
' balanced metrics and

AnticanY¥fr+-mamfwdnthe

ss1.Basiesofkoihler-Eins-einwe-nan-auom.li
✗ : Fano mfd of ex dimension h

.

i.e. cx mfd S.t. - Kx is ample .

We're interested in Kohler - Einstein metrics
(KE)

i.e. a
Kahler metric WKE C- C. C- Kx)

satisfying Ric (WKE ) = WKE
.

It doesn't always exist
.



Example : Blp+R
'

Autlx) nonreactive ⇒ IKE by Matsushima

Futaki invariant -1-0 ⇒ IKE by Futdci
.

Through-1 this hriniwurse , we assume Ant /X)
is discrete

.

IJPF.to?h+awtIioIh-hermi+ianme+r'ehon-Kx .
we write duh for

the volume form a ✗

naturally defined via Home;fkx④Ñ!
~→K×④KI

Observe drew -_ e- $dµa



With this notation
,

Riccwh)=wh←→ win -- duh
Laith appropriate normalisation

② We fix a reference term
.

metric hoon -Kx

Wo := Killer
metric assoc . to

ho
.

Ll :={ $ c- CTX.RU/w=+EdI$> °} .
Wp

duo = dllho
,

assume £dµ=1 by scaling .

③ Vdlx) :=§atk×)?



Formulate KE metric in terms of variational principle .

Det
.

The Dingfmct.in#D:2l-sR
is defined by DH) :=Ll$) - EH?
where L

,

E : Ll → R are defined by

21$) := - logfxértdro
ECA :=←¥,.EE/itwEnwi-iDet-.TheJ-fmctianal-J:2l-sRisJCoD:---EH)-

↳Hwi



① $ c- H is a cit.pt . of D

⇐ w§=é$dno⇐w¢ is KE
.

Geometric pluripotent
'd

③ 7-crit.pt of D T.

Darras

theory .

⇒ 7-
Ci

,
Cz > O s

.

-1
.

Guedj - Zeriahi ate

D.eglhlfonge.DK) > c. JIN - ca V-olc-HA.IT
.

⑤ D is
"

convex along geodesics in H !
( Bemdtssm convexity )

.

V. L - l



§z.Anticanonicallybdanadme-n a - Kx
Det

.

A hermitian metic h is said to be

an Cnn -th ) Fubini-S-tudyme-n.ci -1

7-
pos . def .

hem
.

form H an HYX
,

-mkx)
i

sit
.

h is the pullback of the

Fubini - Study metric an RCHYX
,

-mK×5 )
def by H via the embedding

L : ✗→ RIHYX
,

- mK×Y !

Throughout , we write Nm :=dimH°l✗
,

-mkx?



Notation
. Bm :={pos . def . hem .

forms on HTX
,

-mkd?
Hm :={ m - th FS metics ] CH .

So we have a map FS
:B
-

→ Hm

via ✗ ↳ RUTH
,

-mk*Y )
.

This mop
is injective ( proved by Lampert ) .

✓ Hm is dense ink
.Foundatimalfact men,

( Tian- Yan - Zeditoh expansion)



Det
.

Wh C- C. C- Kx)

The m - th anti-art is
defined by Nm

Pmcwe) := [ lrifhmc-CTX.IR!
ii. 1

where { ri}i=% is an
orthonormal basis

for H°( X
,

-mkx) wrt the inner product

Stil , )dµ
.



Def
.

A Kohler metric whc-C.tk) is said

to be anticauonicallybdanud(A at
level m if Pmlwen) = const on X

.

Ma - Marinesa

Prod
.

D. ACB metric at level m is

an n
-th FS metric , i.e.

FSCH) for some H C- Bm
.

! 7-ACB metric at
level m

krone clan

⇐ 7- HEBM s -
t

.

✗ delta

FSIH) £l*(¥¥⇒dµ=su⇒=Ñdij
is ACB .

{Zi) :i=i is an H - onb (hms
words

on RAIN
,

-mk



③ h=FSlH) is ACB at level m

⇐ Nmftil . )dµ=H ,

✗

where f×fdµ=dkSelah
Thm_( Berman- Witt Nystrom )

Suppose Ant (X) discrete ( can be removed

by considering solitons)
.

If IX. - Kx) admits a KE metric
,

then 7-
sequence {win of ACB metrics

in C. C- Kx)
✗ each wm is ACB

at level m .

S.t.com → WKE (m → a)
in the sense of currents.



RhÉhi, is an anti canonical version of

Donaldson's thin
,

which approximates
csck metrics by b¥ metrics

Difference : L
'

inner product in def of Pm

is wrt win ( Donaldson)

as opposed to duh IBWN!

2 Convergence can
be improved to C?

(Takahashi
,

Ioos )
.



pick a
reference Ho,mEBm~→GL(Nm

.tl/u(NnjDd--.Them-thquantisedDingfnnctiadDm:Bm-R
is def by

DMIH) :=L(FSCHI)
- ELH )

t

Kahler potential
where Em( H ) := - m-tmlogde-CHH.im?

Lemma For each fixed MEN :

-1
.

'The crit. pt . of Dm is precisely the

ACB metric at lend m
.



2. Destiny In :Bm→R by

I. ( H) :=
-

EmlHltvdTxyfxFS1HlWfsiH.y@madmitsacrit.p
-1

.

iff

7- C , .cz > 0 S.t.

Dmllt) > c. I. 1H ) - ca .

Bergman

ray

3
.

Let He :=étA*Ho .me
- + a
←

geodesic

be a

ray in Bm generated by AEGICHYX
,

-mk;D
.

which is in fact a geodesic ray wrt

the biinvariant metric a Bm
.



Dm is convex along Bergman geodesic
rays.

(Bemdtsson convexity )
.

Coy
.

ACB metrics are unique (mod Antal)
.

veryroughslatchplofBWN-7-KE-SDHJZC.JO) - c , tool
.

Set Ho ,m:=Nmf×hI€ , )dµkE
Show that there exists a sequence

{ cimex CR >☐
,

ci→o (m→•)

S.t.



JCFSCHDE ( Kci )Jm(H ) -1cm
'

HER
.

This is based
on

a comparison
between EMIH) and ECFSCH ) )

.

Using this uniform estimate and TYZ expansion,

they conclude Dm / H) > EICH ) - E
for some E. I > 0

uniformly for HEBM
for all snff . large m

.

⇒ 7-
crit .pt . of Dm



s¥?÷¥!÷":÷÷ a new

iff Ding /A.2) + Chown
(*2) 70

for all very ample test configurations

(KL) of exponent m
,

with equality iff (HL) is trivial .

Importantremarks
1. The alg . geom .

condition in the above

statement is the F-stab.it# def by
Saito - Takahashi , who proved ⇒ of the above -1hm

.



2. Rubinstein- Tian - k . Zhang proved that

7-
ACB metric at lend m ⇐ Fujita- Odaka's

ch - invariant >1
.

So we
have

Than
7-
ACB metric ⇐ F-stability at
at level M level m

.

RTZ II §
of> 14 no alg . geom . proof

✗=P
"

known
.

E--1



Recall also the following famous result
.

YTD
7- KE metric ⇐ uniform Ding stability

Berman- Boucksau
- Jonsson

,

7

direct proof CDs
,

Tian ✗by K . Zhang ①
✓ ( Blum-Jonsson,

Fujita-
Odaka's d- invariant Fujita- Odda

> 1 (purely AG
result )


