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Primary and secondary characteristic forms

G Lie group with ⇡0G finite

x´, ¨ ¨ ¨ ,´y : gbp ›Ñ R G-invariant symmetric p-linear form on the Lie algebra g

⇡ : P ›Ñ M principal G-bundle

AP a�ne space of connections ⇥ P ⌦1
P pgq

⌦ “ d⇥ ` 1

2
r⇥ ^ ⇥s curvature of the connection ⇥



Examples: G compact Lie group
p “ 2
x´,´y : g ˆ g Ñ R G-invariant inner product

G “ Cˆ

p “ 2

xz1, z2y “ ´z1z2
4⇡2

Lemma: !p⇥q “ x⌦ ^ ¨ ¨ ¨ ^ ⌦y is a closed 2p-form on M (Chern-Weil form)

⇥P is the universal connection on AP ˆ P Ñ AP ˆ M characterized by

⇥P

ˇ̌
t⇥uˆP

“ ⇥, ⇥P

ˇ̌
AP ˆtpu“ 0, ⇥ P AP , p P P.

⌦P “ ⌦p⇥P q curvature (in ⌦2
AP ˆP

pgq)

!p⇥P q Chern-Weil form (in ⌦2p

AP ˆM
)
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⇥0,⇥1 P AP connections on P Ñ M

�1 Ñ AP a�ne map with endpoints ⇥0,⇥1

Definition: The Chern-Simons p2p ´ 1q-form is

↵p⇥0,⇥1q “
ª

�1
!p⇥P q P ⌦2p´1

M

Stokes’ formula: d↵p⇥0,⇥1q “ !p⇥1q ´ !p⇥0q

Remark: This Chern-Simons form is a secondary invariant of two connections

Remark: The de Rham cohomology class of !p⇥q in H
2p
dRpMq – H

2ppM ;Rq is
independent of ⇥
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There is also a Chern-Simons p2p´ 1q-form which is a secondary invariant of one connection

We construct it from the previous Chern-Simons form ↵p´,´q using a pullback bundle:

⇡˚P “ P ˆM P //

⇡p2q

✏✏

P

⇡

✏✏

P

�

OO

⇡
//M

↵p⇥q “ ↵p⇥�,⇡
˚⇥q P ⌦2p´1

P

Stokes’: d↵p⇥q “ ⇡˚!p⇥q P ⌦2p
P
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X
2p´1 compact, oriented

⇡ : P ›Ñ X principal G-bundle with connection ⇥

s : X ›Ñ P section of ⇡ (may not exist)

�p⇥, sq “
ª

X
s

˚
↵p⇥q integral of Chern-Simons form

�p⇥, sq is independent of the homotopy class of s, since !p⇥q “ 0 for degree reasons

x´, ¨ ¨ ¨ ,´y : gbp Ñ R represents a class in H
2ppBG;Rq

H
2ppBG;Zq Ñ H

2ppBG;Rq image is a full lattice

Integrality assumption: : x´, ¨ ¨ ¨ ,´y is the image of a level � P H
2ppBG;Zq

Then F pX;⇥q “ exp
`
2⇡

?´1�p⇥, sq
˘

P Cˆ is well-defined (Chern-Simons invariant)

•
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Spin refinement

Example: G “ Cˆ, p “ 2, P Ñ M principal Cˆ-bundle with connection ⇥

Then !p⇥q P ⌦4
M represents c1pP q2 P H

4pM ;Zq
Theorem: If M is a closed, spin 4-manifold, then xc1pP q2, rM sy P 2Z

If X is a closed, spin 3-manifold, then F pX;⇥q P Cˆ has a canonical
?

This square root is the spin Chern-Simons invariant S pX;⇥q P Cˆ

If X “ BM for M a compact spin 4-manifold, and ⇥ extends to a Cˆ-connection ⌅ on M :

F pX;⇥q “ exp

ˆ
2⇡

?
´1

ª

M
!p⌅q

˙
S pX;⇥q “ exp

ˆ
2⇡

?
´1

ª

M

1

2
!p⌅q

˙

The spin refinement is defined based on a cohomology theory E which fits into

¨ ¨ ¨ ›Ñ H
qp´;Zq ›Ñ E

qp´q ›Ñ H
q´2p´;Z{2Zq �˝Sq2›››››Ñ H

q`1p´;Zq ›Ñ ¨ ¨ ¨
The map H

2ppBG;Zq Ñ E
2ppBGq maps levels to “spin levels”
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Application to conformal immersions (Chern-Simons)

This appears in the 1973 Chern-Simons paper, here reinterpreted a bit

X closed spin Riemannian 3-manifold

⇥
LC

Levi-Civita SO3-connection on X

S
SO3

secondary spin invariant for “p1{2”

Theorem: S
SO3

pRP3
;⇥

LC
q “ ´1 Corollary: S

SO3
pS3

;⇥
LC

q “ 1

Theorem: If X Ñ E4
is a conformal immersion, then S

SO3
pX;⇥

LC
q “ 1

Proof:

TX
r� //

✏✏

TS3

✏✏

X �

Gauss

// S3

�
˚p⇥S3

LC
q “ ⇥

X
LC

S
SO3

pX;⇥
X
LC

q “ S
SO3

pS3
;⇥

S3

LC
qdegp�q “ 1
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Chern-Simons as an invertible field theory

Example: G “ Cˆ

p “ 1

!p⇥q represents c1

F pS1;⇥q holonomy of ⇥ around circle

F pr0, 1s;⇥q parallel transport

F ppt;⇥q complex line

‚ This generalizes to any pG, pq

‚ Attach a complex line to a G-connection on a closed, oriented p2p ´ 2q-manifold
(Ramadas-Singer-Weitsman)

‚ Constructions for smooth families of connections

‚ Express in language of field theory as a map out of a bordism category

no - seam
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Domain: The bordism category Bordxn´1,nyporientation, G-connectionq (n “ 2p ´ 1)

of manifolds equipped with orientation and G-bundle with connection

Codomain: The linear category LineC of 1-dimensional complex vector spaces and

invertible linear maps

“Classical” Chern-Simons theory: A homomorphism

F : Bordxn´1,nyporientation, G-connectionq ›Ñ LineC

‚ Includes evaluation in parametrized families and formulas for curvature and holonomy

‚ A nonflat trivialization of ⇡ : P Ñ Y with connection ⌘ is a not-necessarily-flat section

of ⇡, and it produces a nonzero element of the complex line F pY ; ⌘q

‚ There is a spin refinement S : Bordxn´1,nypspin structure, G-connectionq ›Ñ LineC

‚ The theories F ,S are best viewed in the context of generalized di↵erential
cohomology (Cheeger-Simons, Hopkins-Singer, . . . )

Q"
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The enhanced Rogers dilogarithm

Begin with power series defined for |z| † 1: ´ logp1 ´ zq “
8ÿ

n“1

zn

n

Li2pzq “
8ÿ

n“1

zn

n2
(Spence)

(analytically continue to Czr1,8q)

MT “ pCˆq2
pMT “ C2 universal pZ ˆ Zq cover of MT

M1
T “

 
pµ1, µ2q P MT : µ1 ` µ2 “ 1

(
(complex) curve in MT , MT « CP1zt0, 1,8u

pM1
T “

 
pu1, u2q P pMT : eu1 ` eu2 “ 1

(
Z ˆ Z cover of M1

T pu1, u2q fi›Ñ peu1 , eu2q
Zp1q “ 2⇡

?
´1Z Tate twist

Zp2q “ Zp1qb2 “ 4⇡2Z

Di↵erentiate the power series: dLi2pzq “ ´ logp1 ´ zq
z

dz “ ´u2 du1 “ ´ u2 du2
1 ´ e´u2

(z “ µ1) (meromorphic 1-form on the u2-line with simple
poles at Zp1q Ä C and residues in Zp1q)
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Rogers enhanced dilogarithm

R : pM1
T ›Ñ C{Zp2q

pu1, u2q fi›Ñ F pu2q ` u1u2
2

mod Zp2q
satisfies the di↵erential equation

dR “ u1du2 ´ u2du1
2
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pMT “ C2 “ tpu1, u2qu
pM1

T “
 

pu1, u2q P pMT : eu1 ` eu2 “ 1
(

‚ The Rogers enhanced dilogarithm R : pM1
T Ñ C{Zp2q is essentially the function

Li2pzq ` 1

2
logpzq logp1 ´ zq mod Zp2q

‚ It has known values at special z and satisfies several identities

‚ The most important is the 5-term identity

Rpu1, v1q ` ¨ ¨ ¨ ` Rpu5, v5q “ constant, vi “ ui´1 ` ui`1
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Interpretation in terms of flat connections

MT “ pCˆq2 moduli space of flat Cˆ-connections on 2-torus T “ R2{Z2 (✓1, ✓2)

pMT “ C2 flat connections on trivial (product) Cˆ-bundle over T

moduli space of flat Cˆ-connections with nonflat trivialization over T/htpy

‚ Universal Cˆ-connection over pMT ,MT :

pMT ˆ T ˆ Cˆ ⇢̂ // pMT ˆ T
t̂0

oo

t̂˚
0 ⌘̂ “ ´u1 d✓

1 ´ u2 d✓
2 P ⌦1

pMT ˆT
pCq

‚ Descend to ⇢ : Q ›Ñ MT ˆ T with connection ⌘

‚ Curvature: ⌦p⌘q “ ´dµ1

µ1
^ d✓1 ´ dµ2

µ2
^ d✓2

¥7
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Application of spin Chern-Simons

M1
T “

 
pµ1, µ2q P MT : µ1 ` µ2 “ 1

(

pM1
T “

 
pu1, u2q P pMT : eu1 ` eu2 “ 1

(

p✏1q˚Q1
⇢̂1

{{

✏˚Q
⇢̂

}}
pM1

T ˆ T

t̂1
0

;;

✏1

✏✏

� � // pMT ˆ T

t̂0

==

✏

✏✏

Q1
⇢1

zz

Q
⇢

||

M1
T ˆ T �

�
// MT ˆ T

„„„„„„ S „„„„„B

pe1q˚L1

}}

e˚L

��
pM1

T

p⌧ 1
0

==

e1

✏✏

pe1q˚⌧ 1
==

� � // pMT

p⌧0

??

e

✏✏

L1

||

L

��

M1
T

⌧ 1
<<

� � // MT

Proposition: : L1 ›Ñ M1
T is flat with trivial holonomy
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Define a function on pM1
T as the ratio of two sections:

' “ p⌧ 1
0

pe1q˚⌧ 1 :
pM1

T ›Ñ Cˆ

The formula for the connection form implies

d'

'
“ 1

4⇡
?´1

pu1du2 ´ u2du1q

Define L : pM1
T Ñ C{Zp2q by ' “ exp

ˆ
L

2⇡
?´1

˙
, so dL “ u1du2 ´ u2du1

2

Theorem: L “ R up to a constant
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Application of spin Chern-Simons to prove 5-term identity

Theorem: The sum Lpu1, v1q ` ¨ ¨ ¨ ` Lpu5, v5q is independent of pui, viq P pM1
T , i P Z{5Z,

which satisfy
vi “ ui´1 ` ui`1 for all i

Remark: Write zi “ eui , so 1 ´ zi “ zi´1zi`1. There is a connected complex
2-manifold M1

X of solutions

x ,
1 ´ x

1 ´ xy
,

1 ´ y

1 ´ xy
, y , 1 ´ xy

parametrized by x, y P C satisfying xy ‰ 0, x ‰ 1, y ‰ 1, and xy ‰ 1.
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Proof sketch: Let X be the compact spin 3-manifold with boundary formed from S3 by
removing a tubular neighborhood of the 5-component link

BX « T >5 and the restriction of a flat connnection on X to the boundary satisfies

vi “ ui´1 ` ui`1 for all i

MX moduli space of flat Cˆ-connections on X

pMX moduli space of flat Cˆ-connections with nonflat trivialization over X/htpy
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ppr1q˚ppL1q⇥5

yy

ppL1q⇥5

||

pM1
X

e1
X

✏✏

pr1
// p pM1

T q5
pp⌧0q⇥5

<<

pe1
T q5

✏✏

pr1q˚pL1q⇥5

yy

pL1q⇥5

||

M1
X

S

99

r1
// pM1

T q5
p⌧ 1q⇥5

<<

‚ The section S is flat (covariant derivative = integral of 1
2 ! ^ ! vanishes)

‚ Choose flat section ⌧ 1 so S “ pr1q˚“
p⌧ 1q⇥5

‰
(unique up to 5th root of unity)

‚ Pullbacks of S and pp⌧0q⇥5 to pM1
X agree ùñ pp⌧0{⌧ 1q⇥5 “ 1 (exp of 5-term identity)X



Application to 3-manifolds

X closed oriented 3-manifold

⇥ flat connection on principal SL2C-bundle P ›Ñ M

F pX;⇥q P Cˆ Chern-Simons invariant

Well-known that if X is triangulated, then F pX;⇥q can be expressed in terms of dilogs

New idea: Apply stratified abelianization via a spectral network (Gaiotto-Moore-Neitzke)
to identify F pX;⇥q as the spin Chern-Simons invariant of a flat Cˆ-connection
on the total space of a branched double cover rX ›Ñ X

To appear. . .
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Happy Birthday and Thank You


