Learning and Optimization in Multiagent Decision-Making Systems
Lecture Notes: Computational Methods for MDPs (based on lectures of S. Kakade and R. Srikant)
Instructor: Rasoul Etesami

Consider the infinite horizon MDP (S, A, P, 1, y) with discount factor y € [0, 1). Recall that
there exists an optimal deterministic stationary policy 7" with value function V* : S — R, which
satisfies the Bellman optimality equations:

* _ = k(o . *
V*(s) = max | 7(s,a) + ¥ D P (V) | = T(VH)(s).
s'es
Recall that the Bellman optimality operator T : RIS| — RIS! satisfies the following properties:

(i) Contraction: T is a contraction in the {.,-norm with contraction factor v, i.e., for any
V,V’ € R®! we have
ITV) =TV )loo < 7IIV—=V'|loo-

(ii) Monotonicity: T is monotone, i.e., for any V,V’ € RIS if V(s) < V/(s) for all s € S, then

T(V)(s) < T(V')(s) forallses.

(iii) Shift: For any ¢ € R, we have
T(V4+c1)=T(V)+ycl,
where 1 € R/ is the all-one vector.

All the above properties are also true for the Bellman operator T™ : RISl — RIS! associated
with any policy 7.

Suppose that for any a €A and s,s” € S, we have access to the expected reward 7(s,a) and
the transition probability P «(a) = P(S; =s’ | Sy =s,A¢ = a). Our goal is to develop efficient
algorithms for finding an optimal stationary policy 7*. Recall that V*, the value function of ¥,
is the unique fixed point of the Bellman optimality operator, i.e.,

T(V*) = V*.

Using this as our key insight, we present two computational techniques to find the optimal policy.

Value Iteration Method

The value iteration algorithm is summarized in Algorithm 1.

Theorem 55. Running the value iteration algorithm (Algorithm 1) for n iterations, we have:

n 2Yn
17 VYolloo>s T, oo =

L Vi =Villes, and ||V, —V*|les <

—-r 1—vy

Vi = Voo < 1 V1 = Volloo-

In particular, to ensure that ||V, — V™|, <, it suffices to choose

- Jog(IIVs = Volloo) + 1og(2) — log(e(1 — 7))
log )
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Algorithm 1 Value Iteration
1: Input: Infinite horizon MDP (S, A, P, 1, y), number of iterations n > 0, initial estimate V,
Output: Estimate V, € RIS! and policy 7,
fork —~0ton—1do
Vi1 < T(V)
end for
1, < greedy policy with respect to V,

N

AN L

Proof: Using the triangle inequality, we have:

”Vn - V*“oo < ”Vn+1 _Vn”oo + ||Vn+2 _Vn+1||oo +eeet ||Vn+€ - Vn+€—1”c>o + ”V>k - n+l”oo
SE YT Yy DIV = Volleo + Y™V = Volloo

Yn

-7

<

Vi =Volloo + 7" IV* = Vol o

Notice that the left-hand side of the above inequality does not depend on £. Taking limit { — oo,

we have N

Y
I—y
Next, we bound the performance of the resulting greedy policy 7t,,. Notice that by definition,

we have T(V,,) = T™(V,,) and T™(V, ) =V, . Recall that T™ is a contraction in the {,-norm
with contraction factor y. We have:

Vi = V¥leo <

||V1 _VO||oo-

IV = Vi, lloo < NIT (V) =T (Vi Moo + 1V = T (Voo
=[IT™ (V) = T™(Vz Moo + 1T (Va) = Vil o

<7IVe =V, lloo + 7" IVo = Villoo,
which implies:
n

Y
-

”Vn_Vnn”oo < 1 “VO_Vl”oo

Using the triangle inequality, we get:

29"
Ve, = Viloo S Vi— Vi lloo + IV = Vleo < =y

V1 = Volleo-
O

Notice that the value iteration algorithm converges in finitely many iterations; however, the
number of iterations required might be large. More specifically, if

29"
1=y

IV = Volloo < O,

then we have V, = V*, where 7, is a greedy deterministic policy with respect to V,,, and

§:= min V' =V |c.
m,7t’ deterministic
&A%
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Hence, the value iteration algorithm converges after at most

log (a7 w1 )

log(y)

many iterations.

Policy Iteration Method

The value iteration algorithm estimates the optimal value function and then uses this estimate
to generate a policy. In the policy iteration algorithm, we directly estimate the policy at each
iteration. Consider any policy 7y, and let V™ denote its value function. Recall that V™ is the
unique fixed point of the Bellman operator T™, and in particular,

V™ = (I —yPT0) 1570,
Let 7t; denote the greedy policy with respect to V™, i.e., for any state s € S we have:

T(V7™)(s) = (s, m1(s)) + YZPs,s/(ﬂl(S))V”O(S/) =T™(V™)(s).

s’eS

One may expect 7; to be closer to the optimal policy than 7,. We will show that this is
indeed the case. The policy iteration algorithm uses 7r; as the input to the next iteration and
repeats the same process. This is summarized in Algorithm 2.

Algorithm 2 Policy Iteration

: Input: Infinite horizon MDP (S, A, P, 1, y), number of iterations n > 0, initial policy 7,
: Output: Policy 7,

3: fork«— Oton—1do

4 T4 < greedy policy with respect to V™, i.e., T™+1(V ") = T (V™)

5: end for

[

N

Theorem 56. The policy iteration algorithm (Algorithm 2) generates a sequence of policies {7}
such that their value functions improve monotonically:

VT < VT Yk > 0.
If at any iteration k, we have V™ = V™1 then 1, is an optimal policy and V™ = V*.

Proof: We prove the convergence of the above algorithm to the optimal policy. Notice that it is
enough to show improvement at each iteration, i.e., V™ < V71 for all k (component-wise). In
particular, if V™ = V™1 then V" is the fixed point of the Bellman optimality operator T, and
1, must be an optimal policy. This is because if V" = V™1 for some k, we have

T(Vﬂ'k) — T”k+1(vﬂk) — Tﬂ'k+1(vﬂ'k+l) = V7Tk+1 = Tk,
To show improvement, observe that

VT = T”k(vﬂk) < T(Vﬂk) — Tﬂk+1(vﬂk)_
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By monotonicity of the Bellman operator T™+1, we have:
VT < T”k+1(v”k) < (T”k+1)2(vnk) <... < (T'f’:k+l)m(v7tk)_
Taking the limit as m — ©co, we get:

Tk < i Tr+1 YV Tk ) = |/ Tk+1
1% _mango(T )TV TR) = VT,

Policy Gradient Method

For a distribution u over states, define:
V(.u) = Eso~u[v(30)];

where we slightly overload notation. Consider a class of parametric policies {my | 6 € R¢}. The
optimization problem of interest is:

max V7™ (u).
Oerd

In many settings, one of the most practically effective methods is gradient ascent, which takes
the form of

0"+ = 0% + 1 VoV 7ok (u)

One immediate issue is that if the policy class {7y} consists of deterministic policies, then
V(1) will, in general, not be differentiable. This motivates us to consider policy classes that
are stochastic, which permit differentiability.

Example (softmax policies): It is instructive to explicitly consider a “tabular” policy representa-
tion, given by the softmax policy:

roals) = exp(6; )
? Za’eAeXp(Gs,a’)’

where the parameter space is 6 € RSN, Note that (the closure of) the set of softmax policies
contains all stationary and deterministic policies.

Example (Linear softmax policies): For any state-action pair (s, a), suppose we have a feature
mapping ¢; , € RY. Let us consider the policy class:

exp(0 " ¢ 4)
a’eA exp(@ T d)s,a’) ’

melals) =
>
with 6 € RY.

Advantages and the State-Action Visitation Distribution

Let us first introduce the concept of an advantage.
Definition 57. The advantage A™(s,a) of a policy 1 is defined as:
A%(s,a) :=Q"(s,a) = V().

Note that for the optimal policy m*, we have A" (s,a) <0, Vs, a.
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Definition 58. The discounted state visitation distribution ds’; is defined by:

dr(s)=(1—y) D " Pr(s, =5 50),
t=0

where Pr(s, =s | sy) is the state visitation probability using policy T starting from s,. We also
write d;f(s) = EsO~u[d;z(s)]'

By construction, observe that for any function f : S x A — R,
S 1
E [;0 Yff(St, Clt):| = —1 — YESNdﬁEa~n(-|s)[f(S, a)]_

The following lemma is a fundamental tool in the convergence analysis of direct policy search
methods.

Lemma 59 (Performance Difference Lemma). For all policies 7, 7’ and distributions u,
— 1
/ _ t / _ /
Vﬂ'(.“/) -vr (.U') - Eu,n |:;OY A" (st, at):| - TYEs~d§Ea~n(~|s) [An (3: a)] .
Proof: Fix a state s as the initial state. We can write

VRS = VT () =B | D7 (s, at)] —V™(s)

| t=0

=E, Z Tt (r(st’ a,)+ YVﬁ/(StH) - Vﬁ/(st)):|

| t=0

=B | 27 (e a) + BV (5041) | 50,01 — V”/(st))]

| t=0

[ oo
= ETE Z YtAﬂ/(sta at):| s

t=0

where the second equality holds using a telescoping sum, and the last step uses the tower property
of expectations and the definition of the Q-function function and the advantage function because
Eg~pls,a)l7(s,a) + )/V”/(s’) |'s,al=Q" (s,a). The proof is completed by applying linearity of
expectation over the starting state distribution u:

V) =V (1) = Bey, [V — VT () | =, - [Z rfA“’(sf,at)} :

t=0
O

In order to be able to use the policy gradient method, we need to be able to provide an
expression for the gradient of the value function with respect to policy parametrization. The

following lemma provides such characterizations.

Theorem 60 (Policy gradients). The following are expressions for the policy gradient Vo V" (u):
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REINFORCE:

VoV () = (1—7)E [(Z rir(se, at)) (Z Vylogmy(a, | st))]
t=0

t=0

Action-value expression:
. 1
VoV™(u) =E [ZO Vo logmg(a, |5 )Q™ (s:, at)] = T B a9 [ Q7 (5 Vs log mo(a )]
t=

Advantage expression:

1
VeV™(u)= ——E

1— y s~dﬁe,a~n9(-|s)

[A™0(s,a)Vglog mg(a|s)]

Proof: Let T = {(sg,ap),(s1,a7),(s9,as),...} denote a sample trajectory generated under the
policy g, whose unconditional distribution Pr(t) under policy 1y with starting distribution u is:

Pr(t) = u(so)me(ag | so)P(s1 |50, ap)mo(ay | s1)P(sz | 51, a1)mg(aslss) (14)
Define the discounted total reward of the trajectory 7 as:
oo
R(T)=(1—1) D 1'r(sea,).
t=0

We have:

VoV™ (1) = Vg » R(T)Pr(t) = > R(T)VePr(t) = > R(T)Pr(7)V logPr(7)

Now using the trajectory probability (14) and taking log and derivative:
(o]
Vo logPr(r) = ) Vg logm(a, |s;)
t=0
Thus:
oo (o]
VoV™(u) =D R(t)Pr(t) > Vglogmy(a, |s,) =E|R(t) > Vglogmy(a, |s,) |,
T t=0 t=0

which completes the proof of the first (REINFORCE) expression.
For the second claim, for any state s,
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VoV (s9) =Vy Z mo(ag | 50)Q™ (sp,ap)

Ao

= Z Vrg(ag |50)Q™ (sg,ag) + Z mo(ag | so)VQ™ (sg, ap)

= Z mg(ag | s9)Vlog my(ag | s9)Q™ (so,ag)

ao

+ Z mg(ag | so)V | (1 —v1)r(sg,ap) + YZ P(sq1 |59, ag)V™(s1)

= Z mg(ag | s9)Vlogmy(ag | s9)Q™ (so,ag)

do

+r Z mo(ag | so)P(s1 | 9,a9)VV™(s1)

dp,S1

=K, p[Q"(s0,a0)V1ogmg(ag [50)]+Er, p[VV™(s1)]
By linearity of expectation and applying the same reasoning recursively:
VoV (sg) = Eq,p [Q™(sg,ag)VIog my(ag | 50)] + Er, p [Q™(s1,a,)VIog mg(ay [s1)]+---
o0
= ETEQ,P ZQRG (s¢,a.)Vilogmg(a, |s,) |.
t=0

This completes the proof of the second claim.
The proof of the last claim is identical to the second claim after we realize that

Er,p[V™(s)Vglogmg(a, |s)]=0Vt,

and using the definition of the advantage function A™(s;,a,) = Q™ (s;,a,) — V™ (s,). O

Natural Policy Gradient

Let us consider direct tabular parametrization, i.e., 6, = m(als). Then, using the last

expression for the gradient of the value function in the above theorem, we have (V V”(,u)) =

0 (s.a)
1%Yd[f(s)A“(s, a). Now, assume an estimate 7 of the optimal policy. Motivated by the mirror
descent in static optimization, we update our policy in the next iteration as

. T (R LA PR WA CLIE BT
Y., m(als)=1Vs n=

Using (Vg V”t(u)) o) = 1%d:ft(s)A’Tt(s, a) in the above optimization problem, obtaining 7‘*!

T
reduces to solving

max {ﬁ D7 ($)A™ (s, a)(r(als) — ' (als)) + %Zde[(s)KL(n(-ls)llnt(-ls))}

Y., m(als)=1Vs

nt 1 mt t 1 t
:Zdu (s) mzmax {TY;A (s,a)(m(als)—n"(als)) + EKL(H('LS)HR (~|s))}.

o m(als)=1
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Now, for any fixed s, the solution to each inner maximization can be calculated in a closed-form
to obtain 7t/ (+|s). Therefore, the Natural Policy Gradient (NPG) updates take the form:

(t)
70(a|s)exp (n'%s;a))

(t+1) _
o1 (als)= )
Zt(s)

where the normalizing factor Z,(s) is given by:
Al
Z,(s)= Z 7(a |s)exp( ﬂ)
ac.o/ 4

Lemma 61. [Improvement lower bound for NPG] For the iterates n® generated by the NPG
updates, we have for all starting state distributions :

(1—}’)

(t+1) (t)
Vi ) = v () = E,.,, [l0gZ,(s)]> 0.

Proof: First, we show that log Z,(s) > 0. To see this, observe:

Al
log Z,(s) = logza: nO(a|s)exp (n%’;)) )

By Jensen’s inequality applied to the concave function log x, we have:

Al
log Z,(s) = Z n(a | s)logexp (n ] (s,a)) =1 i Z 70(a | )AV(s,a) =0
a - v

Now, apply the performance difference lemma:
t t 1
v -V () = ——E e | DD (a]9406,0) |.
1—y s~ -

Using the NPG update expression, we rewrite this as:

1 7E(t 1)(Cl |S)Z (S)
— (t+1) t
=—E, 4 |: Ea T (a |s)log( ©als) .

This is: 1
= E, 40+ [KL(7{D||2(0) + log Z,(s)] .-

Since KL divergence is non-negative:

1
> 5 Es~d,(j+” [logZ.(s)].

Using the fact that dffﬂ) > (1 —y)u componentwise and log Z,(s) > 0, we get:
Es~dff”) [logZ,(s)]=>(1— Y)]ESNM[IOth(S)]‘

Thus:

(r+1)

W) =™ (u) =

a " Y) [logZ.(s)] = 0.

s~,u

This concludes the proof. O
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Theorem 62 (Global convergence for Natural Policy Gradient Ascent). For the softmax pol-
icy class, suppose we run the NPG updates using a starting distribution y € A(%) and with
initial parameters 6®) = 0. Fix n > 0. Then, for all T > 0, we have:
log|.</| _ 1

nT  (1—y)2T

v (W) = VT () —

Proof: Since n* and u are fixed, we use d* as shorthand for d;f* ; we also use 7, as shorthand
for the vector 7(- | s). By the performance difference lemma, we have:

VE -V () = ﬁ Eyvg- [Z m*(a] )AG, a>] :

Using the closed-form update rule of NPG, we rewrite this as:
1 . nD(a | 5)Z,(s)
= EESNd* [Za:n (a| s)log( 00 s)

1
= p E,..g [ KL(m! | 7D) = KL(7? | 7)) + 1og Z,(5) ]

Hence: 1
* (t)
VE(u)—=V™ ()= n E,-q- [KL(7 || ) — KL(7! ||l ) + 1og Z,(s)] -

By applying Lemma 61 with d* as the starting state distribution, we have:
1 1 ¢ ¢
~Eog [l0g2,(5)] 27— (v (@) -v™(d"),
n 1=y

which gives us a bound on E,, 4 [log Z,(s)].
Using the above equation and the fact that V”(m)(u) >y (u) by Lemma 61, we have:

T—1
* (T-1) 1 « ®
VI v < 2 2 (VI —vw)
t=0
1 T—1 1 T—1
< — > Eog [KL(n!(|nl) = KL(m! | D) |+ — ZEM* [log Z,(s)]
nT t=0 nT t=0
]Es~ * KL(TE*”TE(O)) 1 = t+ t
< Bra [KURIE] >i(vtan-veia)
nT A-NT &
_ Epg [KL(m ™) . v @) — v (d*)
nT 1—7T
< log|.<| 1

nT  (Q—yPT

The proof is completed using the fact that V“m(,u) > V“(H)(,u).
O

Remark 13. Settingn = (1—y)?log|.e/|, we see that NPG finds an e-optimal policy in a number

of iterations that is at most: 5

T<——
(1—y)%’
which has no dependence on the number of states or actions, despite the non-concavity of the
underlying optimization problem.
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Multi-armed Bandit and Upper Confidence Bound (UCB) Algorithm

We consider the stochastic K-armed bandit problem:

* There are K arms.

* Each arm i yields i.i.d. rewards bounded in [0, 1] with unknown mean u,.
e Let u* = max; u; be the best mean reward.

* Define the gap A; = u* —u; > 0.

Let T be the time horizon. The goal is to minimize the expected regret:

T

K
R(T)=Tu*—E [Z rat:| = Z A;E[N(T)],
i=1

t=1

where:

* q, is the arm selected at time ¢,
* g, is the reward at time ¢,

* N;(T) is the number of times arm i is pulled up to time T.

UCB Algorithm

At each round t, the UCB algorithm selects the arm:
. 2logt
a, = argmax | (;(t) +\ ,
t 8 ; [Ml( ) Nl(t)]

* N;(t) is the number of times arm i has been played by time t.

where:

. feo Ty Liap =i} . .. ) .
e O;(t)= W is the empirical mean of arm i up to time t,

Proof of Regret Bound

Step 1: Concentration Inequality

We use Hoeffding’s inequality. For n i.i.d. samples X,...,X, €[0,1] with mean u:

1 n
Pr( EZXJ'_“

j=1
Let the confidence radius be:
2logt
() =\ S
N;(t)

By taking n = N;(t) and € = ¢;(t) in the above Hoeffding’s inequality, with high probability
1— t%, the empirical mean satisfies:

> e) < 2exp(—2ne?).

10 (6) = ;| < ¢;(2).
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Step 2: When Is a Suboptimal Arm Selected?
Suppose arm i is suboptimal (A; > 0), and it is selected at time t. Then:
Qi (6) + ¢ (t) = = (€) + ¢ (8),

where i* is the optimal arm. Assuming the concentration bounds hold for both i and i* (which
by union bound happens with probability at least 1 — %), we have:

i (6) = p* —cp(t), () < py +ci(t).

So:
‘ul‘+2Ci(t)2,Uz*:>2Ci(t)ZAi.
Solving:
2logt 81 t
%> A N() < —2
N;(t) 2

8log T

Thus, if N;(t) > Az

arm i will not be selected again (with high probability).

Step 3: Bounding Expected Pulls
We split E[N;(T)] into:

T
+ Z Pr(concentration fails at time t).
i t=1

8lo
E[N;(T)] <
Each failure has probability < ;14 (from Hoeffding’s inequality with union bound), so:

T
4
L

t=1

,.,
\0|;1

So: 8los T
(0]
& +s.

E[N;(T)] <

:
Step 4: Total Regret

Substituting into the regret formula:

R(T)= Y ACEN(D]< D (SIZgT SA)

i:A;>0 i:A;>0 t

Thus, the regret satisfies:

R(T) = ﬁ( Z IOEAT)

i:A;>0

This is a logarithmic-in-T regret, which is order-optimal for stochastic bandits.
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Episodic Reinforcement Learning (RL)

We consider a finite-horizon episodic MDP:
M=(S,.d,Pr,H),
with:
 State space &, action space .«/.
¢ Unknown transition kernel P(s’ | s,a).
e Known reward function r(s,a) € [0, 1].

* Horizon length H, and K episodes.

Therefore, in each episode, we are dealing with a finite horizon MDP of the form

{mel)oy

H-1
max E[ Y r(S;,A)],
=0

where for simplicity, we assume the reward function r(s,a) is deterministic, and y = 1. Note
that in the finite horizon MDP, the optimal policy is not necessary stationary and is Markovian of

the form {rm,};" .

Recall how to solve finite horizon MDP by solving the Bellman optimality equations:
Vi(s)=0Vs
Vi(s) = mglx{r(s, a) +E[V,  (Dlsk =s,a, = a]} k=0,1,...,H—1.
Here, optimal value function is V" and the optimal policy is a Markovian deterministic policy.
Note that in RL, the goal is to solve this MDP without knowing the transition matrix P(-|-, -).
Each episode consists of running the MDP from O to H, and we repeat each episode with a new

policy. Let k denote the kth episode started from some initial state s’é, and let Tk = (7’['(];, e, nIk{_l)
be the policy used in episode k. The goal is to achieve a regret defined by:

K

RIK) = Y (Vo) = v s5)).

k=1

where V' is the optimal value function.
Upper Confidence Reinforcement Learning (UCRL) Algorithm
At the end of each episode k, do the following:

1. Estimate Transitions

For each (s, a), compute empirical transition probability:

Nk(S, a,s/)
maX{l,Nk(S, a)} ’

B(s'|s,a) =
where Ni(s, a) is the total number of times (s,a) was visited during the fixed episode k, and

Ni(s,a,s”) is the number of times during episode k that the MDP transitioned from s to s’ when
action a was taken in state s.
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2. Construct Confidence Intervals

In episode k + 1, compute a confidence set Cy 5 around Py, for transition probabilities as

Crs ={P: IIPC-15,0)=B(- |'5,0)ll1 < f5(Ni(s,@)) Vs, a},

where f5(Ny(s,a)) is chosen such that P* € C; 5 Vk, with probability at least 1 — 6. In particular,
one can take

2log (2S2AN?2(s,a)/5)

f‘s(N"(s’aD:\J max{1, Ni(s,a)} (15)

3. Optimistic Policy Update

k+1

Update the policy to **! = (rk*1, ..., k1), where n**! =

= arg max, maXpec, , V7 (st*1). Run
policy **1 in episode k + 1, collect trajectory, and update statistics.

Remark 14. Note the similarity between UCRL and MAB, where we optimistically choose the
best policy within a confidence set, which is called “optimism in the face of uncertainty".

Regret Sketch

Step 1: Optimism
With high probability, the true MDP lies in the confidence set. More precisely:

Lemma 63. Let P* be the true (unknown) transition matrix of the MDP. By choosing fs(-) as in
(15), with probability at least 1 — 6, we have P* € Cy 5, Vk.

Thus, with high probability, the policy computed using the optimistic model achieves:

k k
VO”" (s9) =V (s5) —errory.

Step 2: Decomposition

The regret decomposes into:

>~

H-1

K
RIK) = > (V8 = Vi (s5) < D 1> bonusy (sf, af

k=1 k=1 h=0

where each bonus is controlled by f5(N(s,a)).

Finally, using some martingale analysis, we can bound the total number of visits to uncertain
state-action pairs, and in particular each bonus,(s¥, ak) with high probability. Combining all the
components, one can show the following result.

h> 9h

Theorem 64. With high probability 1 —6 :=1— %, the regret of the UCRL is bounded by
R(K) = 6 (H3SVAK),

where @ hides the logarithmic factors.
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