Li-MDE OF A REGRESSION TYPE FUNCTION
WITH RATES OF CONVERGENCE

Yannis G. Yatracos, Yau Mathematical Sciences Center, Tsinghua University

November 26, 2020

CONTENT



1 Motivation-The Results

It is a well-known fact that L,-optimal estimates (1 < r < oo) of a density and a
regression function with the same smoothness converge to the true parameter at the same

rate; for example:

144

. The results on optimal rates of convergence for nonparametric density estimates are
surprisingly similar to those for nonparametric regression ...” (Stone (1982), Annals of

Statistics, 10, p. 1044, 1. 7-8).

The following questions arise naturally, given the presented results on density estimation:
1. Is there an explanation for this coincidence in the rates of convergence?
2. Would the same optimal rates have been observed if, other things being equal, the

regression functions were a quantile or another parameter of the conditional density?

These questions provided the motivation for the regression type problem studied in these
lectures. The key observation to answer both questions is that a regression type problem
can be viewed as a combination of several density estimation problems, each occurring at

the observed values of the independent variable; see graph.

In the classical regression problem (Xi,Y]),...,(X,,Y,) are observed, according to the

model

Y =0(X) +e, (1)
0 belongs to a space of functions © and the assumptions for the error € are:
E(e) =0, Var(e)=0 e~ Py unknown
AIM: Estimate 0(x) (conditional mean).
Observe that: Y;|X; = 2; ~ Py, 02, 0(x;) = E(Y;|X; = ;).
In a regression type problem it is assumed instead of (1) that
Y|X =2 ~ Py, (2)

i.e. the regression type function 6(x) can be any parameter of the conditional probability

measure ), i.e. a conditional median or another conditional quantile.
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What are the results, briefly: Let (X3,Y7),...,(X,,Y,) be a sample, denote the con-
ditional density of Y;|X; = z; as f(y|z;, 0(x;) and 6 an element of a metric space, (©,d),
of functions. A lower bound is provided for the d-error in estimating #. The order of the
bound depends on the local behavior of the Kullback-Leibler information of the conditional
density. As an application, we consider the case where © is the space of g-smooth functions
on [0, 1]¢ metrized with the L,-distance, 1 < r < co. An upper d-error bound for Minimum
Distance Estimate 6, is obtained, that depends on Kolmogorov entropy of the space (0, d),
and holds also under weak dependence; d the Li-distance. It is risk optimal, when © is

the space of g-smooth functions on [0, 1]¢.

The tools needed to obtain the results are presented in the sequel.

2 Optimal Estimates in Probability and in Risk

In the previous lectures we obtained the upper convergence rate of the MDE in Probabil-
ity. The question that arises is whether the estimate and the rate are optimal. Definitions

of optimality for a sequence of estimates {6,,} in Probability and in Risk follow.

Let {0,,,T,} be estimates of the parameter f(€ ©). The estimation loss/cost is measured
by a distance measure d. The observations X1, ..., X,, are i.7..d. with respect to probability

measure Py, 0 € ©.
For a sequence of estimates {6, } of @ it is expected that the Risk

Eyd(0,,0)—0 V 0 € O,

n—o0

or, for the convergence of the risk to zero to be independent of 6,

sup Eyd(0,,0) < Cuym; 7 40, Cp = constant.
0o

We would feel more comfortable if there is no other sequence of estimates {T n} that

converges faster than {6, } uniformly in 6, i..

inf sup Egd(Tn, 0) > Cryn; 740, Cp = constant
T, 0€O

These observations motivate the definition of finite sample risk optimality.
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Definition 2.1 A sequence of estimates {,,} is risk-optimal in estimating 6 € (©,d) with
rate of convergence a,({ 0), if there are constants Cp and Cy, 0 < Cp, < Cy, such that for
n>1,

Cr, - a, < inf suppeo Bd(T, 0) < suppeo Ed(0,,0) < Cyr - an. (3)

n
J

Vv
Minimax Risk

For the rate of convergence in Probability of {6,,} to 6 consult the definition of achievable

d-upper rate of convergence given in previous lectures that provides also (5).

Definition 2.2 {én} is d-optimal in probability uniformly in 0 if there is a sequence {a,}

decreasing to zero such that

lim lim inf inf sup P[d(T,,0) > Ca,] = 1 (4)

C—=0 n—oo T, 0O

and

lim lim sup sup P[d(6,,0) > Ca,] = 0. (5)

C—0 nasco €O

Density estimates satisfying (5) have been already obtained, with the achievable upper
rate of convergence a,, depending on the Kolmogorov entropy of the parameter space. The
same will hold also for regression estimates and the upper bound in (3). The lower bounds
for the convergence rates in (3) and (4) depend on the behavior of the Kullback-Leibler

information of the underlying probability measures of the sample, “locally” at each 6 € ©.

3 Inequalities

Convexity is used repeatedly to obtain inequalities. The material is presented for com-

pleteness.

Definition 3.1 Let f(z) be a real valued function defined on the interval I = [a,b]. f is

convez if for every xi, s € [a,b] and 0 < p <1,

flprr + (1= pas] < pf(ar) + (1= p) f(a2). (6)
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e Draw a graph to see what (6) means.
Informally: f is convex when for every segment [z1, 23], as x, = pxy + (1 — p)x varies over
the line segment [x1, 2], the point (z,, f(z,)) lies below the segment connecting (x1, f(z1))

and (o, f(x2)).

e f is strictly convex if inequality (6) is strict for 1 # 5.

o If () >0V x € [a,b] then f is convex for all x € [a, b].

Definition 3.2 f is concave (strictly concave) if (—f) is convex (strictly convex)

Examples: fi(z) = 2%, g1(z) = e® are convex; fo(r) = —2%, g1(z) = logx are concave.

Remark 3.1 Let h(x) = zlogz. Is h(z) convex or concave? h(x) is used repeatedly to

prove inequalities.

Jensen’s inequality (for discrete r.v.’s): Let zy,...,x; be in the Interval I, 0 <

p <1, Zle p; = 1. If f is convex, then
k k
f(z zipi) < szf(l’z) (7)
i=1 i=1

e Result (7) says:
- if fis convex, f(EX) < Ff(X);
- if ¢ is concave, Eg(X) < g(EX).

e When you have to prove inequalities using Jensen’s inequality the function that should
play the role of f and g may not be easy to recognize. An application of Jensen’s inequality

that will be used later follows.

Lemma 3.1 Leta; > 0,b; >0,i=1,...,n,a=> " a;,b=>"" b
a) Show that

(Hint: You may use Remark 3.1.)
b) Assume in addition that a; = ¢ > 0,b = %Z?Zl b;, then
ne

= c c 1
nC'IOgWS;clogb—iHologggﬁ‘ clog
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Proof of Lemma 3.1 : a) In the right hand side of (8) the log(z) is a concave function and
if Jensen would be used the inequality should have been reversed. If zlog(z) would be the
function then the inequality would be of this type BUT we have to alter the presentation

for this sum:
n

z:aZ log Zbal lgal

i=1
now we get the function f(x) = xlog(z) but it is multlphed by b; which is not a probability.

Then, we can make it by rewriting

- a; ; “ b, a; a; b; a; a a a

| b, — :b 2L oo = : 2 =bf(=) = b-log(~
;a Ogb Z » izlb {5, loeg b2 “ bb J(5) = by loe()
b) Follows from

Proof of Jensen’s inequality for discrete r.v.: For k£ = 1,2 (7) holds by convexity.
Assume (7) holds for k = m, i.e.

f(zpzl“z) < szf(xl)

To show (7) holds for k = m + 1 we work for the right side of the inequality:

m+1 m m
Di
D opif (@) =D pif (@) + prsr f (@mi1) = (1= pmin) Y 1_—plf(13z‘) + Pmi1f (Tm1)
i=1 i=1 i=1 m+
m DT m+1
> (1= pe ) (O T2 ) s f (i) 2 F(Y pia)
i=1 + Pmtl i=1
e Equality in (7) holds iff f is linear or 1 = ... = xy.
Corollary 3.1 Let p; > 0: Zf\;pi =1, then
al 1 Al
Zpilog— < logZpi— = log N. (10)
. Di . i
i=1 i=1

Observe that the upper bound is achieved when p, = %,i =1,...,N, to be used

to prove the last inequality in Fano’s Lemma.

Proposition 3.1 If f is conver on [a,b] then it takes values larger than the tangent line
at any o € (a,b), i
f(@) = f(xo) + f'(wo)(z — o). (11)
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Proof of Proposition 3.1: Let z1 < x9 < x3,—> x93 = pr3+ (1 — p)zy — p =

xp—my | _ . _ Tz—T3
r3—x1’ 1 p r3—x]

From convexity of f, fwa)=fm1)  flws)—f(wa)

ro—I1 — r3—x2
Indeed,

f(z2) = f(prs+(1—p)r1) < pf(w3)+(1=p)f(z1) — 0 < p[f(23)—f(22)][+(1=p)[f(21)— f(22)]
fxo) — f(wy) _ flos) — f(x2)

< .
To — X7 T3 — T2

— [f(w2) = f(z1) (w3 —22) < [f(23) — f(22)| (22 —71) —

Let now

f(xy+h) — f(o1) < f($3)—f(951+h).

To =121 +h—
2 ! h 133—.1'1—]1

Taking limits in both sides of the inequality as h — 0

f(xs) — f(x1)

T3 — I

flz) < — f(x3) > f(o1) + f'(x1) (23 — 21)

proving (11).
Let now

f(l‘:s—h)—f(%) Sf(ﬁza)—f(x:a—h)_

Jfg—h—xl h

I2:$3—h—>

Taking limits in both sides of the inequality as h — 0

f(xs) — f(z1)

oy S @) = f@) 2 flas) + [ (@) =)

proving (11).
e Use of Proposition 3.1 to prove the general case of Jensen’s inequality.

Proposition 3.2 Let X be a r.v. with domain the real line and with expected value EX.

Let f be a convex function with domain the range of the values of X. Then,
F(EX) < Ef(X). (12)
Remark 3.2 To use (12) when there is an integral [, f(x)dx rewrite the integral as

J Ia(x) f(x)dz and use the inequality for the function I4(x)f(x); Ia(x) = 1 if z € A

and O otherwise.



Proof of Proposition 3.2: Let consider the tangent line, L(x), to f at (EX, f(EX)),
L(z) = f(EX)+ f(EX)(z — EX).
Then, from (11) it follows that

[(X) > L(X) — Ef(X) > BL(X) = [(EX).

x1,...,T,;, non-negative reals

- —t
inlogxiZtlogt—i-(m—t)logm 12mlog%—(m—t)logm
m

=1

t =max{z;},m=> ",



Distances and deviations between Probability measures/densities

Let P, measures on a space X with a o-field A. Assume the measures have densities p
and ¢ respectively, with respect to dominating measurey : =p, 3 dQ = ¢. You can think

of 1 as Lebesgue measure, i.e. p(dz) = dx.

e [;-distance (or Total Variation distance) between P, Q) :
1P = Qs = 2sup |[P(A) — Q(A)] (13)
AeA
e It holds:
1P =Gl = 21P(a ) > 4(o)] = Qle s ple) > al)] = [ Ipla) = gta)lu(da). (14)
e Kullback-Leibler non-distance (WHY?) between P, @ :

dgr(P,Q) = dgr(p.q) = /Xp(m) log %u(dm)

o dir(P,Q) = [, p(z)log Zgg,u — [ep(z ) log 75 q(I) p(dx) = Ep| - logQ(X;]
> —logEpls) = —log(1) =0
e L,-distance: |[p — q||, = [[, |p(z) — q(2)|" /L(dl’)} 1 <r < oo.

o L -distance: ||p — ¢||« = sup,cx |p(x — q()].

4 Shannon’s Entropy, Information, Fano’s Lemma

Entropy/Uncertainty of discrete r.v.

Shannon (1948) wanted a measure H of uncertainty/surprise of events with certain
properties. Before him a definition was given by Hartley for equally likely events. Some

required properties for H :
H(certainty) = H(no uncertainty) = H(no surprise) = 0;

H(largest uncertainty/surprise) will give the highest H-value;

additional information reduces the uncertainty.
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The events are outcomes of a discreet random variable. Shannon’s related work started
in Bell laboratories using a binary system, i.e. 0’s and 1’s to describe the results of coin
tossing, i.e. H(eads) and T'(ails). Instead of calling each digit a “binary digit” John
Tukey suggested the word ”bit”. Shannon suggested for H a measure used in Statistical

Mechanics which for coin tossing, with p = Probability of Head and log denoting log, is
—[plogp + (1 — p)log(1 — p)].
Observe that when p = 1, i.e. complete certainty of the result
—[1-log1+ 0log0] =0,

if 0+ (—o0) = 0. The most uncertain situation for the coin tossing is when p = 1/2 and

1

1 1
- Slogy 5] =logy 2 = 1

1 ! +
O f—

&2 59
which either using Jensen’s inequality or simply finding at the extremum of the function

plogyp+ (1 — p)log,(1 — p) is indeed attained at p = 3

Definition 4.1 Let X be a discrete r.v., p(x) = P(X = x),x € X. Then its entropy

H(X)= —Elogp(X) = B—— 7)1 15
(X) ogp(X) = logp ;px og px (). (15)

It follows that for discrete r.v. X,Y with joint probability px y their entropy

1

H(X,Y)=—Elo X,Y)=Elog————

=— > pxy(y)logpxy(z.y).
reX,ycy

(16)

The notation H(X|Y') is used for what is called “average posterior entropy”. Do not
confuse H(X|Y) with conditional probability statements: H(X|Y') is a number.

Definition 4.2 For discrete r.v. X,Y,

1

H(X|Y) = ~Elogp(X|Y) = By e = -

Z Pxy(7,Y) 1ngX|Y(x|y)' (17)

TeX,yey
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e However, the entropy H(X) is an expected value thus the identity for expected value

E(V) = FE[E(V|U)] holds, i.e.

H(X) = ~Elog p(X) = ~ E[E(log p(X)|U)] = — 3 E(log p(X)|U = u)- P(U = ). (18)

uel
Properties of H

a) If the cardinality of X-values is N then, from (10), H(X) < log N. The upper bound

is achieved when values of X are equally likely.
b) HX,Y)=H(X)+ H(Y|X)
Proof: H(X,Y)=—Flogp(X,Y)=—Flogp(X)p(Y|X) = —Elogp(X) — Elogp(Y|X).
¢) H(X,Y)<H(X)+ H(Y)
Proof: Use r;; = P(X =x;,Y =vy;),ps = P(X = 2;),q; = P(Y =y;).
Observe that >, r;; = p; and similarly for g;.
HX,)Y)-—HX)—-H(Y)= Z” T log%,j +> . pilogp; + Zj g;logq; = Z” T log%j
+ Zzg rijlog pi + Z]'L rijlogq; = ZU rijlog IZ_? < (Why?)log Z” piq; = 0.
d) HX,Y)=H(X)+ H(Y) < X,Y are independent.

Proof: log is not linear thus equality holds in ¢) holds iff 2o =k, V i, j, or ;; = kpig;

piq;

and summing for all 5 in both sides we get p; = kp; or kK =1 or X, Y are independent.
e) From c), for Uy, ..., U, discrete r.vs, H(Uy,...,U,) < H{Uy) + ...+ H(U,).
f) H(X|Y) < H(X) (Higher surprise if nothing is known.)
Proof: From b) and c), respectively,
HX,)Y)=HX)+ H(Y|X)=H(Y)+ H(X|Y),
H(X,)Y)<HX)+ H(Y),
therefore, H(X|Y) < H(X).

g) For any function g, H(g(Y)|Y) = 0.
Intuitively clear: when Y is known there are no surprises for g(Y'). In the calculations

Plg(Y) = g(y)|Y = y] is needed. What is its value?

11



h) HY|X) < H(Y|g(X)) Use G = g(X) with G taking values g (abuse of notation).
Intuitively: g(X) shrinks the X-values, so there will be more surprise when you know g(X)
instead of X.

Proof: H(Y|X) = —Zy S pyx (y, z) log Rex(®:0) py.x (@)

Tpx(z)

H(Y|G) = — ZZPY,G(%Q) log Pv,c(y;9)

v g pa(g)

We will use repeatedly that for fixed y :

pvic(y,9) = PIY =y, G = g] = PUaiga=g{Y =y, X =2}] = Z pyx(y,x

We work on the term py(y, g)log p;ggy)g) and use that in (8), with a = > a;, b =
Zbi,ai > O,bl > O,

a~log% < Zai-log%,
= i

ZJJ: )= pY7X(y7:L‘) , T
ot log 0 =1 5 sty o SR < 57 () log P
z:g(z)=g wig(z)=g PX wg(2)=g px
Thus,
v.c(¥,9)
V|G =g(X pra(y, g)log L)
( ’ ZZ re pG(Q)
ZZ Z pyx(y,x logp X(( )) H(Y|X)

gxg

Proposition 4.1 (Fano’s Inequality) Let X,Y be r.v. with values 1,..., N, W = Itxyy
is the indicator of {X # Y}, with value 1 when X #Y and value 0 when X =Y. Then,

H(X|Y) <log2+ P(X #Y)log(N —1). (19)

Proof: From b) of the H-properties, H(U,V) = H(U) + H(V|U), and therefore
HW, X|Y) = HX[Y) + HWI|X,Y) = H(X]Y) (20)

with the last equality due to g) since W is function of X, Y.
Reversing the roles of W, X in the middle equality in (20),

H(W,X|Y) = HWI|Y) + H(X|W,Y)
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observing that W gets only 2 values and using from a) the bound on H(W) and (18),
<log2+ P(W = DH(X|W =1,Y) + P(W = 0)H(X|W =0,Y)

=log2+ P(W =1)log(N —1)+0=1og2 + P(X #Y)log(N — 1)

where the penultimate equality holds since

i) when W =1 then X #Y — X|{W =1,Y} takes N — 1 values,

i) when W = I;xzyy = 0 it means X =Y and therefore X|{IWW = 0,Y} takes the Y-value
and there are no surprises i.e. H(X|W =0,Y) =0.

Information /(X,Y) in random variables X, Y via dg/,
[(X, Y) = dKL(P)Qy, le’Py)

Thus, I(X,Y) is a measure of the difference between pxy(z,y) and px(z) - py(y) on
the average with respect to the joint probability. We will see below that this difference is
equal also with the difference in uncertainties/surprises between X and XY, and if X|Y

takes N values then

Proof: I(X,Y) = dir(Pxy, PxtPy) = Y, cray Pxy (2, y) log 22520,

px (z)py (y)
PX|Y(»’C|7J) _ 1

=D (eyexay Pxy (T, 9) 108 = 5= = D cx Do yey Pxy (2, y)] log o=
—[= X e yeasy Pxy (@, y) log pxyy (zly)] = H(X) — H(X|Y).

The upper bound follows from (10) and it is achieved when X takes each of the N-values
with probability 1/N.

Fano’s Lemma

Recall Fano’s inequality (19),
H(X]Y) <log2+ P(X #Y)log(N —1). (22)

which implies using also (21) with X’s values equally likely,

H(X|Y)—log2 H(X)—-I(X,Y)—log(2) log(N)—I(X,Y)—log(2)
PX#Y) 2 log(N —1) log(N — 1) B log(N — 1)

(23)
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or,
I(X,Y) +log2
log(N — 1)

P(X#Y)>1 (24)

Use of (23) in estimation: X, Y be discrete random variables, Y uniform taking N

values,
P(X =alY =i) =pi(a),  P(X =2,Y =i) = pi(a)/N.

Y determines the N potential models followed by X given Y.

N _ P X=zY=i
= ;ijp(X =Y =i)log P()<( =z)P(Y =>Z)

pz Z( _ - o 1($)
_ZZ zﬂxmf ZZ“I%

j=1 Dj (‘T)/N
Work on the term in the sum, looking at p; as constant, ¢, and use (9):
pi(z) 1 Npi(z)
pi(x) log = — - Np;(z)log
Z;Vﬂ pj(x)/N N Z _1 pj(z)

1 — pi(z)
=N ]lei(x) tos pj(x)

thus an upper bound on the information is obtained for these X, Y

I(X,)Y) < %ZZdKL(piypj) (25)

i=1 j=1

and from (24)

N300 300 i (i py) + log 2

P(X#£Y)>1- oV — 1) (26)
Observe that:
P(X £Y) :ZP(X#ﬂY:i)P(Y:@') = %ZP(X;AHY:Z'). (27)

In estimation problems, let (X, .A) be a space with a o-field, X is a random vector on
X obtained from one of the probability measures Pi,..., Py. Let Y be a uniform r.v.

taking values 1,..., N and 6(X) be an estimate of the index of the probability of X. We

are interested in
PX:6(X) #£i|llY =i =F[X:0(X) #il,i=1,...,N,

14



in particular in their average which will be used to find a lower bound on the L,-error,

r > 1, via (26) and (27)

- : : N=2% dxi(P, Py) +1log2.
S ORIX:0(X) #£i =POAY]>1- (VT ,

i=1

P; in (28) denotes the joint probability of X, i =1,..., n.

(28)

5 Lower Bounds on the Error in Nonparametric Regression-

Type Problems

In the classical nonparametric regression problem, we consider a sample (X1, Y1), ..., (X,, Y,)
where X;,...,X, are R? valued measurements that might be random or nonrandom,
Yi,...,Y, are the corresponding responses such that E(Y;|X; = z;) = 0(x;) with 6 in
an infinite dimensional space ©. Conditionally on X; = zy,...,X,, = x,, the Y-responses
are independent with distributions of the same form f(y|z,0(z)dy := Py)(dy), but with

parameters depending on the measurements z;,7 = 1,...,n.

Under this setup, Stone (1980, 1982) and Ibragimov and Khas'minskii (1980) have
constructed optimal estimators 6, of 6 in L,,1 < r, when O consists of g-smooth functions
on [0, 1]¢. Ibragimov and Khas'minskii proved that their estimators are almost minimax
modulo a constant, that is, there are constants Cp, Cy such that sup{Ey||d, — 0]|,;0
0} < Cy -n~7 and inf{sup{Ey||T}, — 0||,;0 € ©};T,,} > Cp,-n~7,v > 0,n € N. Stone has
considered other definitions of optimality using bounds for the loss |6, — ||, as described

at the end of the paper.

We will relax the condition that §(z) is a conditional mean as in the classical regression
problem. We will only assume that 6(x) is a parameter of the conditional density and we
will call the problem of estimating 6 a regression type problem. When 6 is an element of
a metric space (0,d) we will provide for the regression type problem a lower bound on
the d-minimax risk.This bound can be used as a tool to provide lower bounds for different
choices of (0, d). We will apply the result and evaluate the lower bound in the case where

© is a family of smooth functions and d is the L,- distance, 1 < r < oo. In a remark

15



at the end of the paper, we provide with the same technique, lower bounds for the d-loss
in probability. A minimum distance estimate for the regression type problem proposed in
Yatracos (1989) shows achievability of the lower bound. The error of this estimate depends
on the entropy of Kolmogorov of (0,d) as in the density estimation problem (Yatracos,

1985).

The method for computing the lower bound comes from Le Cam’s idea in hypothesis
testing (Le Cam, 1986, or Kraft,1955) that you cannot test (and so estimate) 6, versus
O — {6y} if by is in the convex hull of © — {fy}. So it will be difficult to test 0y versus 6,, C
O —{6p} when O,, consists of functions close to fy, the difficulty being reflected in the lower
bound of the minimax or Bayes risk. This idea has already been used by Bretagnolle and
Huber (1979) to obtain lower bounds for the risk in the nonparametric density estimation
problem. A similar approach, using Fano’s lemma, has been considered to obtain lower
bounds for minimax risks by Khas'minskii (1978) and Birge (1983) in density estimation
and by Ibragimov and Khas'minskii (1981) in classical regression with equidistant design.
An observation that a regression problem is almost a density estimation problem leads to
the use of Fano’s lemma and a lower bound for an arbitrary metric space (©,d). An elegant
result of Birgé helps to obtain the best lower bound when © is the space of (¢, L) smooth
functions on [0, 1]¢ metrized with the L, distance, 1 < r < oo, (i.e., © consists of p times
differentiable functions in [0, 1]¢, uniformly bounded in sup-norm with the p—th derivative
satisfying a Lipschitz condition with parameters (L,a),q =p+a,0 < p,0 < a < 1). Note
that Fano’s lemma involves the Kullback information K (P, (s), Po,(z)), 50 we will have to
evaluate it or find an upper bound for it. It is easy to see that for the case considered by
Stone, K (Pp,(z), Poy(x)) < Cl01(x) —02(x)]?. It is this condition that makes the estimators of
Ibragimov and Khas'minskii and Stone asymptotically optimal and not the nature of 6(x)
in the conditional density. It is the behavior of the Kullback information K (Py, (2), Fp,())
locally that will determine the lower bound on the risk and the lower bound of the loss in

probability.

For sample size n, we will compute a lower bound on the sup{Egd(Tn, 0);0 € ©} by
considering a bound on sup{Egd(’fn,H);Q € 0,} with ©, an appropriate subset of ©

according to Le Cam’s idea. It turns out that when © is the set of g-smooth functions
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on [0,1]%, one can use a set ©,, similar to the one used by Kolmogorov and Tihomirov
(1959) to compute a lower bound for the entropy of smooth functions on [0, 1]¢. We should
also mention, at this point, the work by Boyd and Steele (1978) and Assouad (1983).
The former proved that in the nonparametric density estimation problem, considering all
densities with squared error loss, the minimax risk cannot be better than O(n~'). The
latter provided a lower bound on risks for any loss and related the O(n_l/ 2) minimax risk

with dimensionality properties of the space of probability measures under consideration.

Khas'minskii (1978) provides lower bounds on the risks of nonparametric estimates of
densities in the uniform metric. Devroye (1986) computes minimax bounds on the L; loss
for the class of kernel estimates. For a detailed study on lower bounds on minimax risks,

the reader could consult Devroye and Gyorfi (1985) and Devroye (1987).

Notation. Definitions. The results. Let (X, A), (D4, B1),..., (Y, By) be spaces
with their o-fields. Let (X1,Y)),...,(X,,Y,) be a sample with X; taking values in X, =

1,...,n,Y; taking values in V;,2 =1,...,n.

Definition 5.1 For any two functions f,g on (X, A), L.(\) integrable, 1 < r < oo, their

L, distance is

1 — gl = ( JICE g(x)ﬁ(dm)w. (29)

Definition 5.2 For any two probability measures P,Q on (Y, B), their Kullback infor-
mation K(P,Q) = Ep log(%) of P is absolutely continuous with respect to Q); otherwise,
K(P, Q) = oc.

Note: In the case of product measures K(PiaPyx ... xP,, Q1zQox ... Q) = > i K(P;, Q;).

FANO’S LEMMA: Let (), B) be a space with a o-field, Py, ..., P, probability mea-

sures on B and ¢ an estimator of the measures defined on ). Then

m m 2 . K Pz,P] loo 2
%;BM)#H]N_ ZZE;(WE_UH : (30)

Proposition 5.1 Under the regression setup used for the sample (X1,Y1),...,(Xn, Ya),

for ©,, a subset of © with finite cardinality, d a distance on © and T, an estimator of the
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regression type function 6,
sup{Eyd(T,,0) : 0 € O}

(CCLTd(@n))_2 2(01,02)66% Z?:l K<P91(Xi)7 P92(Xi)) +log 2

>
- log(card(©, — 1)) ’

inf{d(61,02) : 01 # 02, (01,05) € O2}E |1 —

N | —

the last expectation taken with respect to the probability measure of (Xi,..., X,).

Proof: Define T taking values in ©,, such that d(7},,T*) = inf{d(T},,6);0 € ©,}. Then,

we have for 6 € ©,,

d(Tr,0) < (T, T,) + d(T,,,0) < 2-d(T,,0)

and
sup{ Epd(T,,0) : 0 € ©} > sup{Fpd(T,,0): 0 € ©,,} > ———— p—" 0;9: Eyd(T,,,0)
= ZEQ (T,,0)| Xy = 21, ..., X, = @)
card
9€®n
L.
> = inf{d(01,02); 61 # 02, (01, 62) € CHE Card Z BT # 0|1 Xy = x4,..., X, = ]

«9®n

(card(©n))™ 324, oy)c03 2oimt K (Poi@): Postar) +10g 2
log(card(©,) — 1) ’

1
ilnf{d<91;‘92) 01 # 0, (01,05) € ©2} [

by applying Fano’s Lemma (30) to the probability measures Py, )& ... 2FPy,),0 € O, on
the product spaces Yz ...x)),. O

Corollary 5.1 Under the assumptions of Proposition 5.1, if K(Pgl(xi), PgQ(m)) < ¢, for all
91, 0y € ©,, and 1nf{d(91, 92); 0, 7é 92, (91, 02) € @i} > Gy, then

nc, + log 2
log(card(©,) — 1)

A 1
sup{ Epd(T,,0) : 6 € ©} > 50 1- (31)

Proposition 5.2 Assume for the conditional density f(y|z,t), with all derivatives taken

with respect to the parameter t, that:

fy (y|z, t)pu(dy) = 0.
(zz) If l(ylz,t) = log f(y|x,t), there are positive constants €y and Ky and a function
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M (y|z,y) such that
a) [I"(ylz, t + €)] < M(ylz,t) for |e| < €, and
b) [, M(ylz, t)u(dy) < K.

Then, K(P,, P,) < C(t — s)*

Proof: When [t — s| is small, making a Taylor expansion, we have

_ P log LT D)
K(PuP) = [ 1ol t)los 20 )

_ x 5 — f,(yll’,t) (t_S)Q "ule. e
== [ sttty (s =0 B Co ) ) <

where ¢ is in the open interval determined by ¢ and s. 0.

(t - 3)27

K
2

An application

Let © be the space of (g, L)-smooth functions on [0, 1]. We introduce a family ©,, but
we will use a subset O} of it to apply Proposition 5.1. Let

q
z— 5(2i — 1)b,\ > . _
Gin(z) = abl [1 - ( (5b ) ) ] Ari—Dbp<a<ibn)s 1=1,..., bnl,

where a > 0 can be chosen appropriately to make the constant of the Lipschitz condition

less than or equal to L. The set ©,, will consist of functions ©,, with form

byt
> vitin(z),
i=1

b L.

rn

withy, =1or0, 1=1,...

Note that the L, distance between functions of ©,, will be greater than or equal to

bn, 274" 1/7’ 1 1/7’
q _ xr — 5bn . L q+(1/7”) B g B qu%
" [/0 [1 ( .5by, = it (I=g)Tdy) = Cpaba

It is also easy to see that:

I—/l(l— 2y = — 2 p >, Ty =2
r o . Yy y_2r+17"—1a = 1, 10 — 4

01 (x) — O2(z)| < abl, ¥V 01,0, € ©,, ¥z e<l0,1].

19



-----

zi — 525 — )by \”
]_ _
5b,

q

o — ApeTT . T7¢ ‘ .
¢J1 ----- Jdﬂl(xlv s 7xd> - aanz’:I Hi:II{(ﬁ—l)bnSxiSJibn}7

Jzzl, b_l 221,,d

yYn

Note that there are b, such I-rectangles in [0, 1]¢ defining the ¢-functions, so enumerate
themas Iy 5, ..., [;-a , and the corresponding ¢-functions as ¢r, . . ., gblb_d . The functions

n o

O(z1,...,x4) in O, will have form

br?
Z%Qsli,n(xl; .. 7«rd)7 ’yz - 0 or 1
=1

The lower bound on the L,-distance between functions of ©,, will be greated than or equal

t0 Cypaablt "

Definition 5.3 Let d be a distance-measure on a subset P of the Li(\) functions on
(X, A), A a probability measure on A, ® a function, ® : R — R*. The function ®(d(f,g))
is called superadditive if for every finite partition {A;;1 < i <1} of X, we have for f,g in

P,
l l

O(d(f,g9)) =YY @d(fla,,gla,)]; (32)

i=1 =1
14 denotes the indicator function of A.

Property (32) has been introduced by Bretagnolle and Huber (1979) and is satisfied by
d=1[f =gll; on Lr(A),r > 1.

Theorem 5.1 (Birgé, 1983, Proposition 3.8) Let {A;;1 < i <1} be a partition of X and
f, i and g. be elements of Ly(\) with support on A;,i =1,...,n. Let © = {f—i—Zézl Ais N =
gi} and assume that for all i, d(f + g;, f + g.)) > a and that d" is superadditive for some
r > 1. Then there is a subset ©° of © such that d(f*,g*) > a(0.1250)'" for f* # g¢*
elements of ©* and log(card(©*) — 1) > 0.316[ for any | > 8.

Corollary 5.2 If © is the set of q-smooth functions on [0,1]% for conditional densities
such that K(Pp, (z), Ppy(z)) < Cl01(z) — O2(x)|M for some M > 0, the L, minimaz risk is

greater than or equal to C*n~9Matd),
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Proof: Consider the preceding sets of functions ©,, of the form Zficll Yibrn(T1, ..., 2,). By
Birg’e’s Theorem, there exists a subset ©7 of ©,, such that ||6;—6s]|, > (0.125b;%)/7C,. 4 gb% ")
for all 0; # 0, in © and log(card(©F) — 1) > 0.316b,%. By assumption,

K(Pgl(x), sz(m)) < C|91([L’) — 92(1’)|M < Cb,j\qu Y 91,92 € @n

By Corollary 5.1, for any estimator Tn,

C'nbM7 4 log 2
0.3160-1

) 1
sup{Ey||T;, — 0|, : 0 € O} > icq,r,a,d(o.125)1/rbg 1—

C'nbM9 4 10g 2
For [1 — & ™n 7082
[ 0.316b;, ¢

n~Y/(Ma+d) The minimax risk cannot be better than C*n~%/(Ma+d) O

| to be greater than a positive number, it is enough to take b, ~

Example 5.1 In the case of conditional densities f(y|x,0(x)) that are one of the following,
Bernoulli (0(x)), binomial (N,0(x)), geometric (0(x)) and exponential (0(x)), we see that
K(Poy(z), Poyzy) < C(01(x) — 02(x))? so the lower bound for the L,-minimax risk is of the
order n”~ 7%, The same holds for the normal (01(x), 02(x)?) when we are interested in 0 (x)

and O5(x) is bounded away from 0 and oc.

Example 5.2 In the case the conditional density is either uniform (0(x)) or has the form

@Y K (P, (z), Poyy) < Cl01(z) — 02(x)| and the lower bound of the L.-minimaz risk

02()]).

). One could also derive lower bounds in the case K(Py, (), Payw)) < g(|01(x) —

Remark 5.1 One can define d-optimality for a sequence 0, of estimators of 0 in a regres-
sion type problem using bounds in probability for the loss d(én,Q) (Stone, 1980). We say
{0,} is d-optimal in probability for 0 if there is a sequence {a,} decreasing to zero such
that

lim lim inf inf sup P[d(T},,0) > Ca,] = 1 (33)
C—0 n—oo0 Tn fcO

and

lim limsup sup P[d(6,,0) > Ca,] = 0. (34)

C—00 pnaocc 0O
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To wverify (33), we can use a variant of Proposition 5.1 under the additional assumption

that d(6y,0s) > 2Ca,, for all (61,05) € ©2,0, # ;. For every estimator T, we have then

i (card®©,) 2374, oycoz 2ir K (Poy(x.)s Poy(x)) +log 2
Byld(T,,,0) > Ca,| > FE |1— 1,02)€02 Lai= i ;
2161(13 9[ ( ) ) a ] = log(card(@n) _ 1) )

Under the previous setup, when © is the set of q-smooth functions on [0,1]¢,0, =
0r,C = 0.5(0.125)"Cy .a.dy, an = bL, K(Pay(2), Poyiay), < Cl01(x) — Oz(2)|M and d is the L,
distance, 1 < 1 < 0o, we have that for every estimate T, and € > 0,supyee Pol||Th — 0|, >
Cbl] > 1 — ¢ for n > n(e) if b, ~ (e/n)/M+d) gnd

lim lim inf inf sup P[d(T,, ) > Cn~9/Matd)] = 1.
C—0 n—oo 71 9c@O

6 Li-upper bound on the Error in Nonparametric

Regression-Type Problems

We describe the idea for the approach in a general framework. Let (X, A), (Y., A.),x €
X be spaces with their o-fields and let X be a compact set in R* d > 1. © is a family
of real-valued functions defined on &', compact in sup-norm || - || on C(X). Let M =
{P,o);0 € ©,2 € X} be a family of probability measures on {B,,z € X'} dominated by
a o-finite measure . Py will be used instead of P, g(,) for convenience. Let Yi,...,Y,
be independent r.vs, respectively, under Py, with density f(y|z;,0(z;)),i = 1,...,n.
Let P;' denote the product measure Py, )@ ... 2P,y on (V... 2y, By .. 2B,,). An

estimate of 6 is provided when the form of Py, is known.

Note that at each z; we have a density estimation problem. The approach in the density
estimation problem suggest using the empirical measure for the solution of the regression
type problem. Instead of using a MD criterion for choosing density fy(,,) at the point x;,
we use a global criterionn involving densities at all the sample x4, ..., z, that will allow
us to choose 6. Continuity of the regression function and assumption (A3) , which ensures
that the observed values z1, ..., x, are sufficiently dense uniformly in X, will allow us to

construct an estimate which is satisfactory globally, in L;-distance.
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For the regression type problem (2)
Y|X =X~ Pg(w)

it is assumed that 6 is a g-smooth function in [0, 1]%, 1.e. 8 € ©,4;¢ = p+ a. As previously
discussed, O, 4 is sup-norm and totally-bounded so L; totally-bounded and has Kolmogorov

entropy, logy Nao(a) ~ log, N, (a) ~ (3)¥/4.

Fundamental for the results is a Proposition showing that if 7}, is an estimate of 0(x),
with both Tn and ¢ elements of ©, 4, then it is easier to estimate 6 than its mixed partial

derivatives 6®) as upper error bounds indicate when estimating 6¢) by T,

Proposition 6.1 (Yatracos, 1989) Under the setup of the regression type problem, for

6 € O,q4 and T., any estimator element of ©44d>1,1<[s] <p,
175 = 09|, < Cryg ¥ + Oy | T = O], 7> 15 (35)

C1, Cs, v, are all positive constants. -y, is the bandwidth of a kernel used to approximate
T, and 0 and can be chosen to minimize the upper bound in (35) when ||T,, — 0]|, < a, in

probability.

Assumptions

The following assumptions will be made on the distributions of the variables:
(A1) Ch|t — s| < ||f((-|x,t) — f((:|z,9)||1 < Calt — s|, where 0 < C; < () are constants
independent of x.
(A2) The form of the conditional density is known.
(A3) For every A € (0,1/d),d > 1, there exists a ¢ > 0 such that

lim Q"(Cphan) =1,

n—o0

where
Crax={(X1,..., X)) #{i . | X; — 2] <n ™} > en'M for all x € [0, 1]%};

Q" is the distribution of X = (X,..., X,,).
(Ad) KL(Py, 2y, Poyiny) < Clor(z) — 02(2)]?, for every 61,05 in Opq,z € [0,1]% Cis a

positive constant.
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Assumption (A1) is satisfied in the examples that follow. You can prove it, e.g. for
the normal and the binomial examples. Assumption (A2) is not needed when 6 is the
conditional mean. When data is available f can be estimated locally, at each x, and
its functional form can be approximated. Assumption (A3) is nonvacuous and has been
used before in the literature; see, for example, Stone [(1982), Condition 3, page 1043].

Assumption (A4) holds under the assumptions in Proposition 5.2 and e.g. in Example 5.1.

Assumption (A1) is satisfied in the examples that follow. You can prove it, e.g. for the

normal and the binomial examples.

Example 6.1 Normal model. Let

flylz,0(x),0(x)) = (2m) (o (2)) " exp{—(y — 0(x))* /20%(x)},

where (1 is the Lebesque measure. If we are interested in 6(x) and o(x) is bounded away

from 0 and infinity on then

1f (L, 0(x), o(z)) = (2,0, a(@))|l ~ [0(x)],

where the elements of © take values in [—a, a] for all z. If we are interested in the standard
deviation and if the elements of © (i.e., the standard deviations) are bounded away from 0

and infinity uniformly for all x, then

(|, 0(2), o(2)) = f(]2,0,0(x),0(x))|[ ~[o(z) —a(x))]].
If o(x) is known, then the model fits into the framework with functional parameter 0(x)

and similarly for o(x), if 0(x) is known.

Example 6.2 Exponential model. Let f(y|t) = te™" where u is the Lebesque measure on

[0,00) and t € [a,b] C (0,00), the elements of © taking values in [a,b] for all x € X.

Example 6.3 Poisson model. Let f(y|t) = tYe™"/y! where u is the counting measure on

the nonnegative integers, t € [a,b] C (0, 00).

Example 6.4 Binomial model. Let f(y|t) = (]:)ty(l — t)NY where p is the counting
measure on the nonnegative integers, t € [a,b] C (0,1), the elements of © taking values in

[a,b] for all x € X.
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Example 6.5 Uniform (0,60) model. Let f(ylt) =¢1,0 <y < t, where u is the Lebesque
measure on [0,00) and t € |a,b] C (0,00), the elements of © taking values in [a,b] for all

rzeX.

Example 6.6 Let f(y|t) = eV, t < y, where p is the Lebesque measure on [0,00) and
t € [a,b] C (0,00), the elements of © taking values in [a,b] for all x € X.

Proposition 6.2 Let (X1,Y1),...,(X,, Ys) be a sample as in the setup of the regression
type problem. Q™ is the distribution of X = (X1,...,X,),0 is an element of ©,4,d > 1,
and Yi|X; = x; ~ Pyu,). Assume (A1)-(A4) hold. Then we can construct Li-optimal

minimum distance estimators 0, of 0 with upper rate of convergence in Probability

poa/Catd) — g [logzN(an)]uz (36)
n Y
N(a) is the smallest number of || - ||sc-balls of radius a > 0 needed to cover © 4.

Proof: Fix a, > O (to be determined later in order to obtain the best convergence
rate). Let ©,,q4 be the most economical a,-|| - ||-dense subset of ©,4 with elements

9]-,]': 1,...,N(an).
Given that X; = zq,..., X, = x,,let

dP9k T

Apgi =1y #(y) > O o =1 n 1<k <1< N(ay). (37)

The Minimum Distance estimate 6, is defined by

N(an)
1
o |:IAklz i Pén(xi)(Ak,l,i)} ;1 <k<I< N(a,) (38)
=1
1 N(an)
= inf sup E Z IAklz , PGm(xi)(Ak:,l,i)} ,1§k<l§N(an) ,1§m§N(an)

An upper bound will be provided for [ 10,,() —(z)|dz on the event X = x € C, 4, defined
n (A3). [0,1]¢ is covered with cubes S;,i = 1,...,b,9, of side length b,. Let N; be the

r¥n )

number of coordinates x = (xy,...,1,) in S;, M = min{N;; 1 <i < b4},
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Restricting attention to S; we will approximate 0,(z) (resp. 0(z)) with the Taylor
polynomial 6, ,(x; ;) (resp. 8,(z;x;)) of order p around each z; € S;. From the integral
form of the remainder term in Taylor’s theorem, the assumption that the cube S; has side
length b, and Holder’s condition that holds for % (z) (vesp. 0P (z)) one can see that
the remainder is bounded in absolute value by Cb? in both cases; C is a positive generic
constant independent of x. From now on all constants will be denoted by C. Thus we have
on S,

/ 0n(x) — 0(x)|dz < 20K + b210,,(a5) — O(ay)|da + b[sl/ 10 (2;) — 6 (z;)|dzx.
Si 1<[s]<p

(39)

We now consider Taylor expansions of 05 (z;),0®(z;),1 < [s] <p, in (39) around each x

in ;. Proposition 6.1 is used to bound the last term of (39). For any s, 1 < [s] < p,we

have, for the terms of the sum in (39),

b[s]/ 109 () — 69 (a)| dar < I {2qu+d / 0% (i w) = 08 (w5 )] da
< 2000+ + Z b”t / 050 () = 69 ()] d, (40)
0<[t]<p—[

where s + t is the usual sum between vectors.

From (39) and (40) we obtain

/|9 (2)|de < CHEF 4|0, () —0(z;)|[+C > > bs“/ 106+ (1) =0+ ()| da

1<[s]<p O<[¢]<p—|s]

< OW (o) 0|+ C 3 W) [ 0@ @) e )

1<[s]<p

Repeating (41) for M out of the IV; elements in S; and for all i we obtain

M|[6n = 0]l < CMY, -+ 5D [fuley) = 0Gey) | +CM Y WG — 09 (42)

J=1 1<[s]<p

From (A3) on the event C,, 4; with b, = n~*, one has cn!™*4 < N; for all i, and

cnbfl =en' MM = min{N;;1 <i < b;d}.
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Thus,
16, = Ol < B +n7" Y " |0n(xy) — O(z)| +C Y BB — 6], (43)
i=1 1<[s)<p
From assumption (A1) and the definition of 6, as minimum distance estimate via ©,, 4

we obtain

n! Z 10, (2;)—0(z;)| < Can+Cn~ sup{

n

Z[Pe(xj)(Ak7l7j) - IAk,l,j (Y})]

Jj=1

1§k5<l§N(an)}.

(44)
From (43), (44) and Proposition 6.1 with 7, = D -b,, D a positive constant large enough,

we obtain

n

> [Poey(Akig) = Ia,, (V)]

J=1

- C
||0n—9||1(1—5) < Cbi+Ca,+Cn ' sup {

1§k<l§N(an)}.

(45)

Note that in (45) it holds (1 — &) > 0, since D can be chosen as large as we wish.

A bound in probability can be derived for the random variable in the right side of (45)

as we have done previously to obtain with probability tending to one for x € C), 4 that

; log, N(an)\ ">
16, — 6|, < C an+bg+(0g2—(“)) ] (46)

n

Thus, given x € C, 4., an upper bound in (46) is obtained by choosing a,, and b, such
that a, = bl = n~9/Catd) g ~ (log2 Man))1/2 Note that A = (g4 2d)~! < d~! as required
n (A3).
Finally,
P[Hén — 0”1 > C’an] = EQnP |:||én — 9“1 > C’an|X = X] ](X & C’n,d,l/(2q+d))
Y Egn P [Hén — 0|1 > Can|X = x] I(x € CS 41 jgray) = 0

as n increases to infinity by means of (46) and (A3).

This result holds also when p = 0. Using the Lipschitz condition we obtain inequalities
(39), (42), and (43) without the terms that involve derivatives; (45) holds with (1 — C/D)
replaced by 1. The rest follows as in the case where p > 0. Using assumption (A4), the

estimate 6, is optimal in Example 5.1 for which

K (P, (a); Pos(wy) < Cl01(2) — O2(2)]*.
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Kernel estimates of a density f !

Let X, X4,..., X, beii.d. random variables, with density f and cumulative distribution
function F, F'(x) = f(x). Here there is no unknown model parameter and f is unknown.
This is a nonparametric estimation problem. The goal is to estimate f(x). Recall that the

empirical distribution function

Fy(z) = %ZI(Xi <) = %Z[(oom](Xi)a
Fx+h)—F(x—h) F(x+h)—F(x—h)

f(z) = }lllil(l) o7 A o7 for h small.

Thus, an estimate of f is

A Ej(x4h) —F(z—h) 1 <I(%2<1) 1 X, —x
frw (@) = 2nh :%, 2 :nhZKU(

with Ky (y) a uniform density on (—1,1), i.e. Ky(y) = 1/2 if |y| <1 and vanishes other-

wise. The form of fmU motivates its generalization using any density K :

. 1 & X, —
fulz) = . ; K(— x), h = h,, (to be determined). (47)
Observe that
+o0o 1 X’L o +oo +oo
[ xS [T r@d =15 [ -1

thus fn is a density when K is a density.

Question: Note that fn(x) = fn(x, Xi,...,X,). Using density estimate fn(x, X1y, Xn),
calculate the estimates of the mean, EX, and the variance, F(X?) — (EX)?, which will
be both functions of Xi,..., X, and compare them, respectively, with the sample mean,
X, = 23" | X;, and the sample variance, £ Y% (X; — X,)2.

T n

Definition 6.1 A function K : R — R is called Kernel when fj;o K(y)dy = 1.

'From B. Hansen’s “Lecture Notes on Nonparametrics” in the Web,

https://www.ssc.wisc.edu/ bhansen/718/NonParametricsl.pdf .
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A non-negative Kernel K is a density and then fn is a density. The j-th moment of Kernel

K is

+oo
m; = / y K (y)dy. (48)
For a symmetric around 0 Kernel K the odd moments mg;41 are zero, j = 0,1, . ... Usually,

in nonparametric estimation symmetric Kernels K are used. The order v of Kernel K is

the order of its first non-zero moment.

Higher order Kernel: any kernel for which v > 2.

Examples of Kernels

Epanechnikov kernel: Kp(y) = 3(1 —y)?, |y| < 1 and 0 otherwise.
y2

Gaussian kernel: Kg(y) = \/%6_7 = ¢(y), —00 <y < 0.

What are the orders v of Kg, Kg?

Kernels with order v higher than 2 can be obtained from second order Kernels multiplied

with a polynomial in y* of degree ¥ — 1.

Construction for v = 4-th order Kernel with Kg: Since v = 4 — (5 — 1) = 1 the new

Kernel will have form
Knew(y) = ¢(y)(a + by?).

Need two conditions to determine a, b :

“+o0o
1= Knew(y)dy =a+b

—00
—+00

+o0 +00
0= / v Knew(y)dy = a+b / y'o(y)dy = a—b / y’do(y) = a+3b / y2p(y)dy = a+3b.

—00 —00 —00 —00

“+o00

Thus, b= 3!, a=32 and Kypw(y) = (3 — u?)¢(u), u € R.

Practice: Show that a) a 4-th order Kernel for K is 2(1—2y*)Kg(y), —1 < y < 1 and
b) a 6-th order kernel for K¢ is §(15 — 10y* + y*)Ka(y), u € R.

Investigating local at x properties of the estimate fn(:v, X1,...,X,) of f(z)

Bias of f,(z; X1,...,X,)

Bfuwi X X,) = B SRS = LER(L) = [ k() iy




and with the transformation v = = — du = dy/h,y = v + uh

- 1 X1 —z too

f(z + uh)K (u)du.

Since f is unknown, Taylor’s Theorem with Remainder will be used assuming f € C**!, i.e.
has (k + 1)-continuous derivatives, obtaining the approximation:

2,,2 hkuk

h=u
(2)
f o)+ ..+ o

x () + o). (49)

fx+ hu) = f(z) + huf'(x) +

Therefore, the bias of fn(m, Xi,...,X,) in estimating f(z) is
2

R k
Bl X, Xa) — (&) = o ') + Soma fO () 4 o O (w)m+ o(R). (50)

Remark 6.1 For symmetric kernels with v = 2, the order of the bias is %?mzf@) (x) but
for higher order kernels, e.g. v = k(even) the order of the bias is proportional to h*, i.e.

reduced.

h is called bandwidth and observe that, as expected, the smaller A is the smaller the bias

in (50) is.

Variance of f,(z; X1,...,X,)

Since Xy,..., X, are i.i.d.

Var(fo(e: X1, ..., X)) = var(%ZK(X"h_“})) - n}lQVar(K(th_ )
1 X1 —x, X1 —x 9 1 Xi—x,4 1.1 X1 —x
= —alBK(——)") = (BK(——))] = —5BIK(——)] - ~[ EK(——)]
From (49),
1 1 Xi—z, 1 1
~EL K (=) = ~[f(2) + o(1)] = O(~),
and
. +00 +00 2) [T K2(0)d
L bt - L e ey = 2 [ K)oty - L= WY
Therefore,
. z) [T K2(y)d
Var(folz; Xq,...,X,)) =~ A )f_o;;jh ) y (51)
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Remark 6.2 Var(fn(x; Xi,...,X,)) increases as h decreases, in the opposite direction of

the bias.

Remark 6.3 Observe that Var(fn) 1s not affected by the order of the kernel K unlike its

bias.

Mean Square Error (MSE) of f,(z; X1,..., X,)

A

MSE(fu(x), () = Elfa(x) = f(2)]* = Var(fu(z)) + Bias*(fu(x))
It follows from (50) and (51) that for a kernel with order v = k,

. z) [T K%(y)d
MSE( (e, )~ DO IO

f(”)(x)m,,

vl

] = AMSE(fu(2), f(x)). (52)

Approximation (52) is a local at = asymptotic result in n with A = h,, to be determined,
and this is why it is called Asymptotic MSE (AMSE). From (52), for the AMSE to decrease

to zero as n increases it should hold:

lim h, =0 and lim n-h, = . (53)

n—o0 n—oo

Then, the interval (z — h,,x + h,) used will be small enough for the bias to be controlled
(and decrease), but also large enough such that the proportion of the n observations it
contains, which is approximately n - f(x) - 2h,, will increase to infinity for the variance to

decrease to zero.

To derive an optimal value of h, = h,(z) that minimizes the AMSE(f,(z), f(z)) solve

the equation

d . " K%(y)d ®) (2)m,
0= AMSE(fu(2), f(2)) = _f@) f:’m W)y + 2yh2”‘1[—f Ej)m 12
Ci(f(z), K) , Y Ci(f(z), K)
T 1 nh? + OQ(f( )(z)amu7y)h2 ! — h = h" = CQ(f(V)(;)amm V)?’Ll/21/+17

which minimizes AMSE(f,(x), f(z)) since C1(f(z), K) > 0, Co(f® (), m,,v) > 0. The
constants of proportionality are usually unknown. Thus, the optimal bandwidth for the
AMSE is h,, = O(n_ﬁ); this confirms that higher order kernels can afford larger band-
width. The optimal AMSE(f,(z), f(z)) = O(n~%%1).
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Global error for all x

One could look either at sup,.z AMSE(f,(z), f(x)) or at I AMSE(fu(x), f(z))dz.
The latter is often called Asymptotic Mean Integrated Square Error,

S2 K )y

nh V2 Jn

[ (@) d.
(54)
For the optimal bandwidth the steps used for AMSE(f,(x), f(z)) are followed and the

AMISE(f, f) = /R AMSE(f,(x), f(x))dz =

results are similar, with the coefficients in the Big — O notation changed and

AMISE,(fo, £)(K) = (1420) fR y)dy 2”(;') (25))2;/f3(f(”)(x))de]l/(zuH).n—2u/(2u+1)
(55)

Observe that for a second-order kernel, i.e. with v = 2, AMISE,,(f,, f) = O(n=*/).
Making the MSFE distance by taking its square root, the rate is \/AMISEOpt(fn, f) =

O(n=%°). We have already seen rates of convergence of estimates with respect to other

distances. Observe also that since

\/AM[SEopt(fn,f)( ) <COn™ /(2v+1)

when v — 0o the order of the upper bound converges to n~/2 which is the parametric rate

of convergence for estimates.

Comparison of Kernel estimates

Given order v Kernels K, Ks, one could compare them by looking at the ratio of
their AMISE,,. For estimation of the density function, the higher-order Epanechikov
kernel with optimal bandwidth yields the lowest possible AMISE. For this reason, the

Epanechikov kernel is often called the “optimal kernel”.

More on density estimates in the Lecture Notes by B. Hansen and the references there

in as well as the works of Devroye and his co-authors.
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