 2. The exceptional divisor Exc ⊂ Y becomes the fixed part of the ramification of
Y/X, with Exc → W so its image in X does not move as we move the point b ∈ B of
the Hitchin base. The map Y/X will have other ramification but those loci move as a
function of b. Because of the ramification along Exc, the Higgs field on π∗(L) becomes
logarithmic and we can introduce parabolic structures.

4.3.1 Odd degree

Over X(1), we had to blow up a copy of C̃ ⊂ Prym yielding the exceptional divisor
C̃ × P1 with its map to W . Here C̃ is the double cover of C induced by the spectral
cover C̃ → C that corresponded to b ∈ B. The map from Exc to W is generically 2 : 1
and also ramified so this accounts for 4 out of the degree 8 of the map Y → X, the other
four sheets are unramified over W .

For X(1) we introduce a parabolic structure with weight α = 1/2. This was found
by experimentation with the Chern class calculations and some guessing. Once we have
decided to use α = 1/2 as parabolic weight, then a trick becomes available to do the
proof of the Chern class calculation.

Recall that in X-codimension 2, the wobbly divisor has nodes and cusps. The
nodes are normal crossings and do not cause a problem for understanding the parabolic
structure.

Near a cusp, one can define a notion of parabolic bundle which is a bundle having
a parabolic structure along the smooth points of the divisor. There should be then a

13



Bogomolov-Gieseker minimal contribution to the parabolic Chern class from the cuspidal
point.

My student Taher studied a closely related problem for a triple point, showing that if
we blow up the triple point, there is an essentially uniquely defined parabolic structure
over the exceptional divisor that makes the local contribution to cpar

2 be minimal.
However, in the present case we do not need to use such a theory, because of the

condition α = 1/2. Instead, we pull back to a covering Z → X of degree 6d that is
fully ramified of order 2 over W , with Z smooth. Then the pullback parabolic bundle
has trivial parabolic weights, so it extends as a usual bundle and we can calculate the
c2 of that extension. This allows us to show that our construction, with an appropriate
adjustment of the spectral line bundle L, gives cpar

1 = 0 and cpar
2 = 0, hence yielding a

harmonic bundle.

4.3.2 Even degree

Over X(0) there are 16 points in Prym that need to be blown up, inducing 16 planes in
Exc that map to the trope planes. In this case the fixed ramification locus also includes
the ramification over the Kummer surface.

On X(0) we don’t put any parabolic weight. However, the difficulty in this case
comes from the logarithmic condition. The Higgs field has logarithmic poles at smooth
points of W , leading to a unipotent monodromy of the local system around smooth
points of W .

Unfortunately, the logarithmic condition does not have a precise meaning over the
X-codimension 2 locus where the singularities are tacnodes. Indeed, in this case, if we
just take the reflexive extension to a bundle on X and pull that back to a resolution of
the tacnodes, the resulting Higgs field is not logarithmic.

One needs to look explicitly at the resolution (in a transversal slice) and compute
the matrices of the Higgs field. Then we look for a modification of the bundle that
makes the Higgs field logarithmic. On such a modification, the c2 becomes > 0 if there
is no parabolic structure. Therefore, a small search was done to find the appropriate
parabolic weights that make cpar

2 = 0. These were found to be 1/2 and 1/4 or 3/4.
Again, this gives a harmonic bundle.

Once given the constructions of the parabolic Higgs bundles, we would like to show
that these satisfy the eigensheaf property with respect to the Hecke transforms from
X(0) to Xp(1) and vice-versa.

This involves pulling back E to the Hecke space and pushing back down in the
diagram

Hecke
↙ ↘

X(0) X(1)× C

and similarly in the other direction. The expected answer should be E ⊠Λ where Λ was
the original “input” eigenvector Higgs bundle on C, pulled back to the covering C.

This is where we need to use the Higgs calculation of the higher direct image. The
zeros of the relative Higgs field for the pushforward are isolated, so the spectral data for
the pushforward Higgs bundle can be calculated explicitly.

14



This brings in the abelianized Hecke space that was introduced by Donagi and Pantev
in their paper on the classical limit of geometric Langlands. The work we have been
doing is then needed in order to verify that the parabolic structure on the pushforward
is what it is expected to be.

4.3.3 Alternate construction in even degree

There is an alternate collection of parabolic weights on X(0) in which we put a parabolic
structure with weight α = 1/2 along the Kummer surface.

Using the theory of Goldman, Heu and Loray, this may be resolved by a natural
double cover of X(0) ramified along the Kummer, the moduli of parabolic rank 2 bundles
on P1 with parabolic structure at the 6 points.

We also get vanishing parabolic Chern classes. Although we don’t currently have a
full proof, we guess that the corresponding local systems on X(0) −W (0) will be the
ones associated by geometric Langlands to input PGL(2)-local systems of odd degree.

The Hecke transforms to X(1) contain a singular locus that moves as a function of
the point, indeed it is the Kummer K3 surface that appears under the terminology Σ in
Chapter 5 of Griffiths and Harris.

4.4 Challenges for generalization

There are many potential complications in generalizing this to higher rank and/or other
groups, for curves of any genus.

• Understand the geometry and singularities of the wobbly divisor

• Understand the birational transformation Y → Prym necessary to obtain a map
Y → X

• Understand the ramification of this map over components of the wobbly locus; this
ramification should probably indicate how to define the filtrations for the parabolic
structures

• Guess the good parabolic weights

• Obtain a way to calculate the parabolic Chern classes at X-codimension 2 singular
points of W

• Computation of the higher direct image for the Hecke correspondence using [DPS
2016] in any relative dimension
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