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RELATIVE (¢, I')-MODULES AND p-ADIC DIFFERENTIAL EQUATIONS

HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO

ABsTrRACT. Let X be an affinoid rigid analytic space over a p-adic field, equipped with a suitable étale map
to a unit polydisk. We provide a formalism of imperfect relative period rings over X, which lie inside the
corresponding perfect relative period rings constructed by Kedlaya—Liu. Then we establish a relative version
of the Fontaine—Cherbonnier—Colmez equivalence between p-adic local systems on X and étale (¢, I')-modules
over such imperfect relative period rings, generalizing previous works of Andreatta—Brinon and others. Using
this equivalence, we construct p-adic differential equations attached to de Rham local systems, carrying both
geometric and arithmetic differential operators. This generalizes the work of Berger to the relative geometric
setting. Along the way, we study a relative Fontaine—Sen theory on the decompletion of I'-modules over the
relative Bj{R—period rings.
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1.1. Main results. Let K be a p-adic field, that is, a complete discrete valuation field of mixed characteristic
(0, p) with perfect residue field. Let K., be the cyclotomic extension of K. Let Galyx denote the absolute

Galois

group of K and write I'x = Gal(Ks/K).

A central achievement in classical p-adic Hodge theory is the conversion of p-adic Galois representations
into (semi-)linear algebraic data of (¢, T')-modules over suitable period rings. The following are two major
breakthroughs in this direction.

(a) Fontaine’s construction [Fon90], together with the overconvergence theorem of Cherbonnier—Colmez
[CCY8], establishes an equivalence between the category of p-adic representations of Galx and that

(b)

of étale (¢, 'k )-modules over certain overconvergent period rings.

For a de Rham representation V of Galg, Berger [Ber02] constructs a canonical modification Ngg (V)
of the aforementioned (p, 'k )-module. It carries a differential operator induced from the infinitesimal
action of I'; in other words, Ngr (V') is a p-adic differential equation. This construction allows one
to recover the crystalline and semistable periods of V' from the associated p-adic differential equation,
and forms the cornerstone of the proof of the p-adic monodromy theorem [Ber02, And02, Ked04,

Meb02].
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The goal of this article is to generalize both (a) and (b) to the relative setting by constructing functors

{p-adic local systems} — {relative étale (,I')-modules}
{ de Rham local systems} — {relative p-adic differential equations}.

This provides a crucial missing component in relative p-adic Hodge theory, and plays an essential role in
the recent work of the authors on a relative p-adic monodromy theorem for smooth projective curves (see
[DMY26]).

We now explain the precise statements. Let ]Dﬁl( denote the d-dimensional closed unit polydisk over K
with its coordinates denoted by 771, ...,Ty. Let X be a smooth affinoid rigid analytic space over K equipped
with an étale morphism h: X — D% that is a composition of rational localizations and finite étale maps such
that h is away from the locus 77 - - - Ty = 0; such an h is referred to as a toric chart. Consider the standard
pro-finite Galois tower D‘Ii(,m — ]D)‘Il( obtained by extracting all p-power roots of unity and all p-power roots
of Ty, ..., Ty. The Galois group I of this tower can be viewed as the relative analogue of I' in the classical
setting. Taking base change along h, we arrive at a pro-finite Galois tower X,, — X, still with Galois group
T.

Our first task is to describe étale Z,-local systems on X in terms of relative étale (¢, I')-modules over
certain imperfect relative period rings. To state this result, let Bj\ and Cj\ be the imperfect relative period
rings associated with a decompleting datum A for (X, h). We shall return to the notion of “imperfect relative
period rings” and “decompleting data” momentarily. Let us just remark that BR contains the classical period
ring B}( studied in [CC98, Ber02] as a subring. Similarly, Cj\ contains the classical Robba ring C}(, which
is denoted by Biig, x in [Ber02]. The following theorem is a relative version of the Fontaine-Cherbonnier—
Colmez equivalence; see Theorem 7.21 for the full statement.

Theorem 1. There are natural Q-equivalences

~ )6
Dt Locz,(X)qg — Mod;‘\;j\) t

~ )6t
Df,: Locz, (X)g = Mod% TA) ¢
from the isogeny category of étale Z,-local systems on X to the category of finite projective étale (p,T')-
modules over B}L\ (resp. Cj\)

When the local system L is de Rham in the sense of [Sch13], we construct another relative (p,I')-module
Ngr (L) from D;fig (L) by a modification process, carrying not only the arithmetic differential operator arising
from the cyclotomic direction, but also differential operators from the geometric directions. This appears to
be the first construction of a relative version of Berger’s p-adic differential equation Ngg (V) in the literature.
To state our result, we assume that A is in addition strongly decompleting — a notion we shall explain later

in this introduction — and let CR be the associated imperfect relative period ring.
Theorem 2. There is a natural ®-functor

d T
Nar: Locg™(X)g — Mod%;)

from the isogeny category of de Rham Zy-local systems to the category of finite projective (p,I")-modules over
C:r\, such that the following properties hold for every L € Loc%ff(X)Q:

(1) Ngr(L)[1/t] coincides with DLg(]L)[l/t] after inverting Fontaine’s period t;

(2) Ngr(L) is equipped with commuting differential operators Dy, D1, ..., D4, making (Ngr(L), D;) a
differential module over the differential ring (Cj\7 d;) for alli =0,...,d, where d; is the “normalized”
differential operator on Cj\ defined in Definition 10.10.

Remark 3. In the case where X is a closed poly-annulus over K, the imperfect relative period ring Cj\
consists of formal power series in (d+ 1) variables 7, [T7], ..., [T], subject to some convergence conditions
(cf. §11.1); it can be viewed as a “relative Robba ring”. Here, [T?] are elements in CR that are Teichmiiller
lifts of Tib (determined by a compatible system of p-power roots of T;), while 7k is the variable in the classical
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Robba ring C}( (see Construction 3.8). In this case, the normalized differential operators on CR are ﬁ

and d[% fori=1,...,d, scaled by some units in Cj\.

7]
1.2. Related works. To orient the reader, let us mention some relevant results in the literature. The theory
of relative de Rham period rings, relative Tate—Sen theory, and (prototypes of) relative (p, I')-modules were
studied by Andreatta and Brinon in a series of works [Bri08, AB08, AB10]. These works mostly center
around the case of good reduction, that is, when X admits a smooth formal model over Spf Ox. In a
more general setting, Kedlaya and Liu [KL15| studied (¢, T)-modules over perfect relative period rings (cf.
§4) via the formalism of perfectoid spaces. In particular, they show that p-adic local systems give rise to
étale (¢,T')-modules over these perfect period rings (for example, see §4.4). The arithmetic information one
ultimately seeks, however, are encoded over the imperfect period rings. In the classical setting, passage from
the perfect period rings to the imperfect ones is the procedure known as decompletion.

In a subsequent preprint [KL19] (also see Kedlaya [Ked15]), a decompletion formalism is proposed over
certain imperfect relative period rings, including a relative analogue of the overconvergence theorem of
Cherbonnier—Colmez similar to Theorem 1. However, despite our best effort, some of the descent assertions
claimed in [KL19, in particular, §5] necessary for this purpose seem to be incomplete and require significant
further justification. In particular, it is unclear to us whether the proposed definition of “Aj, " in [KL19,
Definition 5.2.1] by

wx ={re ;‘pr | 0o "(z) € Ay x,n for all n > —log,r}

gives suitable imperfect period rings in general, in order to decomplete relative (¢,I')-modules. Here 1
stands for the perfectoid tower X, — X as in [KL19], and AQ}  1is the perfect relative period ring for the
tower 1 constructed in [KL15] (cf. §4).

As it is rather unclear to us how to verify the claims in [KL19]|, we take a slightly different approach. One
innovation of this article is to axiomatize the formal properties of imperfect period rings for the decompletion
mechanism to work. These correspond to the terms decompleting data and strongly decompleting data in
Theorem 1 and Theorem 2, respectively. The axioms we impose on the imperfect period rings are inspired
by, but are a priori more restrictive than, the ones from [KL19]. In the rest of the introduction, we will
briefly describe these notions, as well as other ingredients in the proof of the main results.

1.3. Axiomatization of imperfect period rings. As mentioned earlier, in order to have a coherent theory
to work with, our first goal is to initiate a systematic study of imperfect period rings. A central notion we
introduce in this article is that of (weakly) decompleting data (Definitions 5.6 and 6.3), which is engineered
to axiomatize the idea of (weakly) decompleting towers introduced in [KL19, Definition 5.2.3].

A weakly decompleting datum consists of a pair A = (Ra,Ap), where Ry is a subring of the tilt A\bX,oo
of the perfectoid algebra A X,00 induced from perfectoid tower Xo, — X, while A, is a subring of the Witt
vectors W(@’X_OO). They are required to satisfy a list of axioms; in particular, they acquire (¢, I')-actions.
Intuitively, Ry and A, play the roles of Ex and A in the classical setting (for example, see [Ber02]). Since
most of the axioms are technical, we refer the reader to Definition 5.6 for the precise definition. From such
a pair (Rx, An), one can further build imperfect relative period rings

A ALBLBL Cyl e C)
for r > 0 sufficiently small and for 0 < s < r, all equipped with suitable (p,I')-actions. These form
relative analogues of the imperfect period rings Af,, AJ}(, % B}(, C&?T], Ck, C}( in the classical setting.!
The axioms also ensure that there is a robust theory of finite projective (étale) (¢,T')-modules over these
imperfect relative period rings.

For the purpose of decompletion and descent of (¢, T')-modules, we need to impose additional conditions.
We axiomatize these conditions via the notion of decompleting data (Definition 6.3). Specifically, we require

(11) Héont(]‘—‘7 Sp_l(RA)/RA) =0
Ay

for i = 0,1, where p~1(R,) stands for the pre-image of Ry under the Frobenius map taken inside X 00"
In fact, the precise definition of decompleting data asks for more: (i) the group cochain complex that

LWe remark that A%, BY., C, and Ck are denoted by AT‘T/7 B}gl, BL’;’K, and BIig,K in [Ber02] with ' = (p — 1) /pr.
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computes the continuous group cohomology is required to be strict exact instead of simply being exact,
which incorporates some subtle topological constraints; (ii) we ask that these conditions hold for all open
normal subgroups of I'; and for all finite étale covers of X.

These conditions allow us to use the continuous I'-actions to decomplete (¢, T')-modules from perfect
relative period rings to the imperfect ones. Indeed, decompletion boils down to the vanishing of certain
continuous group cohomology with coefficients in Aj\ and CR. A key observation is that these cohomological
vanishings in characteristic 0 can be deduced from vanishings in characteristic p (such as Condition (1.1))
through systematic norm-compatible liftings of cochains — we call them “good lifts”, see Corollary 5.20 —
together with delicate p-adic approximation arguments. Combined with a further bootstrapping argument
(which relies on a series of intricate dévissage steps), we establish the desired cohomological vanishings in
Corollary 6.9 and Proposition 6.10. Let us emphasize that these norm-compatible liftings and the bootstrap-
ping procedure are by no means formal; they constitute the technical core of §6. These results eventually
yield a collection of decompletion theorems in §7.4 and §7.5, including Theorem 1.

1.4. Relative p-adic differential equations. Before proceeding further, let us briefly recall the construc-
tion of the p-adic differential equation Ngg (V') in the classical setting. Recall the classical Robba ring
CJ}( with coordinate in mg. For any p-adic de Rham representation V' of Galg, one can associate an étale
(¢, T k)-module DL o x (V) over C}( via the Fontaine-Cherbonnier—Colmez equivalence. Since the differential
operator Vy induced by the infinitesimal action of 'k on C}( differs from the standard differential operator
d/drmy by a unit multiple of ¢, the “correct differential operator” on D;fig’ x (V) should be the one induced
by Lie(I'x) divided by ¢. In general, this introduces simple poles along vanishing locus of . When V is de
Rham, the idea of Berger is to construct Nggr (V') by systematically “removing” these singularities along the
locus t = 0 via a modification procedure.

To generalize to the relative setting, we need to axiomatize the process of “removing singularities”. In
fact, moving from the classical theory to the relative theory requires substantial effort. One difficulty is
that the expected Ngg(L) is not étale in general, and unlike in the classical situation, we do not have a
general decompletion theory for non-étale (p,I')-modules over CI\. Therefore, although there is a standard
modification procedure for (p,T")-modules over perfect relative period rings (using either relative B-pairs or
the relative Fargues—Fontaine curve), one cannot construct Ngg(L) by descent (cf. Remark 3.46).

To overcome this issue, we avoid such a decompletion theory by performing the modification procedure
directly on the level of imperfect period rings. In other words, we directly modify Djig (L) along the “t = 07
locus. For this, we introduce a subclass of decompleting data called strongly decompleting data (Defini-
tion 8.8). Some of the conditions for strongly decompleting data (Condition (a) and (b) in Definition 8.8)
essentially require that the t-adic completion of Ck’T] (for some suitable 0 < s < r) can be identified with a
subring of the form

(1.2) Axnltur, . ug] V=0 C Bl ¢ (Xoo).

Here, Ax , is the ring of analytic functions on the n-th cover in the perfectoid tower X, — X and
BXR « is the horizontal de Rham period sheaf on the pro-étale site Xpyo¢; defined in [Schl3|. Given
this identification, we can apply Beauville-Laszlo gluing (see Proposition 3.37) to glue DI (IL)[1/¢] with

rig
(Dar (L) ® Ax 5[t v, .., ud]])v=0 to obtain a new finite projective module over Cgf’r]. For this to work, we

need a gluing isomorphism over Ax ,[t, u1,...,uq]V=°[1/t].

In fact, such an isomorphism exists over IB%IR’ +(Xoo)[1/t], essentially by construction. The question then
becomes how to descend I'-modules along the inclusion (1.2). Note that this inclusion is a relative version of
the I g-equivariant inclusion K« [t] C BJ; studied by Fontaine [Fon04]. Therefore, what we are looking for
is a relative version of Fontaine’s decompletion theory over B(J{R. To this end, we prove the following descent
result, generalizing previous works of Andreatta—Brinon [AB08, AB10].

Theorem 4. Let Ax o denote the union Un>0 Ax n. Then the base change functor

r r
Moday ttus,e.ual7=0 — MOd/BjR,X(XOO)

from finite projective T-modules over Ax oo[t,u1,...,ua]V=" to those over IBBIR’X(XOO) is an equivalence of
categories.
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We refer the reader to §9 for the precise statement (Theorem 9.1(2)). Combining this result and a further
delicate descent argument (to descend from Ay o to Ax , using Condition (c) of Definition 8.8), we complete
the proof of Theorem 2 in §10.

Remark 5. When X admits a smooth formal integral model over Ok as in the set-up of [AB08, AB10|, the
imperfect period rings in loc. cit. indeed correspond to strongly decompleting data (see §11.5). However,
the framework of loc. cit. does not cover the important case of a closed (poly)annulus (or a finite étale cover
thereof). We construct explicit strongly decompleting data in such cases (see §11.1).

Remark 6. Both decompleting and strongly decompleting data are “stable under finite étale extensions”
in the sense that, if A = (Ra,An) is a (strongly) decompleting data for X and X’ — X is a finite étale
cover, then one can canonically produce a (strongly) decompleting data A’ for X’ (see Theorem 5.30 and
8.13). This in turn implies that, Theorem 1 and 2 can be applied to study any p-adic local system locally
on a smooth rigid analytic space X over K. More specifically, for any such X, there exists a covering of X
by affinoid open subspaces, each equipped with a finite étale map to a polyannulus (cf. [Ach17]). Therefore,
we have an explicit (strongly) decompleting data for each member of the covering by Remark 5. We caution
the reader that the notion of (strongly) decompleting data depends on the choice of the chart h and we do
not claim any global construction of p-adic differential equations over an arbitrary X.

Remark 7. In the one-dimensional situation, we explicitly construct strongly decompleting data for two
examples in §11: (i) closed annuli (and their finite étale covers); (ii) closed annuli with finitely many open
disks removed (and their finite étale covers). In fact, these include the most important affinoid open subsets
of a smooth curve. For instance, up to a base field extension, every type Il point on a smooth curve admits a
basis of open neighborhoods consisting of sets of the form (i), whereas every type V point admits a basis of
open neighborhoods consisting of sets of the form (ii). Consequently, the constructions in this article allow
us to prove the p-adic monodromy theorem locally around type Il and V points in [DMY26].

Remark 8. It is natural to wonder the relation between the techniques developed in the current manuscript
and the theory of (pro-)locally analytic vectors, which provides another framework to decompletion. One
central difficulty of the latter is that we do not know in general how to compute the (pro)-locally analytic
vectors in perfect relative period rings. Furthermore, for the construction of relative p-adic differential equa-
tions, it seems unavoidable to study conditions of the same flavor as in the notion of strongly decompleting
data.

1.5. Outline of contents. In Section 2, we recall some definitions and preliminary facts on (semi)norms,
Banach rings, and Banach modules that will be used in this article.

In Section 3, we review the classical theory of (¢, 'k )-modules and p-adic differential equations associated
with (de Rham) p-adic Galois representations, following [CC98, Ber02, Col08]|. The perfect and imperfect
period rings in the classical setting are recalled in §3.1 and §3.2, respectively. In §3.3, we recall the theory of
(¢, Tk )-modules associated with p-adic representations of Galx. Then in §3.4, we provide an interpretation
of Berger’s construction of p-adic differential equations in terms of Beauville-Laszlo gluing.

In the remainder of the paper, we consider the relative situation.

In Section 4, we review perfect relative period rings and the theory of (¢, I')-modules over them, mainly
following [KL15]. The notion of toric charts X — D% and toric towers Xo, — X is introduced in §4.1; this
is the relative setting we work with throughout the article. In §4.2 and §4.3, we review from [KL15] the
construction of perfect relative period rings and their behavior under finite étale extensions of X. Then in
§4.4, we recall from [KL15] the theory of (p,T')-modules over perfect relative period rings and their relation
to étale Zj,-local systems on X.

In Section 5, we introduce and study the notions of weakly decompleting data and the associated imperfect
relative period rings. We introduce these notions in §5.1. In §5.2 - §5.4, we study some important properties
of weakly decompleting data and associated period rings, which will be used in later sections. In §5.5,
we explain that given a weakly decompleting datum for X, there is a natural way to construct a weakly
decompleting datum for any finite étale extension of X.

In Section 6, we introduce the notion of decompleting data and study their properties; this will allow us
to decomplete and descend étale (¢, T')-modules over perfect relative period rings to the imperfect ones. We
introduce the notion of decompleting data in §6.1. Then in §6.2 - §6.4, we prove a sequence of results on the
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strict-exactness of certain group cochain complexes, valued in period rings of characteristic p and of type A
and C.

In Section 7, we study decompletion of étale (¢, T')-modules under the assumption of decompleting data.
We introduce relative p-modules and (¢, I')-modules over imperfect period rings in §7.1, and explain some
preliminary results on them in §7.2. Then in §7.3, we study some descent questions for relative ¢-modules.
The main results of this section are in §7.4 and §7.5: in §7.4, we prove a full faithfulness result for relative
(p,T')-modules along the base change from the imperfect period rings to the perfect ones, while in §7.5, we
establish the decompletion result of étale (¢,T')-modules. In §7.6, we summarize some of the main results
in this section and deduce the equivalence between p-adic local systems on X and étale (¢, ')-modules over
imperfect relative period rings. In particular, Theorem 1 is proved.

In Section 8, we introduce and study the notion of strongly decompleting data, which will be used in later
sections to construct a relative analogue of Berger’s Ngr-functor. The definition of strongly decompleting
data is given in §8.1, together with some preliminary facts. In §8.2, we analyze the behavior of strongly
decompleting data under finite étale extensions of X.

In Section 9, we study a relative analogue of Fontaine’s decompletion theory over BIR, generalizing some
results in [AB10]. We explain Tate’s normalized trace in the relative setting in §9.1. Then in §9.2 - §9.4, we
prove the decompletion result claimed in Theorem 4.

In Section 10, given any strongly decompleting datum for X, we construct a relative analogue of Berger’s
Nggr-functor from the category of de Rham local systems on X to that of (¢, I')-modules over Cj\; this
establishes Theorem 2. We begin by constructing the functor to (¢, T')-modules over the perfect period ring
in §10.1. In §10.2 - §10.4, we construct the relative Ngg functor based on Beauville-Laszlo gluing and the
descent result established in §9, and then study its properties as a p-adic differential equation in §10.5. In
§10.6, we show the compatibility of Ngr functor when we vary X.

In Section 11, our main goal is to construct a natural example of strongly decompleting datum when
X is either a closed annulus or a closed annulus with finitely many open disks removed (or a finite étale
cover thereof). These examples are carefully studied in §11.1 and §11.2. Moreover, we explicitly compute
the corresponding normalized differential operators in §11.3, and study the compatibility of Nyg with base
field extensions in §11.4. Lastly in §11.5, we briefly discuss the relation of strongly decompleting data with
the works in [AB08, AB10]; in particular, we explain that the good reduction cases studied in loc. cit. are
indeed strongly decompleting.

In Appendix A, we study finitely generated (resp. finite projective) modules over imperfect relative
period rings associated with weakly decompleting data, and analyze their relations with coherent sheaves
(resp. vector bundles) on the associated quasi-Stein spaces. This is used in the study of p-modules over
imperfect relative period rings in §7.

1.6. Notation and Convention. We adopt the following notation and convention throughout this article.

o Let K be a p-adic field? with ring of integers Ok and residue field k = kx. Let @ be a uniformizer
of K. Let Ko = W(k)[1/p].

e Let Galg denote the absolute Galois group of K.

e Fix an algebraic closure K of K and let Cx denote the completion of K. This is a perfectoid field;
let C’; denote its tilt. Let Oc, (resp. Onbck) denote the ring of integers in Cg (resp. Cf).>

e Fix a compatible system of p-power roots {(y»},>0 of unity and a compatible system of p-power
roots {p'/P"} of p in O¢,.. This gives rise to elements ¢ = (1, Cps Gp2, -+ ) and P’ = (p,pl/”,pl/p2 ..
in Otch~

o Let 7 =¢c — 1. Write 7 = [e] — 1 € W(OL, ), which is a lift of 7. Let ¢ = log[e] = log(1 + ) viewed
as an element in Fontaine’s de Rham period ring Bgg-

o Foreachn > 1, let K,, = K((pn). Let Koo = Un20 K, be the cyclotomic extension. Let IA(OO be the

p-adic completion of K, and let I?go be its tilt. Write Op  (resp. O'}{ ) for the ring of integers in
Ko (resp. 1?20)4

2Again, by a p-adic field we mean a complete discrete valuation field of mixed characteristic (0, p) with perfect residue field.
3The ring O%K (resp. Ch.) is denoted by E* (resp. E) in [Ber02] and [Col08].
4The ring (’)ZA( (resp. I?go) is denoted by E;r{ (resp. Ex) in [Ber02] and [Col08].
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o Let Hx = Galg_ be the Galois group of K, and let ' := Gal(K/K) = Galg /Hk.

e Let K|, denote the maximal unramified extension of Ky inside K. Denote by x = kx the residue
field of K.

o Let e = [Koo : (K{)oo-

e The standard p-adic norm |-| on Cg, normalized by |p| = %, defines a norm |- | on C%. In particular,

| - | restricts to a norm on K’ . Note that |[7| = |¢ — 1| = p 7 T. We then define a valuation
v: Cxg — RU{+o0} by
v(y) = —log, lyl.

This in turn determines a valuation v: C% — RU {4+00}.” In particular, we have v(7) = v(e — 1) =
p

p—1°

e Let k((7)*P denote the separable closure of k(7)) inside C’.,% and write Ex = (k((7))*P)7x. Let
E} be its ring of integers, which is a complete discretely valued ring with residue field ki . By the
theory of fields of norms, we have an isomorphism

lim O, /a = Ej
n

where a C O, is the ideal consisting of elements = satisfying |z| < piﬁ and the inverse limit is
taken over the Frobenius maps Ok, ., /a — Ok, /a sending x — 2P.
e TFix a choice of uniformizer 7y of Ej.. Note that E} = s [Tx] and v(Tx) = 2 i
e Throughout the article, for all the period rings K%, ]~3§<, 6%, (Nj[j?r] and A%, By, CYk, C[Is(’r]7 etc., as
well as their relative counterparts, we always assume 7, s € Q in the superscripts.
Moreover, we follow the conventions on adic geometry in [Hub96] and [Sch12|. For a smooth rigid analytic
variety X over K, we often view it as an adic space over Spa(K, Ok ). Let Locz, (X) denote the category of
étale Z-local systems on X and let Locz, (X )g denote the corresponding isogeny category. Let LOC%?(X )

denote the full subcategory of Locz, (X) consisting of de Rham local systems in the sense of [Sch13, LZ17|.

Acknowledgement. The authors are grateful to Kiran Kedlaya and Ruochuan Liu for their preprint [KL19].
Evidently, some of the ideas behind the notion of (weakly) decompleting data stemmed from our initial
attempts to reconstruct the proofs outlined in loc. cit. We would like to thank Shizhang Li and Lie Qian
for discussions and comments on earlier drafts of the manuscript. We thank Heng Du for discussions around
the contents of [KL19] and on modifications of vector bundles on relative Fargues—Fontaine curves, which
should lead to an alternative approach to the construction of NdR(]L) in §10.1. During the project, H.D. was
partially supported by the National Natural Science Foundation of China (Grant No. 12422101) and the
National Key R&D Program of China (Grant Nos. 2023YFA1009703 and 2021YFA1000704), Y.S.M. was
partially supported by the Beijing Natural Science Foundation (Grant No. 1S25030).

2. BANACH RINGS AND MODULES

We begin by recalling some terminology and conventions concerning non-archimedean seminorms, Banach
rings, and Banach modules, as well as the notion of rational localizations of Banach rings.

2.1. Seminorms. The (semi)norms in this article will always be the non-archimedean ones in the following
sense.

Definition 2.1. Let G be an abelian group. A (non-archimedean) seminorm on G is a function |-|: G — Rxg
such that [0] = 0 and |g + h| < max{|g|,|h|} for all g,h € G. If, in addition, |g| # 0 whenever g # 0, we say
that | - | is a norm.

Definition 2.2.
(1) For two (semi)norms |- | and |- |" on a given abelian group G, we say |- | and | - |
there exist constants ¢, ca > 0 such that |g| < ¢1]g]” and |g|” < e2]g| for all g € G.

| " are equivalent if

5The valuation v on C?{ is denoted by vg in [Ber02] and [Col08].
6The ring k()P is denoted by E in [Ber02] and [Col08].
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(2) Let G and H be abelian groups equipped with seminorms |- | and |-|’ respectively, and let f: G — H
be a group homomorphism.
e We say that f is bounded if there is a constant ¢ > 0 such that |f(g)|" < c|g| for all g € G.
o We say that f is submetric if |f(g)|" < |g| for all ¢ € G, and we say that f is isometric if
|f(g)l" = |g| for all g € G.
e Define the quotient seminorm | - |quot on image(f) by

|7l quot = nfflg| | g € G, f(g) = h}.
We say that f is strict if | - |quot and | - | are equivalent on image(f).

Definition 2.3. Let A be a ring and let | - | be a seminorm on A (considered as an additive group).
(1) We say that | - | is submultiplicative if |zy| < |x| - |y| for any z,y € A.
(2) We say that | - | is power-multiplicative if it is submultiplicative and |z™| = |z|" for all x € A and all
integers n > 1.
(3) We say that | - | is multiplicative if |1] = 1 and |axy| = |x| - |y| for all z,y € A.

2.2. Banach rings and modules.

Definition 2.4.

(1) A Banach ring is a commutative ring equipped with a submultiplicative norm under which it is
complete.

(2) Let S be a Banach ring with a norm |- |. A Banach S-module is an S-module M equipped with a
norm | - |ps under which M is complete such that

|s - mlar < [s] - |m|ar

for all s € S and m € M.
(3) Let S be a Banach ring. A Banach S-algebra is an S-algebra S” equipped with a norm |-|" such that
(S’,]-|') is both a Banach ring and a Banach S-module.

Remark 2.5. Our conventions for Banach modules and Banach algebras agree with those in some standard
references (for example, [BGR84]), but are more restrictive than those in some other literature (for example,
[KL15, Definition 2.2.7]).

We now recall some basic facts about finite projective modules over Banach rings (cf. [KL15, §2]).

Lemma 2.6 ([KL15, Lemma 2.2.6(a)]). Let S be a Banach ring and M be a finite S-module. For any
surjection S™ — M from a finite free S-module, we can equip M with the quotient seminorm induced
from the supremum norm on S™ with respect to the canonical basis. Then, up to equivalence, the quotient
seminorm does not depend on the choice of the surjection.

Definition 2.7. Let S be a Banach ring and M be a finite S-module. A seminorm on M as in Lemma 2.6 is
called a finite-module seminorm. All finite-module seminorms on M are equivalent, and so define the same
topology on M.

Remark 2.8 (cf. [KL15, Remark 2.2.11]). When S contains a topologically nilpotent unit, a finite-module
seminorm on M is a complete norm. In general, a finite-module seminorm is not necessarily a norm, neither
complete. On the other hand, finite-module (semi)norms behave well for finite projective S-modules as
explained in the following.

Lemma 2.9 ([KL15, Lemma 2.2.12(a)(b)]). Let S be a Banach ring and P be a finite projective S-module.
Choose a finite projective S-module Q with an isomorphism P & @ =2 S®" of S-modules for some n. Equip
S®" with the sup-norm defined by the canonical basis. Then the subspace norm on P inherited from S
is complete, and is equivalent to the quotient norm with respect to the projection from S®". In particular,
any finite-module seminorm on P is a complete norm.

We also recall the following version of the open mapping theorem.

Theorem 2.10 (see [KL15, Theorem 2.2.8] and the references therein). Let S be a Banach ring containing
a topologically nilpotent unit. Let g: M — N be a bounded surjective homomorphism of Banach S-modules.
Then g is open and strict.
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Throughout this article, we restrict our attention to Banach rings satisfying the following additional
condition.

Assumption 2.11. Let S be a Banach ring with a norm |- |. We always assume that S contains a unit z
such that |z| < 1 and |2] - |z71| = 1.

Lemma 2.12. Let S be a Banach ring and let z be a unit in S satisfying the conditions in Assumption 2.11.
Let M be a Banach S-module, equipped with a norm |- |ps. Then

|2 -mly = [2] - [mly and |21 mia = 27 - m|a
for all m € M.
Proof. For any m € M, we have
imlar = |zz7 mly < 27 - Jzomla < 27 L2] - fmlae = [mae
and
mlar = |zz7 mln < 2l - |27 mlar < 2l - 127 - fmlae = [mare

Thus, the above inequalities are all equalities. O

Lemma 2.13. Let S be a Banach ring satisfying Assumption 2.11 and let M be an S-module. Let |-|; and
| - |2 be two norms on M such that (M, |- |;) is a Banach S-module for each ¢ = 1,2. If | - |; and | - |2 induce
the same topology on M, then they are equivalent.

Proof. Since |- |1 and | - |2 induce the same topology on M, there is a constant ¢ such that for any m € M
with |m|s < ¢, we have |m|; < 1. Write |2| =b < 1.

We will repeatedly apply Lemma 2.12 in what follows. For example, note that |2"| = |z|" = b™ for all
integers n. Let x € M be a non-zero element. Choose n such that b - clz|y' < |27 = " < ¢|z|; . Then we
have [2™ - x|y = |2"| - |z]2 < ¢, so we have be|z|; ' - |z)y < |27 - 2|1 = |2™ - x|; < 1. Thus, we conclude that
|z|1 < (be)™! - |z|2. By symmetry, this implies that |- |; and | - |2 are equivalent. O

3. (¢, 'k )-MODULES AND GALOIS REPRESENTATIONS

In this section, we review the classical theory of (¢, 'k )-modules and p-adic differential equations associ-
ated with (de Rham) p-adic Galois representations, following [CC98, Ber02, Col08]. The goals of this section
are as follows.

e We first recall the classical theory of perfect period rings ;&TK,]?’)J;(, etc., and then introduce the
imperfect period rings as their subrings.

e We then review the theory of (p,I'k)-modules and p-adic differential equations over these period
rings.

e In particular, we recall (and give another interpretation of) Berger’s construction that associates a
p-adic differential equation Nggr (V) over the Robba ring to every de Rham representation.

As explained in the introduction, we shall follow the notation of Kedlaya—Liu [KL15] on period rings although
the content in this section predates loc. cit.. and is mostly developed in [CC98] and [Ber02].

We adopt the notation from the introduction §1.6; in particular, recall the notation K, Ok, k, w, Galg,
Ck,e, 7, m K, Ko, [A(oo, IA(go, Hg, Tk, ex, K|}, k, Tk, as well as the standard norms (resp. valuations)
| - | (resp. v) on C and C’;. Moreover, we remind the reader that, for all the period rings in this article,
the numbers 7, s in the superscripts are always assumed to be rational numbers.

3.1. Perfect period rings. In §3.1 and §3.2, we review the constructions of perfect and imperfect period
rings in the classical setting.
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3.1.1. Perfect period rings of type A and B. Let A = W (C%) and At = W(OE:K), equipped with natural
Galg- and Frobenius actions. Taking the invariant subrings under the action of Hy, we obtain

A = (M) =W(K2) and AL = (AN =W(Og, ).

Note that every element € A can be uniquely written as z = S o P"[yn] with y, € K’_. The ring A ™
is denoted by Ajnr in [Fon94]. We refer the reader to loc. cit.. for the construction of period rings such as
Bar, Berys, Bst and their variants.

Definition 3.1 ([Ber02, §2.1], [Col08, §5.2]).
(1) For each r > 0, define

~ e ~ . n
A" = {517 = an[yn] € A‘ nlggov(yn) + - = +OO} )

n=0
AT . _ — n A . ﬁ -
T = {z = Zp [yn] € AK‘ nl;ngov(yn) + o= +oo}.
n=0
(2) On A", we define a valuation v,: A" — R U {400} by 7
n
r = inf n -
vr(w) = tnf{oyn) + 7}
In fact, for each 0 < s < r, we have a valuation vg on AT given by
n
= inf —}.
vs(2) = mf{v(yn) + -}

Similarly, we define valuations vs on 11}"( for each s € (0, r].
(3) Define
Al:=limA", Al =lim A,
r>0 >0
where the transition maps are natural inclusions. Notice that A (resp. A k) is the p-adic completion
of AT (resp. AJ}()
(4) The period rings B, BT, B", B', By, B}, B, and B}( are obtained from the corresponding period
rings of type A by inverting p.

Remark 3.2 (The norm \,).

(1) One can translate the definitions above into the language of norms. Consider norms A, on A" and
A’y defined by

n —r-v,(x)

Ar(z) =sup{p " - |lyn|"} = p

n=0

Similarly, for each s € (0,7], we have norms A4 on A" and .&}} given by
As(@) = sup{p™" - lya|*} = p~* .
n=0
(2) For example, consider a® = (a,a'/?, al/pz7 ...) € O!’CK where {a'/?"},,>0 is a compatible choice of p-
power roots of a. Then [a°’] € A" for every r > 0, and we have v,.([a”]) = v(a’) = v(a) is independent
of 7; while \.([a"]) = p~"¥(@). On the other hand, note that v,(p) = %; and \.(p) = p~! = |p| is

independent of r.
(3) We have

n=0

oo
Al = {x = an[y”] €EAk|p "yn|" = 0asn— —l—oo} .
Furthermore, ;&% is complete with respect to the norm A,.

"The valuation v, is denoted as v(%7] in [Col0g].
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3.1.2. Perfect period rings of type C.
Definition 3.3 ([Ber02, §2.3, Definition 2.16], [Col08, §5.4] ).

1) For each 0 < s < r, define Clsrl resp. C5" Y to be the completion of B" resp. of B".) with
K K
respect to max{Ag, A\, }.
For each r > 0, define cr resp. CT to be the Fréchet completion of B” (resp. B ) with respect
K
to the family of norms A; with s € (0 r].
(3) Define C' and C;{ to be the unions C := lim _ C" and C;( =lim _ Cf

Remark 3.4. Note that for each r, we have A}} = (AT)HK = A" N Ag as subrings of A. Similarly
we have B}, = (B")7% and Cj = (C")7x. Consequently, we have Al = (A1)#x Bl = (B)#x and
CTK = (CH)Hx In particular, our definitions agree with the ones in [Ber02] and [Col08].

Remark 3.5. For each r > 0, the natural map Ccr - @100 < Cls7l s an isomorphism. A similar isomor-
phism holds for C%, and Cl".

Remark 3.6 (Frobenius structures). The Frobenius maps on At and A uniquely extend to Frobenius maps
on B and BT, which we denote by ¢. Moreover, for 0 < s < r, we have Frobenius maps

o Ny o B" X B/?, 0 Ccr = /e, ©: Clsrl =y ¢ls/pir/p]
extending uniquely the Frobenius on A+t Passing to the colimits, we obtain Frobenius maps ¢ on the period

rings At BT, and CT. Similarly, there are natural Frobenius structures on A%, B}’{, C%, C[S " A},BTK,
and Cl.

Remark 3.7. For later use, let us also recall the natural inclusion ¢q: AT < BIR (cf. [Ber02, Proposi-
tion 2.11]) for any r > 1. In general, for each r > 0 and non-negative integer n > —log, r, we have an
injection
— —n. xXr " Xp'r LO +

lpi =100 "t AT —— APT = B,
By continuity, for each 0 < s < r and non-negative integer n such that p~™ € [s, 7], the map ¢,, above extends
to injections ¢, : Cl&"1 — Bcher and ¢, : C" — BCTR.
3.2. Imperfect period rings.

3.2.1. Imperfect period rings of type A, B, C. First, recall that there are period rings A C A and Ax C AK,
which are both p-adically complete and satisfy
A/(p)=E,  Ax/(p) = Ex = rk(Tx)).

Furthermore, A is stable under the Frobenius ¢ and Galg-action on A. We have (A)Hx = Ay, which
thus carries an action of I'x. We omit the construction here and refer the reader to [Col08, §6.1] for details,
noting only that for Ky = W(k)[%], Ak, coincides with the p-adic completion of W (k)[r][1] in A. Write
A}, C Ak, for the subring W (k)[n].

Construction 3.8 (|Col08, §6.2]). We construct a lift 7 € Ax of Tx € Ei as follows. First consider
the minimal polynomial Py € E+(,) [X] = k[7][X] of Tk over Ex; = rk (7). Choose a monic polynomial

Pg € AT, [X] of the same degree that reduces to Px modulo p. By Hensel’s Lemma, Py has a unique root
0

Ti in A lifting 7. Moreover, Ak is a free AKé—module with basis {1, 7x, ..., m5E" 1}.
We will need following equivalent description of A .
Proposition 3.9. A is the p-adic completion of O [rx ][ —|. That is, we have
Ag = {Zcm}( ci € OK() and ¢; — 0 p-adically as i — —oo} .
i€z
Proof. This follows from [Col08, Proposition 7.5]. O

Definition 3.10.
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(1) For each r > 0, define A" :== AN A", and AL =AkgnN A% where the intersection is taken inside A
and A K respectively.

(2) Define AT := lim A" and A}( =lim A%, where the transition maps are natural inclusions.

(3) The period rings B, Bg, B", B’,, Bf, and Bk are obtained from the corresponding period rings of
type A by inverting p.

(4) For each 0 < s < 7, define CI*"] (resp. CE;S(’T]) to be the completion of B" (resp. B ) with respect
to max{As, A} inside Cl#] (resp. Cl™).

(5) For each r > 0, define C” (resp. C’ ) to be the Fréchet completion of B” (resp. BY) inside Cr
(resp. C%.) with respect to the family of norms A, with s € (0, 7].

(6) Lastly, define CT and CJ;( to be the union C' := lim _ C" and C}( =lim _ Cl.

Remark 3.11.
(1) Since A k is the p-adic completion of KTK, we deduce that A is the p-adic completion of A}(.
(2) For each r > 0, the natural map C" — @0@ < Cl571 is an isomorphism. A similar isomorphism

holds for C% and C[I?r].
(3) Remark 3.4 continues to hold for imperfect period rings defined above. In particular, we have
Al = (AN)Px Bl = (BN)x and Cl. = (CT)#x.
Remark 3.12 (Topology). We endow A;} with the topology induced by the A.-norm and endow 11;( with
the inductive limit topology (i.e., the finest topology making :A}"( — ATK continuous for all r > 0). Inverting
p, we obtain natural topologies on ]§§< and EJ}( The ring (~3[I?T] is endowed with the topology induced by

max{A, \s}, which then induces a Fréchet topology on (Nj}( Finally, we equip (NEJ;{ with the inductive limit
topology (i.e., the LF topology). The topologies on the imperfect period rings are defined similarly.

Remark 3.13 (Frobenius structures). The Frobenius ¢ on Ag (resp. on A}() preserves Ak (resp. A}()
For 0 < s < r, we also have Frobenius maps

AR > AP, 0B = BYP, p:Cr = CYP, i Clrl o clypr
as well as Frobenius maps on BJ}( and C}(. We caution the reader that ¢ : A% — A;(/p is no longer bijective.

Remark 3.14 (I'k-actions). All period rings A}O A}O ]~3}(, ]~3J}(, (NE[I?T]7 6;(, CNJJ}(, as well as their imperfect
counterparts, are equipped with continuous actions of I, where ' is endowed with the profinite topology.
The I' g-actions commute with the Frobenius actions.

Notation 3.15. We let ¢t = log(1 + w). This is an element that lies in Ck but not in B}(.

Lemma 3.16. Let
B (QU(DEK/EKO))_l if E /E, is ramified,
K= {1 if Ex/Eg, is unramified
where DEK/EKO denotes the discriminant of Ex /E,. Then for each 0 < r < rx, we have 7 € A% and the
element u = [;—1;] is a unit in the ring of integers of A% (with respect to the norm A,). More precisely, if we

write u =7 o p"[u,] with u, € K, then ug = 1 and rv(u,) +n > 0 for all n > 1.
Proof. This is [Col08, Lemma 6.5(1)] and its proof in loc. cit. O

Construction 3.17. For later use, consider a section s: Ex — Ak of the mod p reduction map given by
s: ZaﬁiK — Z[ai}w}(.
i€Z i€L

Note that for every z € Ak, we can construct a sequence xg,x1,... € Agx by setting xo = = and z,11 =
%(xn — 5(Zy)), where T,, € Ex denotes the mod p reduction of z,,. Then we have z =" p™ - s(T,,).

Lemma 3.18. If y € Ex and 0 < r < rg (cf. Lemma 3.16), then s(y) € Al and v,(s(y)) = v(y).
Proof. This is [Col08, Lemma 7.2]. O
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Remark 3.19. In particular, for 0 <r < rg, we have v,(7x) = v(Tk) = ;%7 - i which is independent of
p_ . _r

r,and A\, () = p " VFK) = pT T ek,

3.2.2. Eaplicit (geometric) descriptions. We have the following explicit description of A'.
Proposition 3.20. If 0 < r < rg, there is an isomorphism

{Z T

€L

c; € OK(,J’

v(c; 1 ~

(z)_~_7p -—>—|—ooasi—>—oo}—>A}}

p—1 ex

sending f + f(mx).® Moreover, the isomorphism preserves the valuations on both sides, where on the left

hand side the valuation is inf;cyz {@ + p%l . é} , while on the right hand side the valuation is v,.

Proof. This is [CC98, Proposition I1.2.1] (also see [Ber02, Proposition 1.4] and [Col08, Proposition 7.5(i)|).
O

Remark 3.21. As an immediate corollary, for each 0 < s < r, the valuation infiez{”(?) + 55 i} on the
left hand side agrees with the valuation vs on the right hand side.

Remark 3.22. For later use, it is helpful to rewrite the isomorphism in Proposition 3.20 as

{Z ;T

iE€L

¢; € Oy, |ci-ai—>0asi—>—oo} = A,

where a = pip%l'i. Then the isomorphism preserves the norms on both sides, where the norm on the left
hand side is sup;cy {|ci| - @"} and the one on the right hand side is A,.

Remark 3.23. Another immediate consequence is that, for 0 < r < rg, the isomorphism in Proposition
3.20 induces an isomorphism

/() = A J(p) = Ak /(p) = ki (k) = Ex

In particular, Ak is the p-adic completion of A% for any r € (0,rx). This gives another way to recover A
as the p-adic completion of A}( (also see Remark 3.11).

Next, we turn to explicit descriptions of C and C[I‘z’r}. It is convenient to introduce the following notation

for functions on annuli.

Notation 3.24. Let L be a complete non-archimedean field equipped with norm |-|. We use Dy, to denote the
rigid analytic closed unit disk over L. For an interval I C R+, we denote by Ay (I) the rigid analytic annulus
over L centered at 0 with radius |T'| € I. In particular, for o, 8 € p® N R+ with o < 3, Ar(a,3) (resp.
Apla, B]) is the open (resp. closed) annulus o < |T'| < 8 (resp. a < |T| < 8). We write I',(I) = O(AL(]))
for the ring of analytic functions on Ay (I).Sometimes we emphasize that the coordinate for the annulus in
consideration is T by writing Ay (I;T) and I';(I;T) instead of Ay (I) and 'z ().

Proposition 3.25. For 0 < s < r sufficiently close to 0, the isomorphism in Proposition 3.20 induces an
identification

{Z ;T

€7

23 ~ S,T
¢ € K, v(ci)—FL 2 oo as i — too, forall t € [s,r]} —>C[K’]

p—1 ex
sending f — f(7k), where the left hand side can be re-written as

{Z T

€L

i

¢ € K, |ci\-p_1’%1'@1t< — 0 asi— +oo, forall t € [s,r]}.

In other words, we can identify C[I?T] with the ring of analytic functions on the closed annulus I'g; ([e, B; i)

where a = p_%'i,ﬂ = p_f’%'i. Taking limit as s — 0%, we obtain an identification

gy ([, 1);m) = Clg

8The valuation is normalized so that v(p) = 1
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for r sufficiently small; namely, C’% can be identified as the ring of functions on an half-open annulus with
open outer boundary at radius 1 and closed inner boundary with radius a = p_%‘i. Consequently, taking
a colimit as r — 0T, the ring CJ}( can be identified with the classical Robba ring with coefficients in K.

Proof. Both statements follow from Proposition 3.20 by [Col08, Proposition 7.5 & 7.6] and their proofs. O

Remark 3.26. Let a = piﬁ'i,ﬂ = piﬁ'i be as above. For any ¢ € [s,r], the norm \; on C[I‘?T]
coincides with the p-Gauss norm on 'y, ([, B]; 7k ) for p = p_%'i under the isomorphism in Proposi-
tion 3.25.

3.3. (¢,'k)-modules and p-adic differential equations. We now recall the theory of (p, 'k )-modules
associated with p-adic Galois representations of Galg, together with Berger’s construction of the p-adic
differential equations associated with de Rham representations (cf. [Ber02]).

3.3.1. From p-adic Galois representations to (¢, k)-modules.

Definition 3.27.
(1) A (o,Tg)-module’ over ATK is a finite free A}(—module M equipped with a Frobenius semilinear
action ¢ that induces an isomorphism
p@id: M@y Al = M,

together with a continuous semilinear T'j-action that commutes with ¢. The notions of (p,T'k)-
modules over BJ}( and CJ}( are defined in the same way.

(2) A (p,T'k)-module M over either BE( or C} is called étale if there exists a (¢, 'k )-module My over
A}( such that M is the base change of My as a (¢, 'k )-module.

Remark 3.28. Giving a (¢,I'x)-module M over AE( is equivalent to giving a compatible family of finite
free Af-modules M" (for all sufficiently small r > 0), each of which is equipped with a continuous semilinear
I'k-action together with an isomorphism ¢: M" ®ar . ATK/p — M" ®ar, A;{/p commuting with the I'x-
actions, where the second tensor is along the natural inclusion A% C A}/p . Here, compatibility means that,
for 0 < r < ¢/, the A-module M" (together with the ¢- and I kx-structures) is the base change of M

along A% — A’ There are similar statements for (¢, I's)-modules over B and Cf..

Let Repg, (Galg) (reps. Repy, (Galk)) denote the category of continuous Galg-representations over finite
dimensional Q,-vector spaces (resp. finite free Z,-modules). Such objects are often referred to as p-adic
Galois representations.

Definition 3.29.
(1) For every V € Repy (Galk), consider the A x-module DR(V) = (V®z, A) < and the A}(—module
Di;;t’T(V) = (V ®z, AT)HK, both equipped with natural - and T'k-actions.
2) For every V € Repg_ (Galg), consider the Bl.-module DI, (V) = (V&g Bf 7% and the Ct-module
Qp K K Qp K

DjigK(V) = D}{(V) ®pi, C}{, both equipped with natural - and I'k-actions.

Theorem 3.30. The functors Di};t and Di;(lt’Jr induce equivalences of categories
Repy (Galg) == {(¢,Tk)-modules over Ag}

= {(p,Tk)-modules over A}(},
while the functors D}{ and Djig.) x nduce equivalences of categories
Repg (Galk) = {étale (,T'x)-modules over Bl }
= {étale (¢,T'k)-modules over C}(}

Proof. See [KL15, Theorem 9.5.4 & 9.5.6]. O

9Note that our notion of (p, 'k )-modules over A}{ is referred to as étale (¢, T k)-modules in [CCI8|.
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Remark 3.31. Let V' € Repg, (Galx) and let V° be any Galk-stable Zy-lattice inside V. If M denotes
either the étale (p, 'k )-module D}((V) or Dzi&K(V), then we can take My (as in Definition 3.27(2)) to be
D}?t’T(VO).

Remark 3.32. There are also (¢, 'k )-module theories over perfect period rings. Indeed, by [KL15, Theo-
rem 9.5.4 & 9.5.6], there are equivalences of categories

Repy (Galg) = {(¢,T'x)-modules over Al

BN {(<p, 'k )-modules over AK}
and
Repg, (Galx) — {étale (¢, T k)-modules over ﬁ}(}

— {étale (¢, 'k )-modules over (~3TK}

For V' € Repy (Galk) or Repg (Galk), let Dint(V), ﬁi[?t’T(V), lN)}((V), lN)jigJ{(V) denote the associated

,i)-modules over A, Al Bl., Cl, respectively. In particular, we have
(¢, De)-modul Ak, A, Bl Cl. ly. T 1 h
(1) for any V' € Repy (Galk), the (p,I'x)-module lN)iI?t’T(V) is the base change of Di;(lt’T(V) along
A}( — 11}(,
(2) for any V' € Repg, (Galk ), the étale (p, 'k )-module D}((V) (resp. DligK(V)) is the base change of
lN)ilgt’T(Vo) along 11}( — ]AE’;}( (resp. A}( — (NJ}() where V° is any Galg-stable Z,-lattice in V;
(3) D}((V) ~(resp. DIig,K(V)) is the base change of D}(V) (resp. DIig,K(V)) along B}( — BTK (resp.
Cl — CL).
We refer the reader to [CC98] and [KL15, Theorem 9.5.4 & 9.5.6] for more details.

3.3.2. Differential modules. Before proceeding further, we recall the notion of differential rings and differ-
ential modules. First, a differential ring is a commutative ring R equipped with a derivation d: R — R
(cf. [Ked22, §5]), that is, an additive map satisfying the Leibniz rule d(ab) = ad(b) + bd(a) for all a,b € R.
A differential module over a differential ring (R,d) is an R-module M equipped with a differential oper-
ator D: M — M compatible with d, that is, an additive map satisfying D(az) = aD(x) + d(a)z for all
a € R,x € M. When R is equipped with more than one differential operator d,...,d,,, we abuse the termi-
nology and say that (M, D1,...,D,,) is a differential module over (R,dy,...,dy) if (M, D;) is a differential
module over (R,d;) foralli=1,...,m.

We are primarily interested in the Robba ring C}( on which the action of the Lie algebra of I'x induces a
differential operator V defined by V = log(7)/log(x (7)) for any ~ sufficiently close to 1, where x: T'xx — Z
is the usual cyclotomic character. By [Ber02, Lemme 4.2], one has

d
(3.1) V=t-0=t -(1+m) —
dm
where t = log(l+7) and 9 = (1 + 7) - % is a well-defined differential operator on C];(. Then a differential
module (M, dps) over (C}(, 0) can be viewed as a connection

Vs M = M ®g; Qé;{

where Vi (z) = Op(2) - dlog(l+7) = 81%(::) -dr.10 A finite free differential module over (C}(7 0) is referred

to as a p-adic differential equation in [Ber02].

d
dm g

Remark 3.33. In practice, one may replace (C}(7 0) with the differential ring (C}(, ) without changing
the underlying theory of p-adic differential equations, as 0 = ug - ﬁ for some nonzero element uy € B}(
(hence, a unit in C}()

Definition 3.34. Let (M, 0as) be a finite free differential module over (C}(, 0). A Frobenius structure on
M is a p-semilinear map ¢: M — M such that

10Note that this is a connection extending dx = f‘_—”ﬁdw.
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(1) @ induces an isomorphism ¢* (M) = M, i.e., (M) generates M as a CTK—module;
(2) @ is compatible with the differential structures; namely, the diagram

Vm 1
M Mg QL
4{ pr(@dw

Vm

1
M — M ®C}( QC}(
commutes. Equivalently, @ satisfies dy; 0o ® = p® o Jy;.

3.3.3. p-adic differential equations attached to de Rham representations. Let DLg,K(V) be the étale (¢, 'k )-
module over C}( associated with some V' € Repg (Galgk). The action of the Lie algebra of I'c induces a

differential operator Vi = log(v)/log(x (7)) on Djig,K(V). To obtain a differential module over (C}(7 9), we

consider
1 1

oy = -Vvy

= —Vy.
t log(1 + ) v

In general, this operator does not preserve DL& x(V), as it might introduce poles at the vanishing locus
of t. The main technical result of [Ber02] states that, when V is de Rham, these poles can be removed
systematically to produce an actual p-adic differential equation over (Ck, 9).

Theorem 3.35 (Berger). Let V be a de Rham representation of Galg of dimension d with non-negative
Hodge-Tate weights."" Then there exists a unique free Cl-submodule Ngg (V) C DjigK(V) of rank d that is
stable under Oy . Moreover, Ngqgr (V) is stable under ¢ and Ik -actions,'* and, consequently, it is a finite free
differential module over (CJ}(, 0) with a Frobenius structure. Furthermore, the inclusion Nag (V') C D;rig’K(V)
induces an isomorphism after inverting t.

Proof. This is [Ber02, Théoréme 5.10]. O

3.4. p-adic differential equations via Beauville-Laszlo gluing. To prepare for later generalizations
to the relative setting, here we provide an interpretation of Berger’s Ngg (V') that works for all de Rham
representations V' of Galg. When V has non-negative Hodge—Tate weights, this construction coincides with
the one in [Ber02].

3.4.1. Beauville—Laszlo gluing. One key ingredient we need is Beauville-Laszlo gluing for finite projective
modules. This is well-known to experts, but we briefly recall the notion below for completeness.

Definition 3.36. A Beauville-Laszlo datum is a triple (A, Ay, 21\) where A is a commutative ring, f € A is
a non-zero-divisor, Ay := A[1/f], and A = Jim A/ fA.

-~

Proposition 3.37 (Beauville-Laszlo gluing [BL95]). Let (A, Af, A) be a Beauville-Laszlo datum, and let
1
f

Then the functor that sends a finite projective A-module M to the triple (M ®4 Ay, M @4 g, o), where 1y
is the canonical identification, induces an equivalence of categories between the category of finite projective
A-modules and the category of triples (M7, Ma, 1) where

A = A2 = A®4 Ay

e M is a finite projective Ay-module;
e M5 is a finite projective A-module of the same rank;
e 1 is an isomorphism M; ®4, Ay = My ® 7 Ay of Ay-modules.
We will refer to such a triple as a Beauwville-Laszlo triple (over a fixed Beauville-Laszlo datum).
Hpor general de Rham representations, one can first twist the representations by powers of cyclotomic character to make

the Hodge—Tate weights non-negative.
I2Note that, as a (¢, Tk )-module, Ngg (V) is not necessarily étale.
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3.4.2. Construction of Nqr (V). Let Rep&i{(GalK) denote the full subcategory of de Rham representations
in Repg, (Galk).

Construction 3.38. Let V € Rep&lj(GalK) be a de Rham representation and let M = Djig (V) be the
associated étale (¢, Ik )-module over C}(. Then MT corresponds to a compatible family of finite projective

modules M7 over C[Is('ﬂ equipped with compatible Frobenius isomorphisms
(3.2) Y= ¢[s,r]: Mlsr] ®C[{Z’T],w Ci/p’ v/l _~y ppls/pir/pl

for all r sufficiently small and all 0 < s < r. We will modify each M along the “t = 0 locus” to obtain
another compatible system of finite projective modules N[*"] which glue to a (¢,T'k)-module NT over CJ}(.
(When [s,7] N p% = 0, we simply put NI*71 = M7] as ¢ is invertible on C[I‘?T} .) Let us split the construction
into several steps.

Step 1. We first consider the situation where # ([s,r] ﬂpZ) = 1, say p~™ € [s,r]. Recall the injective

map ¢, : Clrl — B, from Remark 3.7. It follows from [Ber02, Lemme 5.11] that, when r is sufficiently
small, the image of C% under ¢, lies in K,[t]. The resulting map ¢,,: C% < K, [t] has dense image with

respect to the t-adic topology. By continuity, this map extends to iy, : C[I?r] — K,[t], again with dense
image. Consequently, the triple (C[I?T], C[I?r][l /t], K, [t]) is a Beauville-Laszlo datum (cf. Definition 3.36).
We shall consider the finite projective C[IS(’T] [1/t]-module M*71[1/t] and the finite projective K, [t]-module
Dar (V)®x K, [t], and then glue them into a finite projective C[I?T}—module N7 via Beauville-Laszlo gluing.

Step 2. By Fontaine’s construction of Dgis(V'), there is an equality Dar(V) ®x Ko((t) = Dait(V) as
K ((t))-subspaces of Dar (V) ®x Bar. By [Ber02, Proposition 5.7 & Corollaire 5.8], we have an isomorphism
M @ o, Koo((t) == Dait(V)

for r sufficiently small. Putting these together, we obtain a I'x-equivariant isomorphism
(3.3) tn: M @, Koo((t) = Dar(V) @k Kuo((1).
By construction, these isomorphisms fit into the following commutative diagram as n varies

M @, Koo((t) —"— Dan(V) ®x Koo(()

(3.4) w[s,r]@)idl

)
MUEPTIPLQ iosp v Koo((t) = Dar(V) @k Kool(t)

K sbn+1

where the vertical arrow on the left is induced by the Frobenius map ![*") from (3.2).
We will need to prove the following proposition. For the setup, consider the composition (which we
continue to denote by ¢, by a slight abuse of notation)

b MLy pplor] @i, Kool(t) = Dar(V) @k Koo((t)
where the second map is the isomorphism (3.3).

Proposition 3.39. There exists a sufficiently large integer ny such that, whenever [s,7] N p” = {p~"} and
n > ng, we have

L (M) € Dar (V) @ Kn((2).

This assertion seems to be known to experts (for example, it is implicitly claimed before [Ber02, Propo-
sition 5.15]). Let us provide a proof for completeness. As preparation, we provide an estimation of the
T'-actions on the period rings. Let r, = p~™.

Lemma 3.40. There exists an integer ny > 0 such that for any n > ni, we have

A (V= D)(@) <p~ % - A (2)

[TH ;Tn]

for all x € C}/ and v € I'g,,.
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Proof. Tt suffices to make the inequality hold for x = 7%} with m € Z. When m > 0, we have (cf. [Ber02,

Lemme 4.1])
o) - Tt = (7(:;)1) . (@?)+...H)

and
-1
— _ _ TK 7T}?
o e e (7 1) (),
R ATy
Notice that the A, -norms of the last term in both equations are less than or equal to 1. Hence, it remains
to show that, for n sufficiently large (in particular, r,, < rx), we have

Ar,, (7(7”() - 1) <p 5 and A, (”K - 1) <p
TK V(7k)

for all v € I'k,,. This is equivalent to showing that

_p+1 _p¥l_ 1 1

A, (V(mg) —7TR) <p~ 7 A, (Tg)=p 7 G-oenTTER

forall vy € I',,.
We first compute A, (y(m) — 7). Since v € I'k,, we have x(y) € 1 + p"Z, where x is the cyclotomic
character. Write x(y) =1+ p" - u for some u € Z,,. Then we have

y(ﬂ)_ﬂ:(lﬂ)xm_1_7r:(1+77)-((1+W)P”u_1).

Hence,
Ar, (M (L4 m)" = 1)) = M (L +m)" = 1).

Ar, (V(T) = 7) < Ar, ((1 + )P — 1)

Since % € Zyp[r], we have A1 (1 +m)* —1) < Ay(m) = p~7°T where the last equality follows from the

computation in [Col08, Lemme 6.2].

Now we compute A\, (v(nx) — k) for vy € Tk, . If ex = 1, then mx = 7 and the above computation (for
n > 2) already proves the lemma. For the rest of the proof, we assume ey > 1. Recall from Construction 3.8
the polynomial Px € A+6[X | = W(s)[x][X] such that Px(mx) = 0. Let P} be the polynomial obtained
from applying 7 to the coefficients of Px. Then P). — Px = (y(n) — 7) - R for some R € AT, [X]. In
particular, ’

Ar, (Pg = P)(v(7k))) < Ar, (v(7) = 7).
On the other hand, using P} (y(7k)) = 0, we have

A, (Pg = Pr)(v(7k))) = Ar, (P (V(7K))) = A, (Pr (7(7K)) — Pic (7))

Let
5. PrOR)) = Prc(me)
. Y(TK) — TK

which is a polynomial in mx and y(wg) with coefficients in A}(). According to the computation in the proof
of [Col08, Lemme 9.4, 3+ [P} (Tx)] ™! is a unit in the ring of integers in A;g (with respect to the norm A, ),
and we have | P (T )| = p~°% where § = V(0Ey /EK, ). Then

Ay (B7Y) <, ([P (mr)] ) =97 0.

Therefore,

P %K
A, (Y1) = 7)< Ay (V(TR) = 78) - B) = A (B7) < A (7(7) = ) - A, (B71) < pmn T
Hence, it suffices to require n sufficiently large such that p"~! > (p — 1)6x + 57 so that

SK p+1 1 1
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To prove Proposition 3.39, we may assume [s,7] = [rn,r,]. Recall that each Ml is equipped with a
differential operator
logy e
V= = —(logx(v)) -
log x(7v) (logx() ; k

for any ~y sufficiently close to 1, making it a differential module over (C[;;"’T"], V). Consider the formal sum

0 \m 00 Y m
(3.5) exp (log x(7) - Vv ) = Z (=1) <Z (lkw> _

m!
k=1

m=0
Lemma 3.41. There exists an integer ng > 0 such that for any n > ng and any v € I'k,, the formal sum
(3.5) converges'® as an operator on M[™"»] and we have v = exp (log x(7) - V) .

Proof. For the convergence condition and the identity in the statement of the lemma, it suffices to construct
a Banach norm p on MU=l that is equivalent to the finite-module norm over C[IT(’“T"], such that '*

_ptl

(3.6) p((y=1(z) <p™ 7 - p()
for all z € M 7) and v € T, (for all n > ny).
Let n; be as in Lemma 3.40 and consider M[™m1:m1] Pick a basis e1,...,eq of the finite free C[IT("“T”]—

module M{n1i-ml and equip MU"™17m1] with the corresponding finite-module norm p. By continuity, there

exists ng > my such that p((y —1)(z)) < p_% - p(z) for all x € MImamml and v € I'k,,- We claim that
this ng works. Indeed, let n > ng, and consider the I'-equivariant isomorphism

M[T"nl,'fnl] ® [ C[T’n,’l"n] ri./ M[Tnﬂ"n]

RS N
clr o K

given by the Frobenius structure. Notice that the map @™ "™ : C[I?”’T"l] — C[I?“T"] is isometric where the
[rn,Tn]

source and target are equipped with the A, -norm and the A, -norm, respectively. We equip the Cy -

module M=) with the finite module norm /' using the basis e; ® 1,...,eq ® 1. By construction, if we
identify Mrumml = Mmool @1 ¢ Mol then p/ extends the norm g on M7=l Tt remains to
show that

_p+1
W((y=D0(eef)<p » pe®f)
foralli=1,...,dand f € C[IT(”’T"]. Indeed, since

(v =D(ei @ f) = (v(ei) = ei) @(f) +ei @ (V(f) = ),

we have
Wy =1)(es © 1)) < max {/ ((v(ex) — e) @), W (e ® (W) = A} <p™ 7wl (e ® )
where the last inequality follows from (3.6) and Lemma 3.40. O
We now return to the proof of Proposition 3.39.
Proof of Proposition 3.39. Let ng be as in Lemma 3.41. As mentioned earlier, we may assume [s, r| = [ry, ry].

Since ¢, is I'g-equivariant, the differential Vi on M1 is compatible with the differential operator Vy

on Dyr(V) @k Koo((t) (where the latter is a differential module over (K (1)), t%) by (3.1)). In other words,
we have t,0Vy = Vyou,. Let z1,...,24 be a K-basis of Dgr(V). Let x € Mol be an arbitrary element
and write
d d
tn(z) = ZSL‘j ®cj = Z ij ® a; ;t'
j=1 j=14€Z

k m!

k m k™
13The convergence means both > e A=9)" and S0 = (2?’21 %) converge.
h

M1 fact, we only need pu((y — 1)(z)) < ¢ - pu(x) for some ¢ < p_ P—1.
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with ¢; € Koo((t)) and a;; € Koo. We compute ¢, (v - ) for an arbitrary v € I', (with n > ng). By
Lemma 3.41, this is

(Y- 2) = tn(exp(logx(7) - Vv)(z))

— (Z 1!(10gx(7))m(v‘/)m(x)>
m=0
= 3 Lo (3 Y o)
m=0 Jj=14i€Z

ai; Zw( (log x(7))" )¢

NM

'M& ?Mm.

<
I
—
.
m
N

a;j-x; @ x(7)'t
On the other hand, we have
d d .
Y- tn( ZZ (et = Y S aig) 2 @ x(0)'E
j=14i€Z j=14i€Z
This implies that v(a; ;) = a;,; for all v € Tk, and thus a; ; € K. O
Corollary 3.42. Let n > ng as in Proposition 3.39. Then there is a canonical I' x-equivariant isomorphism
1
tn s MET ] @ 1) Kn((t) 2 Dar(V) @5 K (1)
t' CxlEl
Proof. Indeed, t,, from the lemma above supplies a I'k-equivariant map
Ly o M1 Bt Kn((t) = Dar(V) @k Kn (1))
This map must be an isomorphism by (3.3) and faithfully flat descent along K, ((t)) = Koo ((t))- O
Step 3. Applying Beauville-Laszlo gluing (cf. Proposition 3.37) to the triple
(M8, Dan(V) @k Kalf], tn)

we obtain a finite projective C[I?T]—module N7l such that NI7[1/t] = MI*71[1/t]. Moreover, the I'g-
action on M/ [1/t] is compatible with the I'k-action on Dyr (V) @k K,[t], since the isomorphism ¢, is
I' x-equivariant. This in turn implies that N*" is equipped with a natural I x-action.

Step 4. Next, by gluing these finite projective modules N*"] for varying 0 < s < r such that #([s, r]Np%) =
1, we obtain finite projective I g-modules N1 over CE,S(’T] for arbitrary [s, ] with r sufficiently small. These

N’s form a compatible family for varying s, and thus produce a finite projective I' x-module N” over
C7; (resp. NT over C;()

Step 5. (Frobenius) We claim that N” (for r sufficiently small) and NT also possess natural Frobenius
structures. It suffices to construct a Frobenius structure on N” for r sufficiently small, which is equivalent
to giving a compatible family of isomorphisms

¢[s ). N[s ] ® (s T] C[S/Pv /p] o~ N[S/P r/p]

for all r sufficiently small and 0 < s < r. For this, it again suffices to produce a compatible family
of such isomorphisms in the case where ([s,r] ﬁpZ) = {p~™}. Recall from Step 3 that N7 is glued
from the Beauville-Laszlo triple (M"[1/¢], Dar(V) ®x K,[t], ts), while N/P7/Pl is glued from the
Beauville-Laszlo triple (M/77/P1[1/t], Dar(V) @k Kny1[t], tnt1) (note that [s/p, r/p]Np? = {p~ T}
By Proposition 3.37, to construct ¢[*7] it suffices to construct
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e an isomorphism
1

]

1 : 1
[srl1=7 . pglsr] [s/p,r/pl2) ~ [s/p,7/p]
0] [t]M ®C[;,T],¢CK [t} - M [

over C[]‘z/p’ T/p}[%],

e an isomorphism

(@™ (Dar(V) @k Kult]) @k, 1 Kns1[t] = Dar(V) @k Kny1lt]
over K, 1[t],

such that they agree over K, 1((t)) after taking base changes along 5,41 : C[Is(/p’ v/l [1/t] = K,1+1((t) and
the natural inclusion K, 1[t] < K,+1((t)), respectively (via the isomorphisms ¢,, and ¢,41 in (3.3)). Indeed,
we take the map ¢[*71[2] to be

1 1 1
[s,7]11 27 . asls,r] ‘ [s/p,r/pl12y _~ [s/p,r/pl[Z
P [t]M ®c&2,r]’¢CK [t] - M [t]

induced from (3.2) and take (¢[>"1)}* to be the identity map. It remains to show that these two maps agree
after taking base changes to K, 11((t)). Now, via the commutative diagram

cR —— Kalt]

I+ |

C[;/p, r/p) ntty K41 [[t]]a

the isomorphism [*1 from (3.2) induces an isomorphism

stn +1

o ~ o agls/pyr/plfL
<M[ ) ][E] ®C[;,r] Kn((t))> K, (1) K,1(t) = MIs/P: /p][g] ®C§/p‘ /el Knt1((1)-

Unwinding definitions, this is precisely the base change of ¢!*] [%] along t,,41. The fact that this agrees with
(1)) = id on Dar(V) @k Kny1((t) follows from the commutativity of the diagram (3.4). This finishes
the construction of the Frobenius isomorphism ¢!*"1, and thus ¢" : N” ®cr, 0 CrK/p =5 N"/P as desired.
This in turn completes our construction of N” (resp. NT) as a (¢, 'x)-module over C% (resp. over C}()

Step 6. Finally, we verify that our construction agrees with the one of Berger.

Proposition 3.43. Suppose that V has non-negative Hodge Tate weights. Then the (¢, ' )-module NT
over C}( constructed above agrees with Berger’s Nggr (V') from [Ber02] (cf. Theorem 3.35).

Proof. We first claim that, when V has non-negative Hodge Tate weights, the (¢, 'k )-module NT is a sub-

module of MT. Indeed, when r is sufficiently small and [s,7] Np? = {p~™}, by the proof of [Ber02, Corollaire

5.7], we have an isomorphism M[*"] ®glar , Keolt] = D(J{if(V) where the latter contains Dar (V) ® x Koo[t]
K iln

by the assumption on Hodge-Tate weights; in particular, we have
Dar @k Koo[t] € M7 ®Qglsr , Keolt]-
K bln
Taking intersection with Dgr @ K, ((t) = M5! ®gtar , Kn((t) (cf. Corollary 3.42), we obtain
K iln
Dar ®k Kn[t] € M) Btz Knll]

It then follows from the construction (i.e., Beauville-Laszlo gluing) that N [s7] ¢ M7, Then the same
statement holds for general [s,r] (with r sufficiently small) by construction. This in turn implies that
N" C M" for each sufficiently small r and thus NT C MT as desired. Note that NT is a finite free module
over C}( of full rank (cf. [Ber02, Proposition 4.12 & Lemme 4.13]) and that N is stable under the differential
operator @ = t~! . V. Therefore, NT must coincide with Ngg (V) in [Ber02] by the uniqueness theorem in
[Ber02, Théoréme 5.10]. O
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To sum up, we obtain a functor
(3.7) Nyr : Rep%,lj(GalK) — {(¢,Tk)-modules over C}(},

sending V +— NT, which recovers Berger’s construction when V has non-negative Hodge Tate weights (jus-
tifying our slight abuse of notation here).

3.4.3. Compatibility under extension of base field. Let L/K be a finite extension. Then there are natural
(p,T'1)-equivariant injections C[I?r] — C[If’r] for r sufficiently small and 0 < s < r. This gives rise to a
natural (¢, 1 )-equivariant injection CTK — CTL.

Proposition 3.44. Let L/K be a finite extension, and let V' € Rep&l:(GalK). Then there is a natural
isomorphism

NdR(V) ®C}( CE l> NdR(V‘GalL)
of (p,T'r)-modules.

[s,r] [s,r]

Proof. Let us denote by NI[?’T] (resp. NE’T]) for the finite projective Cj’ *-module (resp. Cj ' '-module)

constructed from V' (resp. from V|ga1, ) in Step 3 of Construction 3.38. Similarly, we have M I[?T} and M I[Js’r].
It suffices to produce compatible isomorphisms

for 0 < s < r with r being sufficiently small, that are equivariant with respect to the Frobenius and I'f-
actions. By construction (i.e., Beauville-Laszlo gluing), it suffices to produce two isomorphisms after taking
base changes along C[LS’T] — C[LS’T][%] and ¢y, : C[LS’T] — L, [t], respectively, such that the two isomorphisms
agree over L, ((t)). Indeed, over C[E’T} [1], we have

1 1
t t

1

4 :

NE @gpen CE5] 2 MET @ O3] 2= ME 2] 2 NPT,

cler

~+

for r sufficiently small, where the second isomorphism follows from the fact that DL& 1 (V) is compatible
with extension of base field. Over L, [t], we have

(Dar,x (V) @k Kn[t]) @, Lalt] = Dar,z(V]cal,) @1 La[t]

by the base change property of Dgr functor. The claim that these two isomorphisms agree over L, ((t))
reduces to the claim that the isomorphism ¢,, in Corollary 3.42 is compatible with base field extension L/K,
which follows from the construction of the map ¢,. For completeness, let us supply the argument for this
compatibility. For this, we need to show that the following diagram commutes

M @i, Kallt) = Dan (V) ©xc Kn((0)

l |

ME™ ©gpn, Lnl(t) —* Dano(V) @1 La(1),

where we have used ¢,  and ¢, ; to denote the isomorphism in Corollary 3.42 respectively over K and
L. Pick a Galg-stable Z,-lattice V° C V and let D‘;(lt’T(V") be the associated (¢, Ik )-module over A}
as in Theorem 3.30. We may assume that » is sufficiently small so that DEH(VO) is the base change of

DRVT(Ve) = (Ve ®z, AT)HK along A% — Al_. In particular, we have

MI[?,T‘] _ Di;(lt’r(vo) ®A7K C[I?T‘]7

compatible with the Frobenius and I'g-structures. Now, the map ¢,, is induced from the composition ¢tgop™",

where (¢ is the map given by [Ber02, Proposition 2.11] (see [Ber02, §5.3]), thus it suffices to observe the
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commutativity of the diagram

—-n

D" (Vo) —f— (Vo @y, APl 100y (V @, Bag) s

! | !

Dy (Volgal,) —— (V° g, A7) 20 (V @g, Bar)"*,

where the maps ¢ =" are induced from the isomorphism =" : A" =5 AP""_ This justifies the claim.
Finally, unwinding the construction of the (¢,I's)-structure on N I[?T} from Step 4 & 5 of Construction

3.38, we see that the base change isomorphism is indeed equivariant with respect to the - and I'p-actions.

This completes the proof. O

3.4.4. Interpretations in terms of B-pairs and the Fargues—Fontaine curve. For convenience of the reader,
we also recall an interpretation of Ngg (V) using the language of B-pairs introduced by Berger [Ber08].
The category of B-pairs (over K) consists of pairs (W, W;R) where W, is a finite free B.-module with a
continuous Galg-action and W;R is a BjR—lattice in W, ®g, Bqr stable under Galg (cf. [Ber08, §2]). By
[Ber08, Théoréme 2.2.7], there is an equivalence of categories

(3.8) {(¢, Tk )-modules over CJ}(} — {B-pairs over K }.

For V € Repg, (Galk), the associated étale (¢, I'x)-module DLgVK(V) over CE{ corresponds to the B-pair
(V ®q, Be,V ®q, Blz) under the equivalence (3.8) (cf. [Ber08, §2.2]). Let us further assume that V is
de Rham and let (Dgr(V),Fil®*Dgr(V)) be the corresponding filtered K-vector space. Then there is an
isomorphism
(V ®g, Be,V &g, Blg) & (Dar(V) @k Be,Fil’(Dar (V) @k Bar))

of B-pairs over K. Now, after changing the BJ-lattice, we may consider another B-pair (Dgr(V) ®x
B., Dar(V) ®k BJy). Then this new B-pair corresponds to the (not necessarily étale) (p,I'x)-module
Ngr(V) under the equivalence (3.8).

Remark 3.45. The category of B-pairs over K, and thus that of (¢, Ik )-modules over C];{, is also equivalent
to the category of Galg-equivariant vector bundles over the Fargues—Fontaine curve Xpp ¢, over Cg (cf.
[KL15, Theorem 9.5.8]). From this perspective, Djig)K(V) corresponds to a vector bundle &y over Xpr ¢,
and Nggr (V') corresponds to the modification of £y at co € App ¢, using the lattice Dar (V) @k BIR.

Remark 3.46. In §10, we shall construct a relative version of Berger’s Ngg functor. In the relative setting,
however, the methods of B-pairs and Fargues—Fontaine curves are not helpful.

In fact, by [KL15, Theorem 9.3.12], there is an equivalence of categories between the category of relative
B-pairs (or a suitable category of vector bundles on the relative Fargues—Fontaine curve) and the category of
(¢, I')-modules over perfect relative period rings. However, we lack general descent results for (¢, I')-modules
from perfect relative period rings to imperfect ones; descent is known only for the étale objects (see Corol-
lary 7.20). For this reason, we cannot construct the relative Ngg functor from relative B-pairs nor from the
relative Fargues—Fontaine curve.

3.4.5. Construction of ﬁdR(V). For any de Rham representation V', we have constructed a (p, 'k )-module
Nar (V) over the imperfect period ring C}( by modifying Djig(V) along the “t = 0 locus”. We have seen
that Ngr (V') naturally carries the structure of a differential module. Let us point out that there is also a
theory of “modified (¢, Ik )-modules” over the perfect period ring ék

Construction 3.47. This time, we consider the Beauville-Laszlo datum

~ls,r ~ls,r 1
(€7, C) B

when # ([s,r] N p%) = 1, where BQ‘R)K = (BIz)Hx. For V € Rep&I:(GalK), consider the associated étale

(¢, Tk )-module Mt = ﬁjig,K(V) (cf. Remark 3.32), which corresponds to a compatible system of finite

]

projective modules M5 over (NJ[;;T . Then, by Beauville-Laszlo gluing, the finite projective (Nj[f?r] [%]—module

Mls) [1] and the finite projective B(TR’K—module Dar(V) @k B(J{RK glue to a finite projective é[l“z’r]—module
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Nlsl, By a similar argument as in Construction 3.38, these Nlso] glue to a (¢, 'k )-module NT (resp. NT)
over C%; (resp. C;() This yields a functor

NdR Rep (GalK — { ¢, ' )-modules over C}(}

sending V — NT. By construction, it is straightforward to verify that Ngg (V) = NdR(V)@)C}( (NETK as (p,'k)-

modules. Consequently, Ngg (V') is the unique descent of ﬁdR(V) along C;{ — (N}J}(, via the equivalence of
categories between (¢, 'k )-modules over C} and those over C}( (cf. [KL15, Theorem 9.5.8]).

4. PERFECT RELATIVE PERIOD RINGS

In this section and the next, we introduce the “relative period rings” (perfect and imperfect ones) arising
from toric towers. These period rings are the main objects of study in this article, over which we shall
systematically develop the theories of relative (¢, I')-modules and p-adic differential equations. Our treatment
is inspired by [KL19], but differs from loc. cit. in a fundamental way, especially in how we treat imperfect
period rings. We shall discuss the main differences in more detail at the beginning of §5.

The goals of this section can be summarized as follows.

e Introduce the notion of toric charts and toric towers.

e Introduce perfect relative period rings arising from toric towers.

e Recall the construction of (overconvergent) relative (o, I')-modules over these perfect period rings
attached to p-adic local systems.

We shall mainly follow [KL15] for the notion of perfect relative period rings and (p,T")-modules over them.
The treatment here parallels our treatment in the classical case (cf. §3.1, §3.2, and §3.3). We retain the
notation from §1.6.

4.1. Toric charts and toric towers. For any integer d > 1, let D% := Spa(K(T1,...,Ta), O (T1,. .., Ta))
denote the d-dimensional closed unit polydisk over K, equipped with the log structure associated with the
normal crossing divisor {T} - -- Ty = 0}. For each n > O, let

1

L L L
T T

DY ,, = Spa (Kn<Tf’ > O, Ty ..., T} >>.
1
This is the d-dimensional closed unit polydisk over K,,, with Coordlnates T 7 ..., ; we equip it with
the log structure associated with the normal crossing divisor {T” po = 0}. When the base field K
and dimension d are understood, we often write D,, = ]D) %.n to simplify the notation. The natural maps
¥y Dy, — D% (induced by the natural inclusion of rings) form a tower of Kummer étale maps

Y: = Dy =Dy = - = Dy — DL

Let Do = @ >0 D,,, viewed as an element in the pro-Kummer étale site (ID)?()

The tower is log perfectoid with associated perfectoid space

studied in [DLLZ23a).

prokét

~ ~ _1_ _1_ _1_ _1_
Doo = Spa(Koe (T ..., T7 ), O _(T7 o T

Moreover, the tower is Galois in the sense of [DLLZ23a, Definition 6.1.2], with Galois group I' = I'geom % T'k
where I'geom is the Galois group of

]D)oo — @D?{ ><Spa(K,(DK) Spa(KnvoKn)-
n>=0
In particular, I'geom acts on K, trivially and permutes the p-power roots of T;’s. On the other hand,
Ik = Gal(K/K) acts on the p-power roots of unity via the usual cyclotomic character x and acts trivially
on the prescribed p-power roots Til/p ’s of T;.'® Note that Fgeom = Z;Pd and I'x C Z, is an open subgroup,

and for any 0 € I', T € I'geom, We have oro~ !t = 7X(9)_ Finally, for any integer n > 0, the Galois group of
Do — Dy, is an open subgroup I', CT'. Then I'y, = T'geom,n X 'k, Where I'geom,n = P"I'geom C I'geom-

151 fact, such a choice of compatible system of p-power roots of T;’s determines a splitting I' 2 I'geom * 'k .
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We now specify the setting of interest. Throughout the remainder of §4, let Ax be a reduced affinoid
K-algebra (in the sense of Tate’s rigid analytic geometry) and write X = Spa(Ax, A¥) for the associated
adic space over Spa(K,O). In particular, A% = A%.

Definition 4.1. A toric chart of X is an étale morphism h: X — D% of adic spaces (for some d > 1) that is
a composition of rational localizations and finite étale maps such that h is away from the locus 771 --- Ty = 0.
Definition 4.2. Let h: X — ID)?( be a toric chart. For each n > 0, let X,, = X Xpd. D,,. The tower
¥ = {t,: D,, — D%} then pulls back to a tower 1) = {1,,: X,, — X} over X, which we refer to as the toric
tower over X relative to the toric chart h.

Since the image of h does not intersect with the locus {7} ---T; = 0}, each v, is finite étale, and the
tower 1: X = yLan — X is an affinoid perfectoid object in the pro-étale site Xpposc of X. Write

Xoo =X Xpd. H/]\)OO for the associated perfectoid space. Note that v is Galois with the same Galois group
I' 2 I'yeom % I'k. Furthermore, each connected component of 1: Xo, — X is Galois with Galois group
isomorphic to a finite index open subgroup of I' = I'geom % I'k.

Definition 4.3.
(1) For every n > 0, write X,, = Spa(Ax n, A};n). In particular, we have Ay g = Ax and A},o = AL,
Each Ax , is equipped with the spectral norm |-|, which extends to anorm |-| on Ax o = Un>0 Ax p.

(2) Let /Txpo denote the completion of Ax o, with respect to |- |, and define
/T;r(’oo = {x € A\X,oo | ] < 1}.

Then Exm is a perfectoid affinoid Q,-Banach algebra, (/Alxyoo, ﬁj}oo) is a perfectoid Huber pair,
and we have )?oo = Spa(A\XW, g}w)

(3) Denote the tilt of (A\X,ooa A\}oo) by (Rx, ﬁ;) = (@X,w,ﬁp}’(‘,‘;@). We write | - | also for the norm on
fix induced from the norm | - | on A\X,oo.

(4) Define a valuation v: Rx — R U {400} by v(y) == —log,|y|, which extends the valuation v on
[A(go C Ry defined in §1.6. R N

(5) Note that w is a pseudouniformizer in A},OO. We fix a tilt @° € RY; of w.

4.2. Perfect period rings. We recall the constructions of perfect period rings in the relative setting fol-
lowing [KL15]|. These are natural extensions of the classical perfect period rings reviewed in §3.1.

Definition 4.4. Let h: X — D% be a toric chart.
(1) Define Ax := W(Rx) and 11} = W(E})
(2) For each r > 0, we define a valuation v,: A% — R U {400} by

Uy (ipn[x"]> = égfo {v(azn) + ;}7

which extends the valuation v, on 11; C 11} This corresponds to the norm A, given by
o0
Ar ( Z pn[xn]) = sup{p™"|zn|"}.
n=0 n

Note that \,.(z) = p~ (@),
(3) For each r > 0, write A% for the completion of A} [[=”]~!] under the norm \,.. Equivalently,

A’y = Zp"[xn] €EAx |p "an|" > 0asn — o0
n>=0
(4) Let AE( be the union %}( = h%mZ?O A%
(5) The period rings Bx, B, and BE( are obtained from the corresponding period rings of type A by
inverting p.
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(6) For each 0 < s < r, define 6[;{’7’] to be the completion of the period ring ]§7"X with respect to the
norm max{As, A.} (equivalently, completion with respect to the family of norms {A;}+e(s.r))-

7) For each » > 0, let C% be the Fréchet completion of B%, with respect to the family of norms
X X
{)\S}SG(O,T‘]' _ _ _
(8) Finally, define Cl to be the union Cl :=lim _ C.

Remark 4.5. Strictly speaking, the perfect period rings AX, A’)}, etc. depend on the choice of the toric
chart h: X — D%. In most cases, the relevant toric chart will be evident from the context. For situations
where this choice requires emphasis, we adopt the notations A x p, Ay, ete.

Remark 4.6 (Topology). We endow A with the topology induced by the A\,.-norm, and endow A with
the inductive limit topology (i.e. the finest topology making A — AE( continuous for all » > 0). Inverting
p, we obtain induced topologies on :ES( and ﬁ} The ring é[x s equipped with the topology given by

max{A, \s}, which then induces a Fréchet topology on 6}( Finally, we equip 6& with the inductive limit
topology (i.e. the LF topology).

Remark 4.7.

(1) For more general adic spaces over K, the perfect period rlngs above globalize to period sheaves on
Xprost, which are denoted by AX, AX, AX, BX7B§(7B}, C%, C}, etc. For more details, we refer the
reader to [KL15, §9.3]. We will not make essential use of the sheaf version of these period rings in
this article. B R _ N

(2) Just as in the classical setting, there are natural surjective maps : A} — A;OO and 0: A% i Ax oo

(3) Remark 3.6 also applies to the relative setting. In other words, the Frobenius maps on A} and
A x extend to Frobenius structures on Ay, Ak, Bx, By, B&, C[)‘Z’T], C, and C;, which we also
denote by . B _

(4) The natural I'-action on Ry induces an action on Ax. Note that the A.-norm is preserved under
the I'-action. So for each r > 0, the subspace A’y C Ax is stable under the I'-action, and the action
is isometric with respect to A,. This in turn induces a continuous I'-action on A;. Similarly, there

are natural isometric (resp. continuous) I'-actions on ]AE;‘S( and (NJ[)?T] (resp. on ﬁ;, 6&-, and (NZ;()
The following definition will be used later.

Definition 4.8. For each k € Z>(, we define a map wy,: Ax — RU{+00} as follows. For z = Yoo P ) €
Ax with z,, € Rx, set wg(z) == inf,,<x{v(z,)}. In particular, if z € Ay, we have v, (z) = infk>0{wk(x)—|—§}.
4.3. Perfect period rings under finite étale extensions. We now recall how the perfect period rings

in §4.2 behave under finite étale extensions of X. The following results are either explicitly stated in [KL15,
Propositions 5.5.3 and 5.5.4] or follow implicitly from the proofs therein.

Proposition 4.9. Let (x)¢s denote the category of finite étale x-algebras.
(1) There are equivalences of categories

(AE()fét = (AX)fét = (Ex)fét = (A\X’Oo)fét

where the first two equivalences are induced from the natural inclusion A} < A x and the modulo
p map Ax — Ry, while the last equivalence is the tilting equivalence.
(2) Let f: X’ — X be a finite étale morphism, equipped with the toric chart h’ = ho f: X' — Dg.
Then f induces finite étale morphisms
AE{ — A},, Ax — :KX/, EX — Exu JZX,OO — A\X’,oo
which correspond to each other through the equivalences in part (1).
(3) The map f in part (2) induces a compatible system of finite étale morphism A’ — A’y for all 7 > 0
sufficiently small; namely, B B
(i) The map AT — AE(, is the base change of A — A7, % along the inclusion A’y — A};
(i) for any 0 < s <7, A% — A%, is the base change of A% — A%, along A% < A%.
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In addition, for r sufficiently small and for any 0 < s < r, we have
B =B g, Ky O g g A

In particular, C ol ég?’,r] and (~37"X — (Nj’)}, are finite étale.

Proof. For the reader’s convenience, we either recall some of the arguments from [KL15, §5.5] or indicate
more precisely where the corresponding statements are proved in loc. cit. We remark that Theorem 2.10 is
used in loc. cit.; note that mg is a topologically nilpotent unit in Rx.

(1) Since A x is p-adically complete, (11 x, (p)) is henselian. So the mod p map induces an equivalence

()= (),

Since the p-adic completion of Al is Ay, it suffices to show that (A%, (p)) is henselian. For each
r > 0, consider the norm u, on ATX given by the maximum of A, and the p-adic norm (from that
on AX) Note that for each 0 < s < r, the map (ATX,MT) (AX,MS) is submetric. For x € A&,
let pu(z) = inf,=o{ ()} where the infimum runs over all sufficiently small 7 > 0 such that z € A%.
Then u(x) < 1 for any x € AX7 and p(z) < 1if and only if x € pA1L Thus, (A&, (p)) is henselian
by [KL15, Lemma 2.2.3(b)].

(2) The finite étale morphism f: X’ — X naturally induces a finite étale map ;1\X7OO — A\X/,OO. This
further induces the other finite étale morphisms in the statement via part (1).

(3) Let x1,...,x, be any choice of elements in K}, whose mod p reductions generate EX/ as an EX—
module. Then by [KL15, Lemma 5.5.2], x1, ..., x, generate A’)’(, as an :ATX—module for any sufficiently
small » > 0. Furthermore, it is shown in the proof of [KL15, Proposition 5.5.3] that the map
K& — ATX, is finite étale for each sufficiently small » > 0. This justifies (i) and (ii). Lastly, it is
shown in the proof of [KL15, Proposition 5.5.4] that for any sufficiently small r > 0, the map

&y 05, By — O
is an isometric isomorphism with respect to A,.. This implies the remaining statements.
|

Remark 4.10. We caution the reader that the perfectoid tower X, — X need not be connected; conse-
quently, the associated period rings may admit nontrivial idempotents. We demonstrate this phenomenon
with the following example. Assume that K contains (,n» for some n > 1 and let h: X — D% be a toric
chart. Consider the p"-th Kummer cover D,, — D%. Taking base change along h, we obtain a finite étale
map g: X’ — X. Consider X’ equipped with the toric chart h’: X’ — D% given by b’ = ho g. Note that

(Xoo = X' X pa Do =2 Xoo X (Z/p"Z)*
is isomorphic to p"™? copies of X,.. By Proposition 4. 9 the resultlng perfect perlod ring AXr (resp. AX,7
B_];(,, CE(,) is isomorphic to the direct product of p™¢ copies of Ay (resp. AX7 BE(, CE() Moreover,
I, = Gal(X,/X,) is an open normal subgroup of T of index p"¢. The I'-action on (X'), is given by the

I',-action on X, and the finite group I'/T,, = (Z/p"Z)¢ permutes the p"¢ copies of X,,. The I'-actions on
the period rings follow a similar pattern.

4.4. (¢,T')-modules over perfect period rings. Next, let us recall the notions of ¢-modules and (¢, T')-
modules over perfect period rings, following [KL15]. The notions of ¢-modules and (¢, I')-modules introduced
in §3.3 naturally extend to the setting of perfect relative period rings. A key difference in the relative setting
is that we must work with finite projective modules rather than merely finite free modules.

Definition 4.11. Let h: X — D}l{ be a toric chart as before.

(1) A p-module over 11} is a finite projective ATX—module M together with an isomorphism
. _ AT~
@M.M®A;7¢AX = M

of K}—modules. There are similar notions over the period rings A X, B X, ]~3§<, and 6}
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(2) Let D be one of the period rings considered above. A (¢, T')-module over D is a ¢p-module M over
D, equipped with a continuous semilinear action of I' that commutes with the ¢-action.

(3) A p-module (resp. (¢, T')-module) over BE( or C} is called étale if it comes from a ¢-module (resp
(¢, T)-module) over AE( via base change. There is a similar notion over By using the lattice A x.

It is worth pointing out that our ¢-modules over perfect period rings of type A are referred to as étale
p-modules in [CC98]. We have the following descent results of p-modules and (@, I')-modules.

Proposition 4.12 (Kedlaya—Liu).
(1) The map A} - A x induces an equivalence of categories of p-modules

® ~ ®
Mod/gg{ = MOd/gX

Consequently, the map ﬁ& —~B x induces an equivalence of categories of étale p-modules

Mod?t =5 Mod?<*
/Bx /Bx’

(2) The map ﬁ} — (NZE( induces an equivalence of categories of étale p-modules

©,6t ©,ét
Mod/BT - Mod/CT .

Proof. Part (1) is the equivalence between (d) and (e) in [KL15, Theorem 8.5.3]. Part (2) is the equivalence
between (e) and (f) in [KL15, Theorem 8.5.6]. O

Corollary 4.13. The map KT — Ay (resp. ﬁ;{ — ﬁx, ﬁ;{ — é&) induces an equivalence

r )6t ~ T),ét )6t ~ T),ét
Modi‘fq) = Mod( ) (resp. Mod%; =~ Mod(/%x) 7 Modi‘%}) ~ Mod%;) ).

Proof. This follows from applying Lemma 7.7 below to the equivalences in Proposition 4.12. ([l

Remark 4.14. By definition, the base change functors in Proposition 4.12 and Corollary 4.13 are compatible
with tensor structures.

Finally, we recall how to associate (¢,I')-modules to p-adic local systems. Let Locz (X) denote the
category of étale Z,-local systems on X, and write Locz, (X)q for its isogeny category.

Theorem 4.15 (Kedlaya-Liu). There is a natural equivalence of ®-categories
Hint . ~ (¢,T)
D™ : Locz, (X) — MOd/gx‘

Proof. This follows from the equivalence of (a) and (e) in [KL15, Theorem 8.5.5]. Let us note that this
equivalence reduces to the Riemann—Hilbert correspondence of Katz after reducing modulo p (cf. [Kat73,
Proposition 4.1.1], also see [BS23, Proposition 3.4]). By the construction, this equivalence is compatible with
tensor structures. O

Corollary 4.16. There is a natural equivalence of ®-categories

Dint.t . Locz, (X) = Modi‘fj).

Furthermore, this induces natural equivalences of ®-categories

D': Locz, (X)g == Mod(/“”f) o

and
Df,: Locz, (X)g = Mod (%,

r1
g’ X

Proof. This follows from Theorem 4.15, Proposition 4.12, and Corollary 4.13. ]
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5. WEAKLY DECOMPLETING DATA AND IMPERFECT PERIOD RINGS

In this section, we introduce and study the notion of weakly decompleting data. This is a central notion in
this article, designed to axiomatize the conditions needed for the construction and study of imperfect relative
period rings. Some of the axioms are borrowed from, or inspired by, the notion of weakly decompleting towers
introduced in [KL19, Definition 5.2.3]. As mentioned in the introduction, several key arguments in loc. cit.
appear to be incomplete, and we do not know how to fill the gaps in those arguments. Instead, we introduce
an g priori more restrictive notion and show that these conditions are indeed satisfied in some important
examples. We treat these examples in §11.

Remark 5.1. The term decompleting is coined to indicate that these conditions allow for decompletion (or
deperfection) of relative (p,')-modules. In particular, the axioms are designed to ensure that the resulting
imperfect period rings generalize those in the classical setting (cf. §3.2) and enjoy the desired properties
(one key property is that the “completed perfections” of these imperfect period rings should coincide with
the corresponding perfect period rings).

Remark 5.2. Later in this article, we refine the notion of weakly decompleting data by introducing the
notions of decompleting data and strongly decompleting data (cf. §6 and §8). These stronger conditions are
designed to yield better descent results and to provide a robust framework for the study of p-adic differential
equations over the associated imperfect period rings.

5.1. Weakly decompleting data and imperfect period rings. Let h: X — D% be a toric chart and
¥ = {tn: X, — X} be the corresponding toric tower, as in Definition 4.1. We begin with a pair A =
(Ra,Ap) where
e Ry C Ry is a s((Tk ))-subalgebra such that R is complete with respect to the norm | - | inherited
from Ry (cf. Definition 4.3(3));
e A) C Ax is a p-stable A -subalgebra which is complete with respect to the p-adic topology such
that the image of the composite Ax/p — Ax/p = Rx lies in Rj.
Definition 5.3 (Imperfect period rings). Given a pair A = (Rx, Aj) as above, we consider the following
rings.
(1) For any r > 0, let A} == Ap N A”X equipped with the A,.-norm inherited from A’)’( Write B, =
A,p~'] and BY = AL [p~ 1.
(2) Let A} be the union A} :=1lim _ A}, and B} == A} [p~"]. Tt follows that A} = Ay n AL
(3) For0 <s<r,let C[/f’r] be the completion of B with respect to the norm max{A,, A\;} (equivalently,
completion with respect to the family of norms {\;},c[s,,7). Let C} be the Fréchet completion of
A with respect to the family of norms {),},¢(o,, and denote CR = li_n>17n>0 Ci.

By definition, A} (resp. AR, B, BR, Ck’r], s CR) can naturally be identified as a subring of K’"X
(resp. A&, ETX, ﬁ}, (~3[§’T], (NJ’;(, 6}) We equip them with the corresponding subspace topologies. In light
of this, we introduce the following notation.

Definition 5.4.

(1) For each r > 0 and integer m > 0, write Ry () = ¢~ ™ (Ra) C Rx, and AL ) = cp*m(AX/pm) -
ATX, where ™ : AS( = 117X/p is the m-th power of the Frobenius map as in Remark 4.7(3). Let
A=, A} ) C A% and Al =], AL c Al

(2) Denote By (== A} ,,[p7!] C BY, B} i= Aj[p~!] C By, and Bl :=U,., B} c B.

(3) For each 0 < s < r and integer m > 0, let Ck(@n) = gp‘m(C[/f/pm’T/pm]) C é[)‘?r] and ék’r] =
Uz CY (b € CR7. Waite Cf () = lim,_ _ CRl = o=m(C/"") € Ck. Finally, let Cf =
Une—o Ch (m) € C and C} == U,.,C; € Ck.

m=0 >0

Remark 5.5 (Frobenius). The Frobenius map ¢: ;&S( = Arx/p induces a Frobenius map ¢: A}, — AZ/ P for
all r. Similarly, we have Frobenius maps ¢: B} — B:\/p, p: Cy — C:\/p, and : Ck’r] — Ck/p’ r/p], as well
as on their breve variants ER, C N ék’r]. Note that Bj\, CR, Aj\, ]v3j\, (VJIx are stable under the Frobenius.
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We now introduce the notion of weakly decompleting datum.

Definition 5.6 (Weakly decompleting datum). A pair A = (Rx, Aa) as above is called a weakly decompleting
datum for (X, h) if there exists r, > 0 such that the following conditions hold.

(1) The ring R, admits a finite p-basis, i.c., o !(Ry) (considered as a subring of Ry) is a finite free
Rx-module. N
The colimit perfection Rﬁerf = lim (Ry 2 Ry 5 - ) is dense in Rx.

For each r € (0,7, NQ, A} is complete with respect to the A,-norm.

)
) The subring A, C A x is stable under the I'-action, and coincides with the p-adic completion of AR.
)
) For each r € (0,7.] N Q, the composite

AR/p—} AA/p—> Rx

is an isomorphism (so A, /p — Ry is also an isomorphism).
(6) Foreachr € (0,7,]JNQ, the mod p reduction map Ay — R, is strict; namely, the quotient (semi)norm

on Ry induced from the A\.-norm on A} is equivalent to the norm |- |" on R, induced from Rx.
(7) The ring R, is an affinoid x((7k))-algebra (in the sense of Tate’s rigid analytic geometry).

(8) For each 0 < s < 7 < r, with s,7 € Q, the Banach K{-algebra Ck’ﬂ is a reduced affinoid Kj-algebra
(in the sense of Tate’s rigid analytic geometry).

Lemma 5.7. Let A = (Ra, Ap) be a weakly decompleting datum. For each r € (0,7, N Q, A;\ is dense in
A’ with respect to the A\,-norm.

Proof. Note that the mod p reduction map A} — R is surjective (see Definition 5.6(5)). Thus, the induced
map A} () = Rj () is surjective for each m > 0, and so does the map A} — Rierf. Since Rierf is dense

in Rx (Definition 5.6(2)), this implies the statement by the definition of 11’;( O

Notation 5.8. Throughout the article, all » and s in the superscripts of the period rings will be assumed
to be in Qsg.

Remark 5.9 (T-actions). The condition (3) above implies Ry C Ry is stable under the T-action since
Rp = A /p. Furthermore, by Remark 4.7(4), it also implies that all of the imperfect period rings

R7Aj\aBAa TA?BTA7CE\S)T]aCRaCTA
and their breve variants

ATA? A:/r\7 B7/;7 Ej\’ éE‘\S’T] ) érA? Cj\
are stable under the I'-actions.

Remark 5.10. Suppose A = (Rp, A,) is weakly decompleting.

(1) Since Ry is a subring of the perfectoid ring Ry, it is reduced. Note that | - | is a complete power-
multiplicative (7 ))-algebra norm on Ry. By [BGR84, §6.2.4, Theorem 1], the norm | - | coincides
with the spectral norm on Rj considered as a reduced affinoid algebra.

(2) Similarly, max{\,, As} is a complete power-multiplicative Kj-algebra norm on CE\S’T]. By the same
reason as in (1), max{\., \s;} agrees with the spectral norm on Ck’ﬂ viewed as a reduced affinoid
K{-algebra.

(3) We remind the reader that Ra, A%, and Ck""ﬂ are Banach rings, equipped with norms | - |, A,
and max{\,, As}, respectively. They contain topologically nilpotent elements T, 7k, and 7x
respectively, which play the role of z in Assumption 2.11.

Lemma 5.11. Suppose A = (Rj, A,) is weakly decompleting.
(1) For each r € (0,7, the map C} — @10@@ C[/f’r] is an isomorphism.

2) For each r € (0,r,] and s € (0,r], the subring Cl s dense inside C2™) with respect to the
A X
max{A;, As }-norm.

Proof.
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1) The map is injective by definition. For surjectivity, note that C’, has a dense image in cl for
A A
[s,7]

each 0 < s < r. Let z € 1'£10<ng C,". For each integer n > 1, we have z,, € C} such that
Ai(x — @) < = for all t € [Z,7]. The sequence {z,,}32, is Cauchy for each A, with ¢ € (0,7]. Thus,
its limit « lies in C}.

(2) It suffices to show that B is dense in (NJ[)‘?T} with respect to the max{As, A, }-norm. So it suffices to
show that BT, is dense in B with respect to max{\, A, }. Let 2 € B and take any 0 < ¢ < 1. We
claim that there exists 2/ € B’ with max{\,(z — 2'), \,(z — 2)} < e. By scaling, we may assume
x € :&fx Since A’ is dense in A& with respect to A, by Lemma 5.7, there exists ' € A’y with
A\(z — 2') < £5. This implies A\s(z — 2') < (A\.(z — 2'))* < € as claimed.

]

5.2. Norm compatible expansions and good lifts. In the remainder of §5, we study properties of weakly
decompleting data. Let A = (Rp, Ap) be a weakly decompleting datum for (X, h).

We will often need to express an element in A’y (resp. A’}) as a convergent sum of certain “nice elements”
in ;&TX“ (resp. AY°) for some ro > r. For this purpose, we introduce the notion of norm compatible expansions.

Definition 5.12 (Norm compatible expansions). Let 0 < r < rg and = € ]§§( A norm compatible expansion

of x relative to A'Q is a A,-convergent sum

oo
z= Y p'z,

n=no

for some ng € Z and x,, € Z&;g satisfying A\, (x,) = [Z,|™ for all n. Here, T,, € Rx denotes the reduction of
x, modulo p.

Remark 5.13. The condition A, (z,) = |Z,|™ in Definition 5.12 is equivalent to requiring A (z,) = [Z,|"
for all 0 < r' < ry. Indeed, for any y € A'?, we can uniquely write y = Y -~ p"[yn] with y, € Rx; in
particular, yo = 7. Suppose A, (y) = |[g|™. Then p~"|y,|™ < |g|™ for each n > 0. So for any 0 < 7’ < ro,

’
‘ T

we have p~" [y, < p” 70 |y < [gI”". This implies A+ (y) = sup, o {p"|yal"} = 5"

o

neng P"'[2n] With 2, € Ry is a norm compatible

Example 5.14. For any x € ]§§(, the Witt expansion z =

expansion of x relative to A;{B for any ro > r.
The following fact will be used later.

Lemma 5.15. Let w and w’ be two non-zero elements in ;&}’ such that A, (w) = [w|™, A\, (w') = |[w|™
and |w - w’| = [w| - |w’|. Then, for any 0 < r < rg, we have \.(w - w') = [w - w’|".

Proof. Write w = 0% p"wy] and w = Y200 p"[w),] with w,,w,, € Rx. In particular, wy = w and
wf = w’. By the computation in Remark 5.13, for any 0 < r < 79, we have p~"|w,|" < [w|" = \,(w) for all

n > 1. Similarly for w], and w’. Thus, in the expansion

w-w' = [wp - wj] + other terms,

the term A, ([wg - wj]) = |wo - wf|” = |w - w'|" = [w|" - |w'|" strictly dominates all the other terms, and so
Ar(w - w') = [w - w'|" as desired. O

We have the following nice property for norm compatible expansions.

Proposition 5.16. Let 0 <7 < rgand = € ]A?;S( Suppose x = fo’:no p"x, is a norm compatible expansion
of x relative to JSTXO Then

As(x) = max{p™™ - As(zn)}

n>=ngo

for each 0 < s < r.

To prove Proposition 5.16, we need the following fact (see Definition 4.8 for wy).
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Lemma 5.17. Let x € ;&X, and write T € EX for its reduction modulo p. Let rg > 0 and Te ;&gg be a lift
of 7 satisfying A\ () = |Z|™. Let k € Z>o. Then we have

W (x — E) > inf {wk+1(3f)aw0(9€) SRS } .

p To

Proof. This follows from a similar argument as in the proof of [Col08, Lemma 7.3]. We recall the proof for
the sake of completeness. We have

~

W, <x — E> = w1 (x —T) > inf {warl(x),wkH(E)} .

p

Since wo(z) = v(T), it remains to show wy1(T) = v(T) — ’%1 Indeed, we have v(T) = vy, (T) < wy11(T) +

k+1 0

ro °

Proof of Proposition 5.16. We follow a similar argument as in [Col08, §7]. By multiplying a p-power, we

may assume that z € 113( and ng = 0. Consider a sequence yo, y1, ... € A’y given by yo = = and
1
Yn+1 = W(ﬂﬁ—xo —p-x1—p°ag - =P an).
Then ypy1 = y";x" and 7,, = T,,. By Lemma 5.17, we have

. k41
W, (Ynt1) = inf {wkﬂ(yn), wo(Yn) — - } :

By induction on n, we deduce that
k+n—i
> inf n(x), inf i(T) ———— ¢ -
wily) 2 i {unn ) nt ) - S
In particular, we obtain by taking k& = 0 that

v(Fn) = wolyn) > inf {wi@:)—”"}.

oisn To

Now, we prove that A\s(z) = max,>o{p~ " As(x,)} for each 0 < s < r; or equivalently, vs(x) = min,>o{vs(P"xn)}.
On the one hand, since z = Y~ p"xy, we have vs(z) > min,>o{vs(p"z,)}. On the other hand, for each
n > 0, we have

n _ n _ n . n-—1
vs(p"xy) = " +v(T,) = 3 +0(y,) > S + oé?in {wz(a:) T }

7 1 1 7
= inf ; - —i)(=——)p > inf i - 2 vs(x).
ogilgn {wl(a:)—f—s—i—(n Z)(S 7“0)} ogz‘lgn {w (x)—i—s} vs(T)

O

Proposition 5.18 (cf. [KL19, Lemma 5.2.7, Corollary 5.2.8]). Let A = (Ra, A ) be a weakly decompleting
datum for (X, h).

(1) For a sufficiently small ro > 0, we have that every y € Ry lifts to some y € AP satisfying

~ ST
Ay =y <p72 -yl
for each 0 < r < 7. In particular, A\.(¥) = A\-([y]) = |y|” for each 0 < r < rg. We call such § a good

lift of y.
(2) Let 7o be as in part (1). Then for any 0 < r < g and = € A}, we have a norm compatible expansion
z =3 p"z, with z, € A}, such that z,, is a good lift of T,, for each n. In particular, we have

As(w) = 17111;())({])_")\3 (zn)}

foreach 0 < s < r.
(3) Let rg be as in part (1). Then for any 0 < s < r < ro, the ring Aj is the completion of A’ with
respect to As.
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Proof. Part (1) is essentially [KL19, Lemma 5.2.7] and we recall the proof below for completeness. Part (2)
is claimed in [KL19, Corollary 5.2.8], but the proof is omitted. We shall explain the proof below in more
detail.

(1) Choose any 0 < r; < 7.. By Definition 5.6(6), there exists a constant ¢ > 1 such that every
y € R lifts to some y € A}' with A, (¥) < c|y|/™. In particular, A\, (¥ — [y]) < cly|™. By writing
U — [y =202, p"[zn] with 2, € Rx, we observe that

pfn . ‘Zn|r < p—l-‘rﬁ . (pfn . |Zn|r1)ﬁ
for any 0 < r < r; and n > 1. Hence

~ 14 ~ o N o
A=) <p T A @[ <pT T eyl
Take any o € (0,71) such that (pc)% < p?, and the statement holds.
(2) We construct two sequences {z,}, {y,} in A inductively. Let yo = z and write 7, € Ry for its
reduction modulo p. Let zq € A be a good lift of 7, as in part (1). Suppose we already have
oy, Typ and Yo, ..., Ypn. Set yp41 = %(yn —x,) € Ap, and let 7, ; € Rp be its reduction modulo

p. Take a good lift 2,1 € A} of 7, ; as in part (1).
The construction above provides an expansion x = Y ° p"x, in Ay. We need to show that this
converges with respect to A.. Note that j,, = T,, for all n > 0. As in the proof of Proposition 5.16,

we have
0(Fn) = v(7,) > inf {wi(x) -n- ’}.
0<i<n 0
Thus,
n n . n . n—1 . 7 1 1
v (pa,) = - +o(T,) > - Jroé?in {wz(os) T } = ogilin {w,-(:l:) +oF (n— Z)(; - 7"0)} .

We claim that the last term goes to +00 as n — +oo. Indeed, since v(z;) + % — 400 as i — +00,
we deduce that w;(z) + % — +00 as 1 = +00. The claim then follows from % - % > 0. The second
statement holds by Proposition 5.16.

(3) This follows directly from part (2).

O

Remark 5.19. In Proposition 5.18(1), we can replace p~2 by any constant in (1%, 1) (via a similar proof).
But we will not need this generality.

Recall the notation R () and Al (m) from Definition 5.4.

Corollary 5.20. Let g be as in Proposition 5.18, and m > 0 be an integer.
(1) Every y € Ry (m) lifts to some y € Af\o(m) such that

- _1
M@ =Ty <p72 -yl
for any 0 < r < rg. In particular, A\-() = A-([y]) = |y|” for each 0 < r < ro. We still refer to such y
as a good lift of y.
(2) For any 0 < r < rp and z € A}"\,(m), there is a norm compatible expansion z = Y7 p"x, with
T, € Aj\ﬂ(m), such that x, is a good lift of T,, for each n. In particular,

As(2) = max{p™" As(zn)}

n=0
for each 0 < s < r.
(3) The statements analogous to (1) and (2) remain true if we replace Ry (,,,) and A} () bY RA (m)/Ra
and Af\’(m)/A}“\, respectively. Here, Ry (n)/Ra and Af\’(m)/Af\ are equipped with the quotient
norms (still denoted by |- | and A, respectively, by abuse of notation).

Proof.



34 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO

o
1) Let y € Rp (;n). By Proposition 5.18(1), z := ¢™(y) € Ry lifts to some Z € A} with A - (Z—[z]) <
,(m) » A o
p~2 - |z|7™ for any 0 < r < ro. Thus, letting § = ¢~™(3) € Azo(m), we have

~ ~ _1 r 1
M=) =AnGE—l) <p 227" =p7= - fy|".
(2) Given part (1), this follows from a similar argument as in the proof of Proposition 5.18(2).
(3) Let y € Rp (m)/Ra. Choose a lift y; € Ry () of y such that |y;] is equal to the quotient norm of
y. Choose a good lift 31 € ARO,(m) of y; given by part (1), so that A\.(y1 — [y1]) < pE- ly1|" for any

0 < r < rg. It follows directly from part (2) that A.(y1) is equal to the quotient norm of the image
of yr in A} ) /A for any 0 < r < 9. This implies the statement analogous to part (1), and that

analogous to part (2) can be deduced similarly.
(Il

Remark 5.21. In the situation of Corollary 5.20, let y € Ry () and a good lift y € A'? (m) of y be given.
For any 3 € Ry (m) With |y —y| < |y|, choose a good lift z € Aj\“’(m) of y —y. Then y+ 2z € Aj\‘i(m) is a
good lift of ¥ with A (¥ +2) —y) = A\ (2) = |y — y|” for any 0 < r < 1o

5.3. Strict decompositions of imperfect period rings. To prepare for later sections, we study certain
strict decompositions of Frobenius pullbacks of imperfect period rings. Some of the results are stated in
[KL19, §5.8] in a slightly more general setting, but with certain proofs omitted. We provide here details

specialized to our setting. Keep the setup that A = (Rjy, Ap) is a weakly decompleting datum for (X, h).
Fix a choice of p-basis {e; = 1,ez,...,¢e7} of Rp (1) = @ 1(Rp) as an Rp-module, so that

4
RA7(1) = @RA c €.

i=1
This induces an isomorphism of Rj-modules
(5.1) R, (1) & Ra & (Ra 1)/ Ra)-

Since T € Ry is a topologically nilpotent unit, the above isomorphism is strict by the open mapping
theorem (cf. Theorem 2.10). Here, the left hand side is equipped with the norm | - | inherited from EX. For
the right hand side, R, is equipped with the given norm |- [, and Ry (1)/R is equipped with the quotient
norm. For each integer j > 0, we have the induced isomorphism

4
Ry 1) = @ Ra gy - 97 (e) 2 Ra(j) @ (Ra,(4+1))/ Ba (i)
=1

of Ry (jy-modules. By induction, these further induce an isomorphism of Rj-modules

m
RA (m41) 2 RA @ @ RA (i+1)/ Ra,(5)
=0

for each m > 0.

Lemma 5.22. The above isomorphism of Rj-modules

m
(5.2) RA (m+1) = Ba & @ RA7(i+1)/RA,(i)

i=0
is uniformly strict with respect to m; namely, the constants c¢;, ¢y as in Definition 2.2(1) can be taken to be
independent of m. Here, the left-hand side is equipped with the norm |- | inherited from Ryx. The right-hand
side is equipped with the sup norm given by the direct sum presentation, where each Ry (i41)/Ra, ) 18
equipped with the quotient norm.

Proof. Let C > 1 be a constant such that for the isomorphism (5.1), the norm on the right is bounded above
(resp. below) by that on the left by C (resp. C~1). Then for the induced isomorphism

R (i41) = Ra i) © (Ra,(i+1)/ Ba, i)
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of RA ,(y-modules, the norm on the right is bounded above (resp. below) by that on the left by C »" (resp.

c ) Since Y7, p = —L-, for any m > 0 and the isomorphism

Rp(my1) E RBA @ @ RA (i+1)/RA )

i=0
the norm on the right is bounded above (resp. below) by that on the left by CrT (resp. C_#). |

Let 79 be as in Proposition 5.18. For each 1 < ¢ < ¥, let ¢; € AT\O(D be a good lift of e; as in Corol-
lary 5.20(1).

Lemma 5.23. Let ry be as in Proposition 5.18. There exists 0 < r; < rg such that for any 0 < r < rq, the

natural map
¢

AL -a— AL,
i=1
is an isomorphism of A} -modules.
Proof. First recall that we have an isomorphism of Rj-modules
¢

(5.3) Rp) = @D Ra-ei.

i=1
Equip the right hand side with the finite-module norm given by the presentation (cf. Definition 2.7 and
Remark 2.8). Since Tx € Ry is a topologically nilpotent unit, the above isomorphism is strict by Theo-
rem 2.10. Let C’ > 1 be a constant such that the norm on the right in (5.3) is bounded above by that on
the left by C’. Write D := C’ - max{1,|e1],..., |es|}. We now consider the map

£
Dar-e— Al

=1

Since Ay is p-torsion free and p-adically separated, the injectivity of the map follows from the isomor-

phism (5.3).

For surjectivity, we use a similar argument as in the proof of [KL15, Lemma 5.5.2]. Let 0 < r < rg and
z€ Al (1) For each integer n > 0, we construct z, € A} 1) and Tp1,...,%Tne € A} inductively as follows.
Let zg = z. Given z,, write Z,, = Zle Zn i - €; via the isomorphism (5.3). For each 1 < < ¢, choose a good

lift Z,,; € A as in Proposition 5.18(1). Then z, — (Z?:l Tn-€) € pAY (1) Set

Zn+1 = Z Tn,i ez
Note that
Arg (@i €5) < A (Tn,i) - Arg (€) = |an,i| ™ lei| ™ < D™ [Zn|"™.
So we have A\, (zn41) < pD"™ A, (25,), which implies A, (z,) < (pD™)" A, (20) for each n > 0. We deduce
|n| < Dlei|” HA ro(z())) (Dpro)

Thus, by choosing 0 < r; < 7o sufficiently small so that D”pﬁf1 < 1, we see that ZZOZO p"Zy,; converges

under A,-norm to an element in A for any 0 < r < r1. By construction, we have z = Zle(zzo:() P T i) €

as desired. O

By Lemma 5.23, we have an isomorphism of A’\-modules
A 1) 2 AL 8 (A] (1)/A})

for each 0 < r < r;. For each m > 0, this induces an isomorphism of AT )—modules

Mmt1) = AL () B (AR (g1)/ A}, (m))
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Corollary 5.24. Let r; be as in Lemma 5.23. There exists 0 < 7o < 71 such that for any 0 < r < ro, the
induced isomorphism of A’\-modules

m
(5.4) AL 1) = AL O DAL (11)/AL )

i=0
is uniformly strict with respect to m. Here, the norm on the left-hand side is the \,.-norm, while the right-
hand side is equipped with the sup-norm given by the direct sum presentation, where each A’ (i+1) /AL )
is equipped with the quotient norm. In particular, for any 0 < s < 7 < ro, the induced isomorphism

[s,7] ~ ls7] s,7] [s r]
Cy ,(m41) =Cy @ @ C z+1) Ca (4)

of Ck’r]—modules is uniformly strict with respect to m.

Proof. First note that in the isomorphism (5.4), the A.-norm on the left hand side is less than or equal to
the norm on the right hand side. So it suffices to find a uniform constant C; > 1 such that the norm on the
right is bounded above by C times the A.-norm on the left.

The mod p reduction of (5.4) gives the isomorphism (5.2) in Lemma 5.22. Let C be a uniform bound
as in the proof of Lemma 5.22. Let z € A}  .,). By Corollary 5.20(2), we may assume that z is a
good lift of Z without loss of generality. We first write down the decomposition of z in (5.4), by a similar
construction as in the proof of Lemma 5.23. For each n > 0, we set z, € A} (m+1) z, € A}, and
Tni € Az,(i-f-l)/A for 0 < i < m inductively as follows. Let zo = z. Given z,, write z,, = x,, + El 0 Tni
via the isomorphism (o 2). Choose a good lift Z,, of z,, and a good lift Z,, ; of =, ; as in Corollary 5.20. Then

2n — (Tn + 2t Tnyi) € pA;\,(m+1)' Let

Zn4+1 = xn + Z Ty, z
P

Now, by a similar computation as in the proof of Lemma 5.23, we have
[@al, |2l < OO, <z>>ﬁ (Cp)”
for each n and i. Choose 0 < ro < min{ry,1} so that C™2p #~1 < 1. Then for any 0 < r < r9, we have
A (p"En) = p"2al” < CT(Ary (2))7 = C"A(2) < OA(2).

Here, we used the assumption that z is a good lift of Z, so A;(z) = |z|® for any 0 < s < rg. Similarly, we
obtain A\, (p"Z,;) < CA.(2) for each 0 < ¢ < m. Since the decomposition of z is given by

2= (0T + ) 0" Tn),
n=0 i=0
we deduce that the norm on the right of (5.4) is bounded above by C times the A.-norm on the left. ]

5.4. Intersection of period rings. In this subsection, we verify that, under the weakly decompleting
assumption, the intersections of period rings behave as expected. These results are stated in [KL19,
Lemma 5.2.10, 5.2.12], but the proofs outlined in loc. cit. seem to be incomplete. We provide here necessary
details.

Proposition 5.25 (cf. [KL19, Lemma 5.2.10]). Let rg be as in Proposition 18(1). For any 0 < s < 7 < 79,

we have A} N C[g = A \» Where the intersection is taken inside C Consequently, we have
AT T Al
A,NC, =A,

where the intersection takes place in é}
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Proof. It is clear that A}, C K} N C[S "), For the converse inclusion, let = € ;&S C[S’T]. By definition,
there exists a sequence xg, 1, ... in B such that \(x; —x) < p~* for all i > 0 and all t € [s,r]. Applying
Proposition 5.18(2) to each z;, we can wrlte x; as a Ap.-convergent sum

. n
Ti = E P Tin

nzn;
for some integer n; < —1 and x;, € A} satisfying A\, (z;n) = |Tin|™ for all n (so by Remark 5.13,
Mo (i) = |74, n|”"/ for any n and 0 < ' < 7).
For each i, let 2} == ZZO 0P iy and xf = Z;im P& . Then z; —x =z + (2} —x). Since z € A% and

x; € Al C Ar C AX7 we have x} —x € A'g By Example 5.14, the Witt expansion z — 2z = p"[z,]
is a norm compatlble expansion of x, —x. Thus

n=n;
is a norm compatible expansion of z; — x relative to Ar)‘g. By Proposition 5.16, we have
p—n : As(wi,n) < )\s((E - -Tz) < p_i

for each i > 0 and n; < n < —1. In particular, A\s(z;,) < p"~%, and so [T;,| < pani. Note that we have

_n (n—i)r 1_(i+1)r

p"-p s <p 5 when n < —1. We thus obtain
" - 1 Gdbr
Ar(@l) < max {pT" Ar(win)y = max {pT"-[Tialy <pTS
for all 4 > 0. Hence, the sequence xy, z},... € A} converges to x under the A,.-norm, and x € AJ. O

Proposition 5.26 (cf. [KL19, Lemma 5.2. 12]) Let ro be as in Proposition 5.18(1). For any 0 < s < s’ <

r <r' <1y, we have C[S e C[S "l = C[S "] Where the intersection is taken inside C[S "]
We first show the following lemma, which is a slightly enhanced version of [KL19, Lemma 5.2.11].
Lemma 5.27 (cf. [KL19, Lemma 5.2.11]). Let ¢ be as in Proposition 5.18(1). For any 0 < s < r < ' < rq,

each x € Ck’r] can be written as ¢ = 2’ + 2" with 2’ € A} and 2" € C[S’T I

S’l‘

Proof. The proof is similar to the one for Proposition 5.25. First, note that C is the completion of B

with respect to {\;}se[s,), and A is the completion of AA with respect to )\T by Proposition 5.18(3). So

each = € CEf’T] can be written as a sum x = xg + 1 + --- with zg,xq,... in B}"\, such that the sum is
convergent with respect to {A}eeps,, and Ay (2 — (wo + 21 + -+ ;)) <p~ "' foralli >0 and t € [s,r].
In particular, M\¢(z;) < p~% for all i > 1 and t € [s,7]. By Proposition 5.18(2), each z; admits a norm
compatible expansion x; = ZOO p"x; n for some n; < —1 and z;,, € Af\", which is convergent under A,..

n=n;
By Remark 5.13, we have A (z;,,) = |Tin|" for each 0 <7’/ <19, i > 0, and n > n;. By Proposition 5.16,
we have
Ar(x;) = max{p™" - M(Tin)}

nzn;
for all t € [s,r']. Let o} := > " (p"a;n € A} and 2! = Z;ln Pz, € BY. We claim that the sum
converges to an element z” € C[é’ 1. For any t € [s,r], we have
J= 0 ] g

P Tt =" M) < Ne(z) <p

for each i > 1 and n; < n < —1. In particular, |Z; ,| < pu for all 4 > 1 and n; < n < —1. Thus for any
t € [s,r],
(n—i)t

" — 7. |t n. s
A(ai) < max {pT"Ar(win)} = max {pT[Tin[} < max {pT"optp<p

1— (7i+sl)t

This yields the claim.
On the other hand, the sum Z;‘io ﬂc’ converges to an element ' € Ay, since

)‘7’(517;') < Sup{pin)‘r(xi,n)} <A (m4)
n=0



38 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO
which goes to 0 as i — +o0. O

Proof of Proposition 5.26. 1t is clear that Ck’rl] C CE‘:’T} N Ckl’r,]. For the converse inclusion, let = €

CE‘:’T} QCE‘C o, By Lemma 5.27, we can write x = 2’ +a” with 2’ € A} and 2" € CEf’T I, By Proposition 5.25,
we obtain

o e Ay c Ay nclm = Ay c ol
Hence, x = 2’ + 2" € CEf’r/]. O

5.5. Weakly decompleting data under finite étale extensions. Let h: X — D% be a toric chart as
before. Let g: X’ — X be a finite étale morphism, and let h’: X’ — Dy be the composition h o g. The goal
of this section is to show that, given any weakly decompleting datum for (X, h), there is a natural way to
obtain a weakly decompleting datum for (X', h'). We first observe the following equivalences of categories
between finite étale algebras.

Proposition 5.28. Let A = (Ra, Ap) be a weakly decompleting datum for (X, h). Then the equivalences
in Proposition 4.9(1) extend to a natural diagram of equivalences of categories:

(Az)fét - (A;)fét

|

(5'5) (AA)fét

%g

(R 2 ()

I
/N
b
S
N—
E.?

= (Bx),, = (Axs)
fét fét fét

Proof. Since Ry is a uniform Banach algebra with respect to the norm |- | and Rﬁerf is dense in EX7 the
equivalences on the bottom row follow from [KL15, Theorem 3.1.15]. Note that (A, (p)) is a henselian pair
since A, is p-adically complete. So (A )s = (RA)gg;-

Since the p-adic completion of Aj\ is equal to A, it suffices to show (A}L\7 (p)) is henselian. This follows
from the same argument as in the proof of Proposition 4.9(1), by considering the norm g, on A’ for any
r € (0,7,] given by the maximum of \, and the p-adic norm (from that on A x). O

Construction 5.29. Let A = (Rp,Ap) be a weakly decompleting datum for (X,h). The finite étale
morphism g: X’ — X induces a finite étale ring map Ax o — Ax’ 0. Consider the diagram (5.5) and view

A\X’,oo as an object in (ﬁxm) K Let A’T, A’, and R’ be the corresponding objects in (Aj\)f, s (AN)gers

fé

and (R )g, respectively. Note that the corresponding objects in the finite étale sites (X})f , (Ax>f ,

&t &t

and (]A%X)f are precisely A&,, A x+ and EX/ respectively. Furthermore, A’ T, A’, and R’ can respectively
&t

be identified as subrings of ATX,, AX/, and ﬁx/. Since we have

(A1), = 800t (31, 1 (35,

>0

there are A’" € (A} );, for all 7 > 0 sufficiently small such that

e A" is a subring of A%,;
A" CA” for0<s<r, and A" = A" ®@4ar A};
o AT= AT @ Al
A%, = A" @ar A
AT =y, A
A =A"" ®A1T\ A,
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We deduce that A’ = A%, N A’; indeed, since A, — A’" is flat, we have
A I m A m m
Ar NA = A" @4, (A;mAA) — A" ®a; AR = A"

For each 0 < s < r, write ' for the completion of B"" := A’"[p~1] with respect to the norm max{\,, \,.},
and let C'" be the Fréchet completion of B’" with respect to the family of norms {A,}se(0,-

The main result of this subsection is the following.
Theorem 5.30. The pair (R', A’) is a weakly decompleting datum for (X', h').

Proof. We need to verify

(a) R’ is complete with respect to the norm | - | on Rx:;
(b) A’ is p-stable and p-adically complete, and the image of the composite

Al/p - AX//p = EX/
lies in R/,
and then verify the axioms
(1) R’ admits a finite p-basis;
2) (R))**" is dense in Ry;
A’ is stable under the I'-action, and is equal to the p-adic completion of A’ M= U,o A"
for each r > 0 sufficiently small, A’" is complete with respect to the \,-norm on A y;

the composite A’ /p — A’/p — R’ is an isomorphism for any sufficiently small 7 > 0;

) r>0
)

5)

6) the mod p reduction A’"/p — R’ is strict for any sufficiently small r > 0;

7)
)

R’ is an affinoid k(7 ))-algebra;
[s,7]

for each sufficiently small r > 0, C’ is a reduced affinoid Kj-algebra for any 0 < s < r.

We first check the conditions (a) and (b).

(a) Recall that R, is a Banach ring equipped with the norm | - | induced from Ryx. Consider R’ as a
finite projective Rp-module, and choose a presentation R’ @ Q = Ri}”; this defines a complete norm
by Lemma 2.9. It induces a presentation

Rx o Q= (Fx)

where @ =Q Qr, }~€X, and so induces a complete norm on }~€X/ extending the one on R’. By the
construction (based on Theorem 2.10), this norm is equivalent to |- |. Consequently, R’ is complete
with respect to | - |.

(b) By the equivalences of categories (5.5), the homomorphism ¢: R’ — R’ uniquely lifts to ¢: A’ — A’
which coincides with the Frobenius ¢ on A x. Furthermore, applying Lemma 2.9 to the p-adic norm
on Ay, we deduce that it extends to A’ (which is finite projective over A ) and is complete. Again
by the equivalences (5.5), the composite A’ /p — AX//p ~ Ry induces an isomorphism A'/p = R/.

Now we check the conditions (1)-(8).
(1) By [BM90, §1.1.2(ii)], any p-basis for Ry is also a p-basis for R'.
(2) From the above,

R —— R

I

Rx L> Ra
is a pushout diagram, and so
(RI)PEI‘f ) RRerf ®RA R,.

£ — . L
Thus, (R')**" is dense in Ry as RP® is dense in Rx.
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This follows from the equivalences (5.5); in fact, the stability under the I'-action can be argued in the
same way as for . Since the p-adic completion of Aj\ is equal to A, we have (for r > 0 sufficiently
small)

lim (A’*/p”) = lim (ATA/p" ®ar A”) o (m (AR/p”)) ©a; A= Ay @a; A=A/,

Equip A’} with the A,-norm, and consider A’" as a finite projective A"-module. Choose a presen-
tation A" @ Q = (A})¥". Applying Lemma 2.6, we obtain a complete norm on A’ equivalent to
the finite-module norm. We have an induced presentation

~ ~ ~ ®n
TX’ SP) Q = (AX) )
which yields a complete norm on A%, (equivalent to the finite-module norm). We need to show that
the finite-module norm on A, is equivalent to the A,-norm, for any sufficiently small » > 0.

B Let z1,..., 2z, be elements in A x, whose mod p reductions Z1, ..., T, € Rx’ generate }NEX/ as an
Rx-module. By [KL15, Lemma 5.5.2] and its proof, for each sufficiently small » > 0, we have that
® Ti,...,%, generate A%, as a A'x-module;

e the surjective map

~ o&m ~ i
<A§() — A%/, (ai)1<i<m — Zaixiy
i=1
is strict with respect to maxi<;<m{Ar(a;)} on the source and A,-norm on the target.
Thus, the two norms are equivalent.
This follows again from the equivalences (5.5).
Choose a presentation A’ & Q = (A} )®", which induces a complete norm on A’" via Lemma 2.9.
This is equivalent to the \.-norm by above. Reduction modulo p gives a presentation R’ ©Q = R®",
which induces a complete norm on R’ via Lemma 2.9 (equivalent to the norm |- |). Thus, the desired
strictness follows from the strictness of (A})®" — RY™.
Since R’ is finite étale over Ry, it is an affinoid x((7k ))-algebra.
It suffices to show that the map
[: C} @By B - C"
is an isometric isomorphism with respect to A.-norm, for any sufficiently small » > 0. We follow a
similar argument as in the proof of [KL15, Proposition 5.5.4]. First, the map f is a strict surjection
for any r > 0 sufficiently small by a similar computation as in the proof of [KL15, Lemma 5.5.2],
noticing that B’" is finite projective over B%. In particular, there is a constant ¢ > 1 (which
may depend on 7) such that each z € C’" can be lifted to some ), z; ® y; € C} @By B’" with
max; {\(z;4;)} < cA\-(2). Note that the map f is submetric. Given z € C'", let 29 € B’" with
Ar(z = 20) < 3¢71A(2). In particular, A (z0) = A(2). Choose a lift Y-, z; ® y; € C} ®@p; B of
z— 2o such that max; {\, (z;5:)} < cAr(2—20). Then max;{\(z;y;)} < 21X (2). So1®@z0+Y, 7, ®y;
is a lift of z satisfying

max{)\,«(zo),mlax{)\r(xiyi)}} = M(20) = M (2).

Thus, the map f is isometric. In particular, f is an isomorphism.
|

Corollary 5.31. Let A = (Rp,Ap) and (R’, A’) be as above. Then there are canonical (¢, T')-equivariant
isomorphisms

m m m
C" = Cj ®a; A" =C} @p; B

(for r sufficiently small) and

c'=cle, AT =C| oy B

Proof. This is discussed in the proof of Theorem 5.30 when we check condition (8). O
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6. DECOMPLETING DATA

In this section, we introduce an upgraded version of weakly decompleting data called decompleting data.
As the terminology suggests, this notion will be used in §7 when we consider the decompletion of certain
relative (p,I")-modules. The goals of this section are the following:

e Define the notion of decompleting data (in terms of strict-exactness of certain group cochain com-
plexes in characteristic p).

e Study fundamental properties of decompleting data. In particular, we will derive the strict-exactness
of certain group cochain complexes valued in period rings of type A and C.

The main results are Corollary 6.9 and Proposition 6.10.

6.1. Definition of decompleting data. Let h: X — D% be a toric chart and ¢ = {t,,: X,, — X} be the
toric tower relative to h as in Definition 4.1. Let A = (Rx, Ax) be a weakly decompleting data for (X, h) as
in Definition 5.6. Recall the stability of imperfect period rings under the I'-action in Remark 5.9.

Notation 6.1. For any topological ring S whose topology is induced by a (semi)norm (and more generally,
a topological S-module M), which is equipped with a continuous I'-action, we let

¢, S),  (resp. CN(T, M))

denote the complex of inhomogeneous continuous I'-cochains with values in S (resp. M), equipped with
the supremum norm induced from the norm on S (resp. on M). Namely, for f € C")(T',S) (resp. f €
C(")(T", M)), define
|f| = sup |f(7117’7n)|
(Y150-5n ) ET™
Note that since I' is compact, the supremum norm is well-defined. For any open subgroup I'y C T', we
similarly define C(*)(T, S) and C(*)(Ty, M) (note that since I' is compact, Iy is necessarily of finite index,
so it is closed in T).

Notation 6.2. Let s, € Q be rational numbers such that 0 < s < r < 7, and let m' > m > 0 be
integers. Consider the Banach rings Ry, AS(, and C[ " equipped with norms | - |, A, and max{\,, A},

respectively, as well as their closed subrings R (), A (m)’ and Cgf(rln) Then we consider the quotients

EX/RA,(M)v ‘X‘S(/A;\,(m)v and é[s’r]/Ck’Z] ) equipped with the quotient (semi)norms. Similarly, we consider

RA7(m/)/RA7(m), AR,(m’)/AR,(m)’ and CEf (] , /C >71 Since all quotients above are taken with respect to
closed subspaces, the quotient seminorms are actually complete norms. Also note that the I'-actions are
isometric on these quotient spaces.

For any open subgroup I'g C I', we consider the cochain complexes

CO® (o, Rx/Ra ). C®(To, A% /AL ). CO(To, CR7/ChT )
and
C)(To, Ry, (mr)/Ra,(m)): C(.)(F03A27(m’)/AR7(m))7 Cm(ro,c[g 7 /CA (m))-
It is clear that differentials of these cochain complexes are submetric. We say that such a complex is strict
exact at d) for the differential map d®: (" — CU+D) | if ker(d¥) = im(d*~V)) and d® is strict in the sense
of Definition 2.2, namely, the quotient (semi)norm on C’/ker(d®) = im(d®) is equivalent to the subspace
norm on im(d®) c 1. For example, if we denote the first complex above as C(*), then strict exactness
at d) means that there exist constants ¢, ¢’ > 0 such that for any g € C¥), we have |[d¥g| < ¢-|g|, and there
exists f € CU~1) satisfying
lg+d" V1< 1dDgl.
Definition 6.3. A weakly decompleting datum A = (Rp,Ap) for (X, h) is called decompleting if the
following conditions hold.

(1) For any open subgroup I'y C T, the cochain complex
C®)(To, o~ " (Ra)/Ra)

is strict exact at d® and d).
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(2) For any finite étale map g: X’ — X, Condition (1) holds with R replaced by R’, where R’ € (Ra )
is given by Construction 5.29.

Remark 6.4. In fact, Condition (2) is not needed for the results in §6. It is included to ensure that the
notion of decompleting data is stable under finite étale extensions (cf. Construction 5.29 and Theorem 5.30).
This is used in the proof of Theorem 7.18 (Step 2).

6.2. Strict-exactness in characteristic p. In the remainder of this section, we assume A = (Rp, Ay) is
a decompleting data for (X, h).

Lemma 6.5. The cochain complex
C®) (Lo, Rx /R (o))
is strict exact at d(® and d(V) for every open subgroup I'y C T' and every mg > 0.

Proof. For simplicity, we consider the case my = 0; the statement for general mg follows from a similar
argument. Fix an open subgroup I'g C T

Step 1. We first claim that for each j > 0, the cochain complex
C (Lo, Ra+1)/Ba.(i)

is strict exact at d®) and dV). For this, note that for each j > 0, ¢’ on EX induces a I'g-equivariant
isomorphism 7 : RA’(J-H)/RA’(]-) = RA’(l)/RA. Since A is decompleting and ¢’ is compatible with the
differential maps, the claim holds.

Step 2. Next, we show that the cochain complex in Step 1 is uniformly strict (with respect to j) at
d©® and dV. We only prove this for dV), as that for d(® follows from a similar argument. Note first
that the differential maps are submetric. Let C' > 1 be a constant such that |2|quet < C|d™)(z)| for any
x € C(Ty, RA 1)/ Ra), where | - |quot denotes the quotient norm on

CM (T, Ry (1)/Ra)/ ker(d™M).

Let y € C(l)(l"o,RAw(jH)/RAy(j)). Consider x = ¢/ (y) € C(l)(FO,RA,(l)/RA). Then |z 4 2| < C|d™M(z)| for
some z € ker(dV)) e C(l)(FO,RA’(l)/RA). Since the norms are power-multiplicative and differential maps
are p-power multiplicative, we have

~ 1
ly+ ¢ (2)] < €7 |dD (y)]
with ¢ 77(z) € ker(dM) C CW(Tg, R, (j+1)/Ra,(j))- This shows the uniform strictness at d(V).

Step 3. We claim that the complex
C)(To, Ra,(m+1)/Ra)

is exact and uniformly strict (with respect to m) at d(®) and d(!). We prove this for dV); that for d©) follows
from a similar (and simpler) argument.
For each j > 0, consider the I'-equivariant exact sequence

(6.1) 0— RA)(J*)/RA — RA,(J‘+1)/RA — RA’(j+1)/RA7(j) — 0.

By the proof of Lemma 5.22, there exists a constant D > 1 such that for each j > 0 and r € Ry (j41)/Ra, ),
the section 7’ € Ry (j+1)/Ra given by the decomposition in Lemma 5.22 satisfies |r'| < pr”’ |7].

For each j > 0, we will inductively construct a constant B; > 1 such that for any = € cM(Dy, RA (j+1)/Rn),
we have |z|quot < Bj|ld(z)]. For j = 0, we take By = C as in Step 2. Suppose B,_; is given,
and let @ € CW(Tg, Rp (j41)/Ra). Write T € C(Tg, Ra,(j+1)/Ra,;)) given by the pointwise projec-
tion of z under the projection in (6.1). By Step 2, there exists Z € C(9(T'g, Ra,(j11)/Ra,(j)) such that
Z 4+ dOz) < ¢? 7 |dV(z)|. Write z € CO(To, Ra,(j4+1)/Ra) for the O-cochain given by the pointwise
section of Z (via Lemma 5.22).



RELATIVE (¢,T')-MODULES AND p-ADIC DIFFERENTIAL EQUATIONS 43

Let z1 = z + d9(2) € CW(Tg, R (j4+1)/Ra), and consider its projection T1 € C(Tg, R (j4+1)/Ra ()
Note that dV(z) = dV(z1). Write w € CM (T, Ra (j41)/Ra) for the 1-cochain given by the pointwise
section of ;. Then we have

lw| < (CD)P " |dV(z)| and x; —w € CV(Ty, Ry (j)/Ra)-

Thus, |[dV(z; —w)| < (CD)pfj |dV(z)|. By the induction hypothesis, there is t € C(®(T'g, Ry (;)/Ra) such
that
21 —w+dO (1) < B (CD)[d M (@),
Hence, we deduce
[ +d® (= + 1) < B (CD)P [V ().
So we may take B; = B;_1(CD)? .
Since B; < BO(C’D)ﬁ for all § > 0, this proves the claim.

Write C; > 1 for a uniform bound for C(')(I‘O,RA7(m+1)/RA) at d9) for j = 0,1; namely, [Y|quot <
C1|d9) (y)| for all m >0, j = 0,1, and y € CY) (T, RA (m+1)/Ra). Now, we consider the cochain complex

(6.2) C®)(Ty, Rx/Ry).
Step 4. We show that the complex (6.2) is exact at d(®) and d).

We first explain the proof for d). Tt suffices to show that for any y € ker(d")) and e > 0, there exists
z € CO(Tg, Ry (m+1)/Ra) for some m (which may depend on y and €) such that |y — d©(z)] < e. In
fact, since C(*)(I'y, R\, (m+1)/Ra) is uniformly strict at d© | this would allow us to inductively construct a
sequence of elements z; € C(O(Ig, Rx/Ry) for j > 0 with lim;_,., |2;| = 0 such that y = diso d©(z;).

Since R?\erf is dense inside R, we can find y; € C)(T, R\ (m+1)/Ra) for some sufficiently large m such
that |y — y1| < Oy 'e. Since differential maps are submetric, we have |[dV) (y — y1)| = [d (y1)| < Cy 'e. By
Step 3, there exists z € C(*)(I, RA (m+1)/Ra) such that

lyr — d(2)] < C1ldV ()| < O - CT e = e.
Thus, we have
ly —d© ()| < max{ly —yi, [y1 —dO(2)]} < e

This shows the exactness at d(!).

The exactness at d(®) (namely, injectivity of d(*)) follows from a similar argument. Indeed, one can take
z = 0 in this case; hence, for any y € ker(d(o)), we deduce that |y| < e for all € > 0, namely, y = 0.

Step 5. It remains to show that the complex (6.2) is strict at d(® and d®). We only prove this for d(!), as
that for d(© follows from a similar argument. Let y € CV(T'g, Rx /Ra). We may assume that |d® (y)| > 0.
Choose y; € CV(Ty, R (m+1)/Ra) for some m such that |y —y;| < %|d(1)(y)|. Since |[dM (y —y1)| < |y — w1,
we have [d) (y1)| = [d) (y)|. By Step 3, there exists z € C©(Tg, R A (m+1)/Ra) such that
ly1 — d©(2)] < C1|dV (y1)] = C1|d D (y)).
Therefore,
ly — d©(2)] < max{|y — 1, lya — d©(2)]} < C11dP(y)],
as desired. m

6.3. Strict-exactness for type A. To prove the strict-exactness of cochain complexes of type A (see
Proposition 6.8 and Corollary 6.9 below), we work with the following set-up.

Set-up 6.6. Let 7g > 0 be sufficiently small such that Corollaries 5.20 and 5.24 are applicable for any
0 <7 < rg. Let Iy C T be an open normal subgroup of the form I'y & (p°Z,)? x (1 + p*Z,) C Zg X L
for some integers @ > 0 and b > 1 (note that normality holds when b > a). By Lemma 6.5, after further
shrinking rq if necessary, we may further assume that

|Z‘guot

< SO
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for all z € C(e)(FO,J?iX/RAﬁ(mO)), £=0,1,and 0 <7 <19

Lemma 6.7. Assume Set-up 6.6. Let 0 < 7 < . For any element x € C(V(T', A}"\,(l)/A}"\), We can express
T as a A,.-convergent norm compatible expansion

oo

(6.3) =Y pu;

=0
with each z; € C(l)(FO,AR‘)’(l)/ARU) such that A\s(z;) = |T;]° and A\s(z) = max;{p~7|z;|*} for any 0 < s < r

Proof. Let us start with the following claim.

Claim. For any element z € CM)(I'g, Rp (1)/Ra), there exists a “good lift” Z € C(l)(I‘O,Aj\O(1 JA?) in the
sense that for each v € I'y, Z(v) € ARO,(D/AXJ is a good lift of 2(y) € R (1)/Ra in the sense of Proposition
5.18 and Corollary 5.20.

Proof of Claim. Note that z is a continuous function on I'g valued in R, (1y/Ra. Since I'g is compact, z
is uniformly continuous. For notational simplicity, we assume d = 1, as the statement for general d would
follow from the same argument.

We represent elements in Iy = p?Z, x (1+ p®Z,) by pairs (a, 8) with «, 8 € Z, so that («, 3) corresponds
to (p®a, 1+ p*B) € p*Z, x (1 + p*Z,). For such a pair (a,B), we further write @ = Y7 [ou]p* and
B=> 00 [Bilp® with ag, B € F,. Pick a sequence of integers 1 < m; < ma < m3 < --- inductively so that
for any (o, 8), (6, 0) € Z2 with (o, 8) — (6,0) € (p™Zy)?, we have

[2(a0 B) = 2(5,0)| < (;)

We shall construct Z(e, ) for all (o, 8) € Z2. Firstly, pick a good lift (in the sense of Corollary 5.20(3))
20002y ar]p®, Sy "[B]p*) of z( ey 1[a;€]p Sy "[Bk]p"®) for every choice of ay,B; € F, (0 < k <
my — 1). Next, we construct good lifts Z(3_," 1[ak]p S BRIPY) of 2(r2 s Hawlpk, Shzy 1[ Brlp k) for
every choice of ay, B, € F, (0 < k < mg — 1) satisfying

(6.4) A <z< S s, S Bl -3 Y s, Y [ﬁklp’“>) < (;) -
k=0

k=0 k=0 k=0
Indeed, if
mo—1 mo—1 mi—1 mi—1 mi—1 mq—1
20 Tawlp®, Y [Bel®) = 20 [endp®, D 18l < |20 [ewlp®, D [Belp®)]
k=0 k=0 k=0 k=0 k=0 k=0

we can construct the desired good lift using Remark 5.21. Otherwise, we simply pick any good lift and
the inequality (6.4) automatically holds. Repeating this process, for all j > 1, we obtain good lifts

Z( Zzo_l[ak]p Zmi_l[ Brlp*) of z( ;nzjal[ak]p ij_l[ Bilp*) for all choices of ay,Br € F, (0 < k <
m; — 1) satisfying

(55 T3 )t 3 ) < (3)

k=0 k=0 k=0 k=0

For a general (a, ) € Z2 with o = Y72 [ ]p* and 8 = Y772 [Br]p*, we put

mjfl mjfl
2o ) = lim Z0Y e, Y [Bilpb):
k=0 k=0

By construction, z is continuous. This finishes the proof of the claim.
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Returning to the proof of the lemma, we employ the same construction as in the proof of Proposi-
tion 5.18(2). Let yo = x, and let zy € C(l)(FO,ARO(l)/AX’) be a good lift of 7, given by the above claim.

Given zg,...,z; in C(l)(I‘O, AR”(l JAY) and yo,...,y; in C(l)(I‘O, AK,(1)/AZ)’ set
1
Yj+1 = 5(%‘ — ;) € C(”(Fo,AZ,m/AR),

and pick a good lift z;,; € CY(Ty, A N ) /AT ) of 7,1 given by the above claim. Then it follows from the

construction that x = Z;C:o p’x; is a desired norm compatible expansion. ([l

Proposition 6.8. Assume Set-up 6.6. There exists 0 < r; < 1 such that for any 0 < r < 71 (here r;
depends on the choice of T'y), the cochain complex

C(.)(F()’ A:\ ,(mo+1) /AR mo))
is strict exact at d©@ and dV) for each mg > 0. Furthermore, we have
3
)\r,quot(x) g §>\T(d(4) (IE))
for any £ =0,1, 0 < r < rq, and any z € C¥) (Fo, A} (m0+1)/A7/;,(m0))' Here, A, quot stands for the quotient

norm on CY (I, A% (mo+1) /AX (mo )/ker(d(@).

Proof. To simplify notation, we assume mgy = 0; the case for general mo follows from a similar argument.

/

Choose r{ and 1 with 0 < 71 < r{ < ro such that ($p)7 o < p? and (Qp)ié .Let 0 <r <

Step 1. (exactness at d(?)).
Let z € C(© (Co, A} (1)/AR) = A} (1)/A] such that d©(z) = 0. Choose a norm compatible expansion
x = Zjiopjmj as in Corollary 5.20(3). Since d©(7) = d© (7, ) , we have Top = 0 by Lemma 6.5. Then
)\7-(l‘0) = |fo|r =0, so g = 0 and

dO (pzy + pPas + ) = pd (21 +pro +---) = 0.

Since CV(Ty, A% (1y/A}) is p-torsion free, we deduce that d®(Z,) = 0, which then implies z; = 0 by a
similar argument as above. Proceeding inductively, we obtain x; = 0 for all j, and hence x = 0. This proves
the exactness at d(®).

Step 2. (strictness at d(*))
Let 0 < 7 < 7, and z € COO(Iy, Al (1)/ATA) Once again, we choose a norm compatible expansion x =

Py 0P z; as in Corollary 5.20(3). For each j, we have |Z;|™ < 2[d(©) (z;)|™ (see Set-up 6.6). Hence, since
dO) (z;) = d©(z;), we have

(6.5) Ao(zy) = |75 <

N W

1dO (@) < X (dO ()

N W

for any 0 < s < rg. Note that for each j > 0,
Arg (A0 (25)) < Ay (25) = |77 < Id(0 ()]

Since d©(x;) = d©(F;) and (%p)% < p?, we deduce from the same argument as in the proof of Propo-
sition 5.18(1) that As(d®(z;)) = |d(z;)|* for all 0 < s < r1. In particular, the presentation d(z) =
Z;’;Opjd(o) (x;) is a norm compatible expansion. By Proposition 5.16, we have
Ar(d© () = max{p™/ A (d (z))}.
7=0

Consequently, we deduce from the inequality (6.5) that A (z) < 2X,(d© (z)).

Step 3. (exactness at d!))
Let @ € CM(To, A} 1)/A}) such that d)(z) = 0. Write x = Y372 p/a; as in (6.3). In particular,



46 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO
; . . . . i = 1 . .
Ar(x) = p~7°]xj,|" for some jo. Moreover, there exists ji1 > jo such that p~7|Z;|” < p~ 2\, () for all j > j;.

We claim that p=7[z;|* < p_%/\s(x) for all 0 < s < r and all j > j;. Indeed, since

1 .
2-p J0|xj0|r7

— T
(&) <t
Jo

— S
< |$J| ) < (pj*jO*%)% < pj*jO*%.

Ifjo |

i — _1
plT;" <p (%) =p

we have

Hence, for any 0 < s < r, we have

Therefore,

P T < pTEp T T < p TR (),
as desired. To prove the exactness at d*), we need to find y' € C(©)(T, A} (1y/AY) such that dO(y') = x.
Such an element can be constructed by applying the following claim repeatedly.

Claim 1. There exists y € C(O)(FO,AR‘f(l)/ARD) such that \.(z — d©(y)) < p~ 2\ (2).

Proof of Claim 1. Since dM(z) = d(V)(Zy) = 0, there exists g, € C(O(To, Ra,1)/Ra) with d©(7,) = Zo by
Lemma 6.5. By Corollary 5.20(3), there exists a lift yo € C(*)(Ty, AP 1y/AY) of g such that A, (yo) = [7o]™-

Since d© is submetric, we have

w

. e 3
Aro (@ (110)) < A (90) = 7| < 51d (@)™ = 5 [Tol™-

[\

1

Since Ty = d©(yo), (2p)70 < p2, and r < 71, we deduce from the same argument as in the proof of
Proposition 5.18(1) that

Ar(xo = d(yo)) < p~2[T0l” = p~ 2 A (w0)-

If j; = 1, then \.(z — d©(yp)) < p_%)\r(x). In this case, we can simply take y = 1o. Suppose j; > 2.
Note that = — d® (yg) = pz™ for some (M) € (T, A} (1)/A}). We claim that we can express pr) as a
Aq-convergent norm compatible expansion pz!) = Py pjxg.l), with each :cgl) € C(Ty, A )/AY), such
that p*j\fg.l)v’ < p 2 (z) for all j > ji. Let S be the set of indices j > 1 such that pIz;|" > P2 A ().
Then S is finite, and max;es{j} < j1 — 1. Consider

o= (wg—dVyo) + Y plaj.
j=21,5¢S
Note that A (') < p~2An(z), since A (zo — d@ (yo)) < p~2A(20) < p~2Ar(2). By Lemma 6.7, 2/ admits a
A-convergent norm compatible expansion z’ = Zj’;l P, Then
JES j¢s jes

is a desired norm compatible expansion.

Note that pd™) (z()) = d® (x —d© (y0)) = 0 and C? (To, A} (4)/A}) is p-torsion free. So dV (zM) = 0.
Applying the same procedure above to z(!) (the same way as in obtaining yo from z), we obtain an element
y €CO (FO,A’;\O(U/AK’) such that

dOm) =z, Ao ) = [,
and
Ar(@$ = dO () < pEa (@),
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We now have z — d© (yo + py1) = p?2® for some 2(?) € C(l)(FmA;\,(l)/Am. Iterating this process yields
@) e c(T, A} y/A}) and y; € C(O)(FO,AX)(l)/AR) for 0 < j < j1 — 1, satisfying analogous conditions
as above. By construction and the definition of j;, we deduce that

Ar(z — d(o)(y)) < p_%)‘r(x)-
where y == yo + py1 + - + p’* “ly;, _1. This finishes the proof of Claim 1.

We now return to the construction of 3’ such that d(® (y') = z. Let y be the element from Claim 1. Let
y© =0 and let y() = y. Next, applying Claim 1 to x — d(o)(y(o) +y™M) instead of x, we obtain an element
y® € CO(To, A} (1)/A}) such that

A (x —dO (0 4y 4 y<2>)) <piA, (x —dO (0 + y<1>)) .
Proceeding inductively, we obtain y) € C(O)(Ty, A;x,u)/A;x) for each j > 0 satisfying

Ar(z — dO O 4.y D)) < pmEN (2).

Furthermore, it follows from the construction above that A.(y?)) goes to 0 as j — oc. Since C(®)(T'g, A% 1)/ AR)
is complete with respect to A, we obtain a well-defined element

o

y' = Zy(j) ec® (To, AX (1y/A}L)
=0

satisfying z = d®) (/). This proves the exactness at d().

Step 4. (strictness at d(V))
In fact, we will show that for any 0 < r < r; and any 2 € C(Ty, A’;\,(l)/A’,“\), there exists z € C(9(T, A’;\,(l)/A’;\)
satisfying A.(z 4+ d(©(2)) < $A,.(dV(x)). Without loss of generality, we may assume that A.(z) < A, (z +
d©)(2)) for all z € C(© (Co, A} (1y/A}). Write z = 3772 (p/x; as in the norm compatible expansion (6.3).
By Set-up 6.6, for each j > 0, we have

— 7 3 — \ |7

175 laor < 510 @]

If [Z;] = |Z]quot, let z; = 0. If [Z;] > |Z;|quot, We choose Z; € C°(To, R (1y,:/ Ra,;) satisfying [z; +d©(z;)| =
|Zj|quot (in particular, |z;| = |d(®)(%;)]). By Corollary 5.20(3), there exists a lift z; € C(O)(FO,AZ"(I)/AR")
of Z; such that

_ 1 s
As(z — [25]) <7217
for all 0 < s < rg.

Claim 2. For any 0 < s < r{, we have
Aoy + A (z,)) < max{pH 1 17, + 4O (Z)1) < ma {p% ol ()"
for every j > 0.
Proof of Claim 2. We have
Aald®(2)) < g (25) = 55170 < 51D ()",

where the first inequality follows from that d(®) is submetric, and the last inequality is due to Set-up 6.6.

Since d(©)(z;) = d©(z;), (%p)% < p2, and s < ), we deduce from the same argument as in the proof of

Proposition 5.18(1) that

Xs(dO () = [dO(z))]) < p~2|d O (z))|* < p~ 2|z ]°.
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Note that
(zj +dO(z))) — [ + dO(z)] = (z; — [75]) + (A0 (25) — [dOZ)]) + ([75] + [dO ()] — [7; + 4O (z)))).

Since z; is a good lift of T; by construction, we have As(z; — [%;]) < p~2|F;|*. Furthermore, using Witt
vector expansion, we deduce that

As([25] + 14O (Z))] =[5+ dO (z))]) < p~F max{|zy)*, 14O (z))1°) = p~ gl

Combining these inequalities, we complete the proof of Claim 2.
Next, we consider the following cases separately.
Case 4.1: 3|dM(z;)|[" < p~ 3 [z;[™.

In this case, we have
3\ 7 1S
(3)7 1@l < o5

for each 0 < s < . So by Claim 2,

1

As( @M (25)) < Ao(ay +d0(z7) < (07 2)70 [75)°
for each 0 < s < 7.

Case 4.2: 3|V (z;)["0 > p~2[z;[™
For this case, we have 2|dV)(z o > p \ij|7”6 because 1(, < ro. Hence,
Ay (@0 (a3)) < Ayl +dO(z)) < Sl I,

where the first inequality holds as dV) is submetric, and the second inequality follows from Claim 2. Since

d(l)(xj) = dM(z;) and (3p )a p2, we deduce using the same argument as in the proof of Proposi-
tion 5.18(1) that \s(d™) (z;)) = |d(1)(@)|5 forall 0 < s < ry.

To proceed, consider

z = ijzj ec® (To, A} (1y/AR),
Jj=0
and consider the expansion

x4 d" ZPJ (z; +d©(z)),
720
which induces

dV(z 4 d9(z)) = dV(z) = ipjd(l) x

Let S7 be the set of j > 0 such that Case 1 holds, and So be the set of j > 0 such that Case 2 holds. The
expansion of dM)(z) decomposes into

d(l)(x) — Z de(l) Z pjd(l)

j€5'1 ]GSQ
By the above observations for Case 4.1 and Case 4.2, we have
Arld® ) < Mg +dO () < 07 3) 0[]
for each j € Sy, and \.(dM) (x;)) = |d)(z;)|" for each j € Sy so that the sum D ies, p’dY(z;) is a norm

compatible expansion.

Claim 3. There exists j; € S such that p=71[T;,|" = \.(x) and A\.(z,) < (25, +dO(z,)).
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Proof of Claim 3. Recall that \,(z) = max;{p~7|Z;|"}. So the set of indices j satisfying p~7|z;|" = A\.(x)
is non-empty. Note that among such j’s, there exists an index j; which further satisfies A, (z;,) < Ar(z;, +
d©(z;,)); otherwise, we have a contradiction to the assumption that \.(z) < \.(z + d(©(2')) for all 2’ €
CO(Ty, A} (;)/AR). By Claim 2, we have

— r 3 % — r
ol = Mntea) < (3) T 1@

so 31dM (zj,)[0 > [z, > p~2|T;,|™. Thus, j; € Sy and Claim 3 holds.
In summary, we have

M S PV | <pToA() < Ala),
JESL
and

A\ JdW ()| = I\ (dD) (2
j; PN () | = max{p™/ A (dV(x)))}
2

by Proposition 5.16 and using that > jeSs P’ d(l)(xj) is a norm compatible expansion. Consequently, by
Claim 3, we conclude that

w

Ar(@) < A ().

[\)

The following statement will be used in Theorem 7.18.

Corollary 6.9. Assume Set-up 6.6, and let 0 < r; < rg be as in Proposition 6.8. For any 0 < r < rq, the
cochain complex

C(.) (F()v ATX/A;\,(mO))

is strict exact at d(®© and d(V) for each mgy > 0. Furthermore, we have
Ao (2) < SA(0) ()

forany £ =0,1,0<r <ry, and any = € C(‘])(FO,A%/AR’(mO))).

Proof. Let 0 < r < r1. For any m > mg, consider the cochain complex
C) (Lo, AR (/AR (o)

It follows from the same argument as in the proof of Proposition 6.8 that this complex is exact at d(®) and
d®, and that

AT,quot(x) S gAT(d(E) (.13))

for any = € C(e)(FO,AR (m)/AR (mo)) with £ = 0,1. Thus, we can proceed similarly as in the proof of
Lemma 6.5 (the part after Step 3 therein) to deduce the statement. O

6.4. Strict-exactness for type C. We now analyze the cochain complexes of type C. The following result
will be used in Theorem 7.17.

Proposition 6.10. Assume Set-up 6.6, and let 0 < r; < ro be as in Proposition 6.8. For any 0 < s < r < rq,

the cochain complex
C®) (1o, CX"/CL )

is strict exact at d(© for each mgo = 0. Furthermore, we have
3
max{Ag, A Hz) < 5 maX{)\s,)\T}(d(O)(a:))

for any 0 < s <r < and any z € C(© (To, 6[}8(1]/05?{7]%)).



50 HANSHENG DIAO, YONG SUK MOON, AND ZIJIAN YAO

Proof. To simplify notation, we set mo = 0. The case for general mg follows from a similar argument. Write
Asr(+) = max{As(-), A\r(-)}. Recall from the proof of Corollary 6.9 that for any 0 < ¢t < r1, m > 0, and
z € CO(Ty, A} () /AR)[p™"], we have

(6.6) M) < SAO().

We first consider the exactness at d(©). Let y € C©(T'y, C2™/Cl™) such that d(© (y) = 0. It suffices
to show that for any € > 0, we have X, ,.(y) < e. Let y; € C(O(T, AK(m)/A}“\)[p_l] for some m such that

Asr (Y —11) < %e. Then

1
As,r (dO(y — y1)) = Xs (A0 (1)) < e

3
Choose j > 0 sufficiently large so that piy; € C(O(Iy, A} (;y)/A})- By the inequality (6.6), we have
. 3 ) 3 . 1 .
)\Sm(pjyl) < iAS,r(d(O) (p]yl)) = 5 P j)\s,r(d(o)(yl)) < ip T e

Thus, we have
As,r(y) g max{)‘s,r(y - y1)7 )\s,r(yl)} g

This shows the exactness at d(©).
Finally, we can proceed similarly as in the proof of Lemma 6.5 to deduce from (6.6) that for any =z €

CO(Ty, Cl /ey, we have A, (z) < 32, (O (2)). O

€.

DN | =

7. DECOMPLETION OF RELATIVE ETALE (¢, I')-MODULES

Let h: X — ID)% be a toric chart, and A = (Ra, Ap) be a decompleting datum throughout the section.
Recall the (perfect and imperfect) relative period rings associated with A introduced in Definitions 4.4,
5.3, and 5.4. In this section, we study the decompletion and deperfection of relative ¢-modules and (¢, T')-
modules from perfect relative period rings to those over imperfect relative period rings. More precisely, we
will consider descent of p-modules and (¢, I')-modules along maps of period rings as in the following diagram

(1) A;(

| @

Al

G 5
(7.1) Bl —~— Bf,

(6)

9) ~
[(10) B, —— Bx

11

cf —=— ¢l

constructed in §4 and §5. The main results are Theorems 7.17 and 7.21.

7.1. Relative (p,I')-modules. We first introduce the notions of p-modules and (p, I')-modules, which are
analogues of Definition 4.11.

Definition 7.1 (p-modules and étale p-modules).
(1) Let » > 0 and let D" be one of the following rings

(7.2) {A}, B}, CL, A}, B}, C}, Ay, By, Ck }.
A p-module over D" is a finite projective D"-module M together with an isomorphism

or: M @pr, DP =5 M ®@p-, D'/P
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of D"/P-modules, where ¢: D" — D"/P is the Frobenius map (see Remarks 3.6 and 4.7(3)), and ¢ is
the inclusion map.
(2) Suppose 0 < s < + and let D] be one of the following rings

(7.3) {chr el eyl
A @-module over DI*"] is a finite projective D[*"l-module M with an isomorphism
oM (M ®plesrl Dls/P: T/p]) ®pls/p. /o, D[s’i] - M ®plsr, D[S’i]

of D*5)-modules.

(3) Let D be one of the rings from the set

(7.4) {Al,Bi,Cl, Al Bl ,Cl} or {As,Br,Ap, Bal.
A p-module over D is a finite projective D-module M together with an isomorphism
ov: M @D, p D > M

of D-modules. y 5

(4) A p-module over By (resp. By ) is called étale if it comes from a p-module over Ay (resp. Ay) via
base change. Similarly, a ¢-module over Bj\ or CR (resp. IVBR or éj\) is called étale if it comes from
a @-module over A;r\ (resp. Aj\) via base change.

Definition 7.2 ((¢,I')-modules).

(1) Let D be one of the rings in (7.2), (7.3), or (7.4) from Definition 7.1. A T'-module over D is a finite
projective D-module equipped with a continuous semilinear action of I'.16 A (p,T')-module over D
is a ¢p-module M over D, equipped with a continuous semilinear action of I" that commutes with the
action of .

(2) A (p,T')-module over one of the following rings

(7.5) B,,Ba, Bl B}, Cl,Cl,Bx, B, CL,
is called étale if it is the base change of a (p,I')-module over the rings
Ay Ap ALGAL AL AL A AL AL
respectively.

Remark 7.3.

(1) We point out a slight deviation from the standard terminology in literature: in the definitions above,
all p-modules and (¢, I')-modules are assumed to be finite projective.

(2) Our notion of étale (p,I')-modules requires the corresponding lattices over period rings of type A to
be stable under both ¢ and I'. This is similar to [CC98, Definition 1.4.2]. On the other hand, [KL19]
only requires the lattice to be stable under ¢, so the definition we use is more restrictive.

Notation 7.4.
(1) Let D be one of the rings in (7.2), (7.3), or (7.4). We write Mode, (resp. Modl;D, resp. Mod(/%r))
for the category of ¢-modules (resp. the category of I'-modules, resp. the category of (¢, I')-modules

over D.

2) Let D be one of the rings in (7.5). We write Mod %%t resp. Mod (M) for the category of étale
/D /D

p-modules (resp. the category of étale (¢, T')-modules) over D.
Remark 7.5. Let D be one of the rings in (7.1). Let M and N be p-modules over D. Let
L == Homp(M,N) = M" @p N,

which is a finite projective module over D. The maps pa: M ®p D = M and ¢n: N®p,,D = N induce
an isomorphism

¢r: L®p,, D = Homp(M ®p,, D,N ®p,, D) =L

165emilinearity here means that v(a-z) = v(a)-y(z) for all « € D and @ € M. We refer the reader to [KL19, Definition 1.2.2]
for a discussion of topology on M.
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Also note that f € L = Homp(M,N) is compatible with ¢a; and @y if and only if ¢(f) = f, where
o(f) = ¢r(f ®1) by a slight abuse of notation.

Remark 7.6. Let D1 — D5 be one of the maps in the diagram (7.1). By definition, the base change functor
from the category of p-modules (resp. I'-modules) over D; to that over Dy is compatible with tensor and
dual structures.

7.2. Preliminary results. We begin with some preliminary facts about (p,T')-modules. The following
lemma is already used in the proof of Corollary 4.13.

Lemma 7.7. Let D; — D5 be one of the maps in the diagram (7.1).

(1) Suppose this map induces an equivalence of categories of either ¢-modules or of I'-modules over D,
and Dy. Then it also induces an equivalence of categories of (p, T')-modules over Dy and Ds.

(2) Similarly, if this map induces a fully faithful functor from the category of ¢-modules (resp. TI'-
modules) over D; to the category of ¢-modules (resp. I'-modules) over Ds, then it induces a fully
faithful functor of (¢, T')-modules between them.

(3) To show that the base change functor from the category of I'-modules over D; to that over D5 is an
equivalence, it suffices to replace ' by an(y) open normal subgroup I'g C T.

Proof. First, suppose that the map D; — D5 induces a fully faithful functor from the category of I'-modules
over D to that over Dy. Let M and N be (¢, T')-modules over Dy. Write L := Homp, (M, N) 2 MY ®p, N.
We have (L ®p, D2)'=1 C L by the assumption, so (L ®p, D2)'=1¥=1 C L. Thus, the map also induces a
fully faithful functor of (¢, I')-modules between them.

Next, suppose that the map induces an equivalence of I'-modules between them. Let Ms be a (¢,T')-
module over Dy. Then we have a I'-module M; over D; such that M; ®pp, Dy = My is compatible with I'-
actions. Consider the isomorphism ¢z, : M2 ®p, ., D2 =, M of I'-modules over Ds. Since the isomorphism
My ®p,,p Do = (M, ®p1,e D1) ®p, D2 is compatible with I'-actions, ¢z, descends to an isomorphism
o, : My ®p, e D1 = M over Dy. Thus, M; is a (p,T')-module over Dy such that M; ®p, Dy & Ms is
compatible with the (¢, T')-action. This implies that the map also induces an equivalence of (@, I')-modules
between them.

The other statements in parts (1) and (2) follow from similar arguments.

Finally, let us prove part (3). The full faithfulness is clear. It remains to show essential surjectivity. For
this, suppose that M; is a finite projective D;-submodule of My stable under I'y such that My = M; ®p, Ds
as ['p-modules. We have to show that for any g € I, M is also stable under g. To this end, let

M{=g-My={g-z|x€M}C M.

Note that, since " acts on Dy, M| C My is a Di-submodule, which is finite projective. Since T'y is a normal
subgroup of T'; M7 is stable under the action of I'y. Furthermore, the map M| ®p, Do — Ms = M, ®p, Do
given by (g-2) ® @ — «a(g-z) is an isomorphism between finite projective I'p-modules over Ds. Since the base
change functor from finite projective I'g-modules from D; to D5 is fully faithful by assumption, we conclude
that the natural inclusion M{ C M induces an identification M{ = M; of submodules as desired. ]

Lemma 7.8. The base change functor from the category of ¢-modules over A}L\ (resp. BR, Cj\) to the
category of p-modules over Aj\ (resp. BR, é;r\) is an equivalence.

Proof. We only consider the case for AR; the other cases follow from the same argument. We will construct
a quasi-inverse to the base change functor. Let M be a ¢-module over Aj\ Then there exist r > 0and n > 0

such that M comes from a @-module N over p~"(AX" ), i.e. N is a finite projective p~"(AX" )-module
equipped with an isomorphism

N ® T - .ApnT+1 = N® " 14177:+1 ,
ANINE L ag A prafy ¥ AL
and M = N® o Aj\, compatible with the Frobenius structures. Let Ny := N ® r AAT.
e "(AR) e (AL )

Then Ny is a finite projective module over AT, and p induces an isomorphism
r r
n+1 =3 n+1

PNy : Ny ®A% o A;; — Ng ®A# A;{ .

p
A A
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It is straightforward to check that a quasi-inverse is given by Ny ®AAE% Aj\ with Frobenius induced from

¥ No- 0
The following result is proved in [KL15].

Proposition 7.9 (cf. [KL15, Lemma 6.1.5, Theorem 6.3.12]). Let » > 0 and 0 < s < £. The category of

sr]

’E |

(p-modules over C} is naturally equivalent to the category of p-modules over C
We have an analogous result for p-modules over imperfect period rings of C-type.

Lemma 7.10. Let rg be as in Proposition 5.18. Let 0 < s < r < rg such that s, € Q and s < f. Then the

base change functor from the category of ¢-modules over C; to the category of p-modules over C[S " is an
equivalence.

Proof We will construct a quasi-inverse to the base change functor. Let (Mo, onr,) be a p-module over

[S " If we write My = M, ®gls, ol Cgf/p’ T/p]7 then ¢y, is an isomorphism

] 51

Ml /P'/p]C[W _>M0® ar]CW.

5.5

] . . .
Let My = M, ®C£\s,r ., CY »*" Then ©M, above induces an isomorphism

[5:73] =~ (5271

]\42@[77](3pp2 — M ® /pr/p]Cpp2

. , (5 72] . . .
via pullback along the map ¢: C /f — Cy e . Iterating this process, we obtain

My = My @ o clm ]

for each n > 0 with an isomorphism

[59=r] (5 rter].

oM, Mpt1 ®C£\ﬁ,ﬁ] cy — M, ®C£{’ = CY
By the construction, the isomorphisms ¢y, ’s satisfy the cocycle condition. Thus, we have a finite projective

Cj-module M given by Corollary A.8 such that M ®@cy CE\W”’T] = M, for each n > 0. Furthermore, s, ’s
induce an isomorphism

r

©OM: M®CX,§D CK — M®CX,L C/;\

It is straightforward to check that this gives a quasi-inverse. O

Corollary 7.11. Let r > 0, and let M be a (¢, I')-module over C}{ such that M ®cy (Aj& is free over (EE(
Then there exists 0 < 7' < r such that for any 0 < s < 7/, the induced (p,I')-module M ®cy C[/f’r/] is free

[s,7]
over C,"" °.

Proof. Choose 0 < r; < r sufficiently small so that M ®cy (Njgg is free over 6; Let 51 = %, and consider
the induced (¢, T')-module
MIrn) = (M @oy CF) ©gy C .
Write A, () == max{Xs,(:), A\, (1)}. Let x1,...,2, € M be a set of generators of M as a finite C/;-

module. Choose a (Aj[;l’”}—basis {e1,...,en} of Mlsuml, Equip M1 with the finite-module norm given
by the presentation

Mol = @S e,

For each 1 < i < n, we can write ¢; = Zle a;;x; for some a;; € (NJ[;]’”]. Recall from Lemma 5.11(2)

that ékl’”] is dense in (Nj[;l’”]. So we can choose an integer m > 0 sufficiently large such that for each

1 <i<nandl<j</{, there exists b;; € Ckl(’;l)] satisfying As, », (e; — fi) < % with f; = Zf,:l bijx;
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Since é[;{l’“] is complete under the Ay, ,,-norm, {f1,...,fn} gives another basis of Mlstml We have

fuoeos fu € M = Mooy ORI

Note that CL7' is complete under the A,, ,,-norm for each k >
J

A, (k)
argument as above, we deduce that x; € @?Zl Ckl(’rn;)] - fi for each 1 <

Thus, M([f;)’h] is free over CE‘;}(’;;)].

Lastly, let " = -5 and s’ = 2. Then the induced (¢, I)-module

Using a similar approximation

0.
< £ (after enlarging m if necessary).

P
Ml plsrml ® C[S'ﬂ“']
=My  Febinlem VA
is free over Cgf/’r/]. Since s’ = %, this implies the desired statement by Lemma 7.10. O

7.3. Descending relative p-modules. We first study some descent results for ¢-modules. We will refer
to the arrows in the diagram (7.1). Recall that Proposition 4.12 induces descent of étale ¢-modules along
the arrows (4), (8), and (10).

7.3.1. Descent of w-modules along the arrows (2) and (6). Recall from Definition 5.6(5) that Ax/p = Ry.
The essence of the next two results is the Riemann-Hilbert correspondence between F,-local systems in
characteristic p and vector bundles with Frobenius structures, due to Katz [Kat73, Proposition 4.1.1] (see
also [KL15, Proposition 3.2.7] and [BS23, Proposition 3.4]).

Lemma 7.12. Let M be a finite projective p-module over A . Let m > 1 be a positive integer.

(1) There exists a faithfully finite étale A, /p™-algebra S, such that M ®a, Sy, is finite free over S,
and admits a ¢-fixed basis.

(2) If mo < m is another integer such that M ®a, Sy, admits a ¢-fixed basis for some faithfully finite
étale Ap/p™o-algebra S,,,, then S, can be chosen in a way such that S,,/p™° is faithfully finite
étale over S,,,, and that this basis over Sy, lifts to a p-fixed basis of M ®a, Sp.

Proof. The same proof of [KL15, Lemma 3.2.6] carries over. |

Corollary 7.13. Let m > 1 be a positive integer. There is a natural tensor equivalence between the category
of Z/p™-local systems on Spec Ry and finite projective p-modules over A /p™.

Proof. The same proof of [KL15, Proposition 3.2.7] carries over. O
The following is the main result of this subsection.

Proposition 7.14 (cf. [KL19, Corollary 5.4.6]). The base change functor along A, — .&X induces an
equivalence of categories of p-modules

3 Mod”

]
Mod VA

/An

Consequently, the base change functor along By — B x induces an equivalence of categories of étale -
modules
Pt~ ¥,6t
Mod/BA e Mod/ﬁx.

Proof. This is essentially [KL19, Corollary 5.4.6]. We recall the argument for completeness. We first show
full faithfulness. Since Homy, (M, Ms) = (MY ® M)#=! for (finite projective) p-modules My, My over A,
it suffices to show that for any finite projective p-module M € ModeA, we have (M ®a, Ax)?~! C M.
Note that since A and A x are p-adically complete and A x is p-torsion free, if any element x € A x satisfies
the condition that its image in Ax/p™ lies in Ap/p™ for every m > 1, then @ € A,. Since M is finite
projective over A, we further reduce to showing that for each integer m > 1, we have

(M @a, Ar/p™)?=" = (M @4 Ax/p™)?=".

Let v € (M ®a, Ax/pm)‘le. Let S,, be a finite faithfully étale algebra over A, /p™ over which M
admits a ¢-fixed basis as in Lemma 7.12. Write

S"m =S @A, AX = Sm DAL /pm ;&X/pm'
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View v as an element in M ®a, §m7 which has a cp—ﬁxed basis given by a ¢-fixed basis in M ®a, Sm- By
writing v in terms of this basis and noting that (S, )?= = (S )?=, we deduce v € (M ®4 Sp)?=". Thus,

vE (M®a, Sm)N (M ®a, Ax/p™).
We claim that B B
(M ®AA Sm) N (M ®AA AX/pm) =M ®AA (Sm N AX/pm) = M/pm~
The first equality above follows from that M is flat over A,. Since Sy, is faithfully flat over A, /p™, we
have S,, N A x/p™ = Ap/p™ as subrings of gm, which yields the second equality. This proves the desired
full faithfulness.

Now we show essential surjectivity. Let M be a finite projective p-module over AX of rank d. By
the modulo- pm full faithfulness proved above, it suffices to descend (for each m > 1) the finite projective
@-module M,, = M/p over AX/pm to a finite projective ¢- module M, over A,/p™. Note that the
¢-module M corresponds to a Zp-local system T on Spec Rx of rank d by [KL15, Theorem 8.5.3]. Since
the colimit perfection Rp is dense in Ry (see Definition 5.6(2)), T comes from a Zy-local system T on
Spec Rp again by [KL15, Theorem 8.5.3]. By Corollary 7.13, the Z/p™-local system T/pm corresponds to a
finite projective p-module M,, over A, /p™, and it follows from the constructions that M, ®a A x = Mm
is compatible with . (]

7.3.2. full faithfulness along the arrows (1), (3), (5), (7), (9), and (11).
Proposition 7.15 (cf. [KL19, Proposition 5.4.8]).
(1) The base change functor of ¢-modules

Mod?

Al T Mod?

JAN"
along the map A}L\ — A is fully faithful. Consequently, the base change functor of étale ¢p-modules

1\/[001*/"];t — Modf5!

along B}f\ — By is fully faithful.
(2) The base change functor of étale p-modules

©,ét ©,ét
Mod/BT — Mod/CT .

along the map BR — C}L\ is an equivalence of categories.
(3) The base change functor of ¢p-modules

@
Mod/AT — Mod/y

along the map Aj\ — 11;( is fully faithful. Consequently, the base change functor of étale p-modules

©,ét ©,ét
MOd/B+ — Mod/BJr

along B}L\ — ﬁ} is fully faithful. Furthermore, the base change functor of étale ¢-modules

@,ét ©,ét
Mod/CT — Mod/CT

along C — C is also fully faithful.

Proof. The proof is similar to that of full faithfulness in Proposition 7.14.
(1) It suffices to show that for any finite projective p-module MT over Aj\, every element v € (MT ® Al
A)?=! lies in MT. By Propositions 7.14 and 4.12, we have

(M1 Dt AN = (M7 Bt Ax)?=t = (MT =N Al )
Hence, v lies in the intersection
(JWT ®Aj\ Ap)N (MT ®A; KB{) = M' ®ATA (A mﬁ}) =M,

as desired, where the last equality follows from AR =A\N 11;( (see Definition 5.3(2)).
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(2) Tt suffices to prove full faithfulness. Again, this amounts to showing that for any finite projective
étale p-module MT over BR, every element v € (M Dy, C:[\)‘P:1 lies in MT. Via the inclusion
Cj\ — (Nj&, we view v as an element in MT ®Rgt (NJE, which is an étale p-module over (NJJ;( By

A
Proposition 4.12(2), we have

v E (]\4Jr ®BI\ 6&)“0:1 = (]\/.I(Jr ®Bj\ ﬁ&)wzl.
Thus,
ve (M o B)n (Mt ®gt cl) = Mt Ogt B ncl) = mt
where the last equality follows from Proposition 5.25.

(3) The statement for AR — :&} (and therefore that for B}L\ — ﬁ}) is a direct consequence of part

(1), Propositions 4.12(1) and 7.14. As a consequence, the statement for CR — (NJE( follows from
Proposition 4.12(2).

O

Remark 7.16. Thanks to Lemma 7.7, the statements in Propositions 7.14 and 7.15 remain true if we replace
p-modules by (¢, I')-modules.

7.4. Descending relative (p,T')-modules, I: full faithfulness along the arrow (11). Notice that we

have not analyzed the base change functor along the map C}L\ — (NEE( (arrow (11)) in the non-étale situation.
To state our result on full faithfulness along the arrow (11), we consider the full subcategory

(¢,T),ind—free (¢, 1)
Mod/cj\ C Mod/CTA

consisting of (¢,I')-modules M over C:r\ such that M &1 6& is free over é&
A

Theorem 7.17. Let A = (Ra,Ap) be a decompleting datum for (X, h). The functor

(¢,I'),ind—free (,T)
Mod/ij — MOd/éﬁ(

giwen by the base change along CR — 6} 1s fully faithful.

Proof. Let My, M; € Modygf)’ind_free. Let » > 0 be small enough such that M; and Ms come from
A

(p,I')-modules over C%, which we still denote by M; and M, respectively, by an abuse of notation. Let
JY = Hoch(Ml, M) = MY ®cr, M2, which is a (¢,T')-module over C%. Note that N ®cr, C} is free over
CE(. By Corollary 7.11, after shrinking r if necessary, we know that N ®cr, C[/f’r] is free over qu,r] for all
O0<s<r.

/

Step 1. We first consider the induced finite free (¢, I'g)-module over CE\?T  for some ' > 0 and some open
normal subgroup I'y C T'.
[s,r

Let s = 7. Consider the induced (¢,I')-module N ®@cy Cgf’r], which is finite free over C} J. Choose a

Ck’r]-basis €1,...,en, and equip N ®@cy CE\S’T] with the finite-module norm given by the presentation
n
N ®Cj\' Ck’r] = @Ck’r] - €.
j=1

Let Ty C T be an open normal subgroup of the form T'g & (p®Z,)? x (1 + p*Z,) C Zg x Z,; for some a > 0
and b > 1. We take I'g small enough so that

N =

A((y —1)ey) <

forally € Ty, t € [s,r], and 1 < j < n.
As in the proof of Lemma 7.10, for each integer k > 0, consider the induced (¢, T'g)-module

s,T sp~FrpF
N, = (N ®cy CE\’ ]) ®C[AS‘”'],«:"‘ CE\P ]
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Let kg > 0 be large enough so that Proposition 6.10 (with Ty given above) is applicable for [s',r'] =
[sp~Fo, rp~Fo]. Write €j ko = €; ®1 € Nyi,. Note that for any ¢’ € [s,7'], we have

A (7 = D)ejikg) = Aprop (Y = 1)ej) <

for each v € T, since p*t’ € [s,r].

DN | =

Step 2. We now claim that
(Nko v G ”)FOZI C N,
Consider the quotient 65’” / Ck "l and consider an element
T=ai€1h + -+ anenky € Niy @ (st (C[s o ]/C s’ )
with a; € éil’T,]/CE\S,’T/], such that y(z) = z for all v € Ty. Write Ay ,/(-) = max{\,(-), \.(-)}. Pick an
index 1 < jo < n such that Ay v (aj,) = maxigicn{As r(a;)}. From the equalities

Y(@) =v(a1)v(e1,k,) + - +v(an)¥(enk,) =T = arerk, +++ + anen ko,
we deduce that

1
Ao (7 = (@) < 5Asrrr(a50)

for all v € Ty, since Ay (7 — 1)ejk,) < . Thus,
1 3
Ao (0(a3) € S 00(a30) < oo (00 0,))

where the last inequality follows from Proposition 6.10. This implies d(*)(a;,) = 0, hence a;, = 0, again by
Proposition 6.10. Therefore a; = 0 for all 1 < j < d; namely, = 0. This finishes the proof of the claim.

Finally, let x € (N ®cr, . CX) By é;é such that ¢(x) = 2 and y(z) = = for all vy € . By Step 2 and
Lemma 7.10 (note that s’ = %), we must have x € N ®cr , C'y. This proves the desired full faithfulness. [

7.5. Descending relative (p,I")-modules, II: the arrows (1), (5), (11). Recall from Proposition 7.15
and Remark 7.16 that the base change functor

T
Mod(‘P Z) — Mod;AT)

is fully faithful. We show that this functor is actually an equivalence of categories.
Theorem 7.18. The base change functor of (o, T')-modules

N
Mod(‘PA PR Mod(/AT)

along the map A}L\ — Ag( s an equivalence.

Proof. The base change functor is fully faithful by Proposition 7.15(3) and Lemma 7.7(2). For essential
surjectivity, let M € Mod(“i’l;).
/A

Step 1. We first show that when M is free over 11}, there exists a (unique) AI\—submodule M C M which
is a (¢, I')-module over AI\ such that the natural map

Moy Al — 1

is an isomorphism of (¢, I')-modules.
The uniqueness holds by the full faithfulness of the base change functor, and we need to show the existence.
Let 7 > 0 be sufficiently small such that we have M” @5 Ay AE( =~ M as (¢, T')-modules, for some finite free

(¢,T)-module M" over AS(. It suffices to show that M" descends to a (¢, I')-module over Ay, after shrinking
r if necessary.
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Choose an KTX—basis ey, ...e, for M ", and equip M with the finite-module norm given by the presentation
—~ n ~
Mr = @ ATX . €j.
j=1

Let Iy C T be an open normal subgroup of finite index of the form Iy = (pZy)* x (1 + p*Z,) C Z% x 7%

for some integers a > 0 and b > 1. We choose I'y small enough such that
1
A= 1)ej) <

for all v € I’y and 1 < j < n. For each integer k£ > 0, consider the induced (¢, 'g)-module
—_— — ~r —k
M =M ®7X§(,w"' Ay .

Let 7 be as in Corollary 6.9 with respect to our choice of I'g. Pick ko large enough so that r’ = rp=*0 < .
For each e, == ¢; ® 1 € My, note that

| =

A (7 = Dejrg) = Ar((7 = D)ej) <

for all v € ['y.
Before proceeding, we introduce some notation for convenience. For a matrix T = (TJ )1gj,h<n €

Matnxn(jlgé), write T = (Tjh) for the n X n matrix with entries in K%/A}”\/, where Tjh being the im-
age of T}, in A’ /A7 under the projection. Write A (T) = maxi<jn<niM (Tin)}. We use a similar
notation for group cochains as well.

Claim. The I'g-module M,ZO descends to a I'g-stable free AR/—submodulc M, namely, the natural map
M @y Ay — My,
is a I'g-equivariant isomorphism.

Proof of Claim. Let g; € Homeont(I'o, My, ) denote the element given by v+ 7(e;) for v € I's. We can write
9;(7) = Z Fin(v) - en+ (L4 £55(7) - ¢

1<h<n, h#j
with fn(y) € A%, Denote f(v) == (fin(M))i<ingn € Mat, xn (A% ). It suffices to find a change-of-basis
matrix B € GL,, (A% ) satisfying

Y(B)(A+ f(7))B™" € Mat,xn (A})

for all v € T'y.

We will construct such a matrix B inductively. Note that A (f(y)) < § by our choice of I'y, and so
A (f(7)) < §. Suppose we already have A (f(7)) < 557 for some £ > 1. The key observation is that f is
close to a cocycle, so that the 2-cochain d(*)(f) is close to 0. We then use Corollary 6.9 to modify 1 4 f

iteratively. More precisely, for any o, 5 € 'y, we have

L+ f(of) = 1+ o(f(8)(A+ f(0)) =1+ f(o) + a(£(B)) + o(f(B)) - (o).
So dV(f)(o,8) = a(f(B)) - f(c). Thus, A (d(l)(fjh)) < (557)? for all 1 < j, h < n. By Corollary 6.9, there
exists an element b;;, € 11;& /A" such that

_ - 3 — 1
)\r/(fjh(“/) +W’(bjh) - bjh) < 5)\7"/ (d(l)(fjh)) < 3. 92041

again by Corollary 6.9.
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For each 1 < j,h < n, let bjh € A be a preimage of b;, such that A (bjn) = A\ (bjn). Let BY) =
14 (bjn)i<j,ngn € Matan(A ) We have the following identity on matrix multiplications

V(L4 bjn) - (L+ (Fn(1))) - (L= (bjn) +o(3-27H)7H)
=1+5(bjn) + (Fi(1) = (bjn) +7(05n) - (fin(7)) - (bjn) = 7(bjn) - (bjn) + o((3-27F1)™H),
where o((3 - 2¢+1)~1) denotes some matrix T' € Maty, (A% ) with A (T) < (3 - 2471)~1. This implies

1
A GO+ FON BT 1) < o
Startlng from the case £ = 1 and iterating this step inductively, We obtain a sequence of matrices BV, B . e
GL, (A% ) such that for each vy € Ty, we have \.(B®) — 1) < 7 and

N

1
3. 201
Taking the limit B := limy_,oc BO B¢ ... B we obtain the desired matrix and prove the claim.

A (V(BOY - y(BMY(1 + f(A))(BM)~1...(BO)-1 1) <

Now, recall that 'y C T is an open normal subgroup of finite index. Pick ¢1,...,9s € I' representing
I'/Ty, and consider g; - M C M,:O as in the proof of Lemma 7.7(3) for each 1 < i < s. Note that g; - M is
T'g-stable and free over A}“\/ with (g; - M) ® Ay ./17"); ~ ), %o~ By applying a similar argument as in the proof
of full faithfulness in Theorem 7.17 (but using Corollary 6.9 instead of Proposition 6.10) to M and g; - M
for each 1 < i < s, we deduce that for some ki > ko,

N=M®,, AP

,pk1—Fko

is stable under the I'-action on M: %,- Furthermore, since the ¢-action and I'-action on M, %, commute, we
similarly deduce that the isomorphism

~ o —ki—1 . o~ ~ o —ki—1
o M ~ k Arp — M7 ~ k ATP
QDMkl ®A7p 1, BX k1 ®A”’ L, AX
descends to an isomorphism
—k1—1 —k1—1
N e, AP — N ok Al
®A'/r\p Lo A ®Aj\p 1, TA

after increasing k; if necessary. This proves Step 1.

Step 2. We now consider the general situation where M is finite projective (but not necessarily free) over

A}. By Corollary 4.16, there is a unique étale Z,-local system L on X such that D""*T(L) = M. Choose

a finite étale Galois cover X’ — X over which L/pL is trivialized and let M’ := M ®3+ A&,. From the
p.e

construction of the functor Bi“m, we deduce that M’ /p is free over 113(// p= Ax /p. Recall from the proof
of Proposition 4. 9(1) that (A;,, (p)) is a henselian pair. In particular, p lies in the Jacobson radical of A',.
Thus, M M’ is finite free over A v by Nakayama’s lemma.

Let A’ denote the decompleting datum given by Construction 5.29 applied to X’ — X and A. By Step
1 for A’, M’ descends uniquely to a (¢, T)-module M’ over Aj\,. Write G for the Galois group of the cover
X' — X. By Propositions 4.9 and 5.28 and Construction 5.29, the maps Spec(_&;,) — Spec(_/?x}) and
Spec(AR,) — Spec(A}L\) are finite étale Galois covers with the same Galois group G as X’ — X. Note that
by the construction of the toric towers, the G-action on M’ commutes with the ¢ and I'-actions.

By the uniqueness of descent, the G-action on M’ induces an AA,—semilinear G-action on M'. Such
an action corresponds to a descent datum for the cover Spcc(AR,) — Spcc(AJr ). Hence, by faithfully flat
descent, we obtain a (¢, ')-module over Aj\ which is the descent of M. O

Remark 7.19. The strategy of reducing to the free case in the proof above is somewhat similar to argument
in the proof of [AB08, Theorem 4.35]. However, note that the proof of loc. cit. generalizes the method of
[CCY8] (valid when X admits good reduction), while our argument is based on the results established in §6
and hence is different.
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Corollary 7.20. The base change functor

Mod/‘gT e, Mod;%’?’ét (resp. Mod/CT e, Mod/CT et)

along the map BR — E} (resp. C}L\ — 6}) is an equivalence.
Proof. This follows from Theorem 7.18 and Proposition 7.15(3) (see Remark 7.16). O

7.6. From p-adic local systems to étale (¢,I')-modules. Combining Corollary 4.16 with the descent
results established in this section, we obtain equivalences between the category of p-adic local systems and
that of (¢, ')-modules over imperfect relative period rings.

Theorem 7.21. There are natural equivalences of ®-categories

D™F: Locz, (X) = Mod(iT),

DT: LOCZp (X)Q) - MOd/BT s

and
~ T'),ét
Dl : Locz, (X)g = Mod(/*fj )&,
Proof. This follows from Corollary 4.16, Theorem 7.18, and Corollary 7.20. Note that the compatibility with
tensor structures follows from Remark 7.6. |

In particular, this finishes the proof of Theorem 1 from the introduction.

8. STRONGLY DECOMPLETING DATA

In this section, we develop a theory that allows us to construct a relative version of “Ngg(V)” of Berger
in [Ber02]. This generalizes the work of Ohkubo [Ohk15] (in the case of CDVF with imperfect residue fields)
and Andreatta-Brinon [AB10] (in the relative case where X is the rigid generic fiber of an étale algebra over
Ox(TE,. .. ,Tf)). Our construction will be a natural extension of Construction 3.38 in §3.4 and builds on
the notion of strongly decompleting data.

8.1. Strongly decompleting data.

8.1.1. Setup. Throughout, let X = Spa(Ax, A*) be an affinoid K-algebra together with a toric chart h: X —
]Dd Recall that the tower X, = @Xn — X is an affinoid perfectoid object in the pro-étale site X o4,
with associated affinoid perfectoid space Xoo. Write X, = Spa(Ax n, A% n) for each n > 1, and write

117

X = Spa(AX’oo, A}’OO). For r sufficiently small*" and for any n > —log, r, consider the map

i Al = By x(Xoo)
1
sending > p™ [xm] = ooy p™[zh |, where B, dr.x is the (horizontal) de Rham period sheaf on Xpyoet

defined in [Sch13]. This map is well-defined following the same computation as in [AB10, Lemme 7.2].
Inverting p, we obtain ¢, : B% — IB%(J{RX (Xoo)-

8.1.2. Topology on BdR < (Xo). On IB%:;R’X(XOO), there are two useful topologies. First, the canonical topology
is defined to be the inverse limit topology on

Big, x L Bir, x (Xoo) /t"Big x(Xoo)

where each IB(TR’ (Xso) /thdR ¢ (Xoo) is equipped with the p-adic Banach space topology. On the other
hand, one can endow B dR, «(Xo) with the t-adic topology, which is finer than the canonical topology. Note
that IB%XR’ ¢ (Xoo) is complete with respect to the t-adic topology.

17\We shall assume that r > 0 is sufficiently small such that the statements in §6 are applicable.
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Lemma 8.1. Suppose that p~™ € [s,r]. Then ¢, extends to a continuous map
i CY Bir,x (Xe)

where the source is equipped with the topology given by max{\,, As}-norm and the target is equipped with
the canonical topology.

Proof. Let m > 1, and consider the induced map

b B = Bl x (Xoo) /7.

By the computation as in the proof of [AB10, Lemme 7.2], there is a constant Cs ;. > 0 (which may
depend on s,7,n,m) such that for any = € B, we have

ltn(2)|m < Cspnym - max{A.(z), As(z)}

where | - |,, denotes the p-adic Banach sapce norm on IB%XR «(Xo)/t™. So the above map extends to a
continuous map

s O B, (Xoo) /1™

Passing to the inverse limit, we get the desired statement. O

8.1.3. OBQ‘R’X (Xoo)- Let O]BIR’X be the de Rham period sheaf defined in [Sch13]. Consider OIBIR,X(XOO),
which comes with a natural connection

V: OBXR,X(XOO) - OBXR,X(Xm) ®Aax Q}AX/K

and the theta map
9)(2 OB(TR,X(XOO) i A\X,oo~

We equip OIB%IR_X (Xoo) with the canonical topology; that is, we equip

OB x (Xoo) = LOEdRX( s0)/ (ker )" OB, (Xo0)

with the inverse limit topology, where each OB, dr.x (Xoo)/(ker 0x)™OB IR’ (X o) is equipped with the p-adic
Banach space topology.
Moreover, by [Sch13, Proposition 6.10], there is an identification

OBIR,X(‘)(OO) = Bji_R,X(XOO)[[ula cee ,Ud]]

where u; = T; — [Ti"], and we recall that ker 0x = (¢, uq, ..., uq).

8.1.4. The ring Ax n[t,u1,...,uq]. For every integer n > 0, consider the subring
AX,n[[ta Uty .- - 7U,d]] C OBIR,X(XOO)

This ring will play the role of K,[t] in §3.4. First, let us note that Ax ,[t,u1,...,uq] is stable under the
natural I'-action on (’)B;{R,X (Xs)- We can endow Ax ,[t, u1, ..., uq] with the following two topologies:

(i) the subspace topology induced from the canonical topology on OBIR} (Xoo)s
(ii) the inverse limit topology via

Ax plt,ur, .. uq] = &iLnAX)n[t,ul, coougl/(Eur, e ug)™
m
where each Ax ,[t,u1,...,uq]/(t,u1,...,uq)™, being a finite free Ax ,-module, is endowed with the
natural p-adic Banach space topology.
Lemma 8.2.
(1) The two topologies on Ax ,[t,u1,...,uq] coincide. (This topology is referred to as the canonical

topology.)
(2) Axnlt,ua,...,uq] is a closed subspace of (’)B:{R,X (Xoo) (with respect the canonical topology).
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Proof. This essentially follows from the definitions. It suffices to note that, for each m, there is a natural
injection

Ax plt,ur, .. uq) /(G ur, . uq)™ — OIB%(T&X(XOO)/(ker HX)mOIB'd"R,X(XOO)
identifying the source as a closed subspace of the target. Moreover, the p-adic Banach topology on the source
coincides with the subspace topology induced from the p-adic Banach topology on the target. Taking inverse
limit gives the desired claim. ]

Remark 8.3. One can also consider the (¢,uq,...,uq)-adic topology on Ax ,[t,u1,...,us], which is finer
than the canonical topology.

8.1.5. The ring Ax n[t,u1,...,uq]V=C. Taking the V = 0 part, we arrive at an inclusion
Ax)n[[t, Upy .o ,udHV:O - OB(TR,X<XOQ)v:O = B(_i‘—R,X(XOO)'

We can endow Ax ,[t, ug,. .. ,ud]]vzo with the canonical topology that is the subspace topology inherited
from the canonical topology on IB%(J{R’ (Xo). It is also the subspace topology inherited from

Axvnﬂt,ul, ey ud]]VZO C Ax,n[[t,ul, e ud]],
where the latter is equipped with the canonical topology.

Corollary 8.4.
(1) Axnlt,u1,...,ug] V=" is a closed subspace of IB%IR’X(XOO) = (’)IB%;{'R’X(XOO)Vzo (with respect to the
canonical topology).
(2) For each m > 1, Ax o[t u1,...,uq]V=0/t™ is a closed subspace of B} y(Xoo)/t™ where the target
is endowed with the p-adic topology.

Proof. Since V is continuous, IB%IR’ (X)) is a closed subspace of (’)IB%(}'R’  (Xoo) under the canonical topology.
For (1), it suffices to notice that

Ax’n[[h’u,l, - ,ud]]v:O = BIR,X(XOO) N Ax’n[[t,ul, e 7’U,d]]
and then apply Lemma 8.2(2). Part (2) follows from a similar argument. O

For later use, we show that, as a ring, Ax ,[t, u1,. .., uq]V=° can be identified with Ax ,,[t]. The construc-
tion follows verbatim as in [Ohk15, Lemma 4.1.4]. For completeness, we recall the construction. Consider
the map

f: Axvn[t,ul, A ,ud] — Axyn[[t,ul, e ,ud]]

sending T
_1)mttna

T E ——uft w0t o0 0 (2).
nil---ng!
n1,...,Nd€Lx0

It is straightforward to verify that f is a ring homomorphism such that
ftz) =tf(z) for all z € Ax p[t,u1, ..., uql;

o f(uj)=0forallj=1,...,d;
o f(T;)=T; —u; = [T;] forall j =1,...,d;
e the image of f is contained in Ax ,[t, u1,...,ua]V=°.
Moreover, f is continuous with respect to the (¢, u1, ..., uq)-adic topology on the source and target, hence f
extends to a ring homomorphism
f: Axﬁn[[t,ul, . ,ud]] — Axyn[[lﬂul, e ,Ud]]v:O.

Lemma 8.5. The map f induces an isomorphism

(81) f: AX,n[[t]] ;> AXW[[t,ul,...,ud}]vzo.
Proof. Notice that f is identity on the subring Ax ,[t,u1,...,us]V=". Hence f is surjective. We obtain a
surjection

frAxnlt]l 2 Axult s, ..y ua]/(ur, oo ug) = Ax ot ui, .. L ug] V0.
It remains to show f is injective. For this, it suffices to notice that f(¢) = ¢, thus the desired injectivity
reduces to the injectivity of f on Ax ,. Since f is a ring homomorphism and both the source and target
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are reduced, it suffices to show that f is injective on Ax, which follows from the explicit formula of f (in
particular, the fact that f(7}) =T} — u;). O

Remark 8.6. As a byproduct, note that the t-adic topology on Ax ,[t, u1,. .. ,ug]V=? (via the isomorphism
[ Axatl = Axanlt,u1,...,ug]V=") is finer than the canonical topology (cf. [Ohk15, Lemma 4.1.5]).

Lemma 8.7. The natural inclusion Ax ,[t,u1,...,uq]¥=" C Ax ,[t,u1,...,uq] induces an isomorphism
Ax’n[[t,ul, ey ud]]vzo[[ul, . ,ud]] = Ax’n[[t,ul, ey ud]].

Proof. First, the inclusion Ax ,[t,u1,...,uq]V=" C Axn[t,u1,...,u4] indeed extends to a ring homomor-

phism g: Ax n[t,u1,...,ua]V=fus, ..., ua] = Axnlt,u1,...,uq]. To check that ¢ is an isomorphism, it

suffices to check after modulo (u1,...,uq); we obtain

g: AX,n[[t7U17 - ,ud]]V:() — AXJL[[t]].

Composing with the isomorphism f: Ax ,[t] 2 Ax n[t, u1,- .., uq] V=" in Lemma 8.5, one sees that the map
fog: Ax [t us,..., ug] V=0 — Ax o[t i, ... Jug] V=0
is simply the identity; hence g is also an isomorphism. O

8.1.6. Strongly decompleting data. We are ready to define the notion of strongly decompleting data. Let A =

(Ra,Ay) be a decompleting datum (see Definition 6.3), with associated imperfect period rings A}, B, Ck’r], s
etc. Also, recall the open subgroups I';, C I' defined in §4.1, for integers n > 0.

Definition 8.8. The decompleting datum A = (Ra,Ay) is called strongly decompleting if the following
conditions hold:

(a) For r sufficiently small, the image of the composition

A C A% 5 Bl x(Xoo)

lies in Ax p[t,u1,. .., uq]V=", for all n > —log, r.
(b) The composition
ATA i) AXm[[t,ul, e ,ud]]vzo - AX,n

is surjective for all n > —log, .

(c) Let r,, = p~™. There are an integer ng > 0 and a constant C' < pfp%l such that for any n > ng, we
have

Ar, (v = D(@)) < C- A, (2)
for all z € CK”’T"] and vy € I'y,.

Remark 8.9.
(1) As a consequence of condition (a), we have the continuous map

=0
tn: Al = Ax [t ua, ... ,ud]]V .

By Corollary 8.4 and the proof of Lemma 8.1, this map further extends to a continuous map
(8.2) ln Ck’r] — Ax [t  u1,. .. ,ud]]vzo,

whenever p~™ € [s,r], with respect to the topology induced from the norm A, = max{As, A\,} on
the source and the canonical topology on the target. Note that ¢, is compatible with the I'-actions
and satisfies ¢, (t) = p~"t.

(2) The composition in condition (b) is simply the restriction of § o = ": B —» A\X,oc to AJ.

(3) Condition (c) is imposed so that a relative version of Lemma 3.40 holds for CK"’T”]. This property
is needed for our construction of the relative Ngg functors in §10.

Lemma 8.10. Suppose that A = (Rx, Ap) is strongly decompleting. Let [s,r] be an interval containing
p~™, where r is sufficiently small. Then ¢, : CE\S’T] — Ax [t u1, ..., ug] V=0 has dense image with respect to
the t-adic topology, for all n > —log,, r.
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Proof. We need to show that, for any m > 1, the composition

iy At v, ug] V=0 = Ax o[t ug, ... ug] V=0 /™

is surjective. Since p"t € C[s " and t = tn(p™t), thus by induction, we reduce to the case m = 1. But this

follows from Definition 8. 8(b) O

Corollary 8.11. Suppose that A = (Ra, A,) is strongly decompleting. Let r > 0 be sufficiently small (so
that Corollary 5.24 is applicable, in particular). Suppose # ([s,r] N p”) = 1 with p=™ € [s,7]. Then the map

@ Ck’r] /thE\gm] — AX,n[[tv Ugy .- vud]]vzo
m>1

induced by ¢, is an isomorphism.
Proof. By Lemma 8.10, the map
s CET ™ s Ax ot ua, . ug] V0

is surjective for each m > 1. So we need to show that the above map is injective. Since t is a non-zero divisor
of C[s "l and Ax nllt,ut, .., ug] V=Y, it suffices to show that the map is injective when m = 1.

By the assumption on [s r], the map ¢, : C[S "t — IB%dR (Xoo)/t is injective. So it suffices to show that
the map

clrle — el

is injective. By Corollary 5.24 and Lemma 5.11, we have a Ck’r]—linear projection P: é;’r] — Ck’r] which

is a section to the inclusion Ck’ﬂ — ég?r]. Let x € Ck’r] be an element such that x = ty for some y € 6[)‘?7“}
Then

z = P(z) = P(ty) = tP(y)
with P(y) € Ck’r]. This proves the statement. ]

Let us also record the following lemma for later use.

Lemma 8.12. For all n € Z3, the maps
(1) Axnlt,u, .. ua] V=0 = Big x (Xoo)
(2) Axnlt,ur,...,ua] = OB, x(Xoo)
are faithfully flat. The same assertions hold when we replace n by oo.

Proof. Let us prove (1) first. Note that Ax ,[t,u1,...,us] V=" = Ax ,[t] is noetherian. Since both rings are
t-adically separated and complete and ¢ is a non-zero-divisor, it suffices to check after modulo ¢ by [Sta26,
051C, 0912]. After modulo ¢, the map becomes AX n— AX o0, Which we claim is faithfully flat. For this, it
suffices to show that both Ax , = Ax,n ®xk, K. and Ax n Ok, Koo — AX oo are faithfully flat. The first
arrow is clearly faithfully flat. For the second arrow, it suffices to show that A%, ®o,, O — Ag(m is
almost faithfully flat. By almost base change, we immediately reduce to the case of poly-annuli, which is
well-known. The proof of (2) is similar — in this case both rings are (¢, u1, ..., uq)-adically separated and
complete. O

8.2. Strongly decompleting data under finite étale extensions. Let h: X — ]D)?{ be a toric chart as
before, and let g : X’ — X be a finite étale morphism. Let h': X’ — D% be the composition of h and g. The
goal of this subsection is to show that, for any strongly decompleting datum for (X, &), the induced datum
for (X', h') is also strongly decompleting.

Recall the following construction from §5.5. Let A = (Ra,Ap) be a decompleting datum for (X, h).
The finite étale morphism ¢ : X’ — X induces a finite étale ring map A\Xm — A\X/,Oo. We view A\X/m
as an object in (AX OC) N and let A’ and R’ be the corresponding objects in (Ap)res and (Rp)fer- By

Theorem 5.30, the pair A’ = (R, A’) is a decompleting datum for (X', n’).
Theorem 8.13. If A = (Ra, Ap) is strongly decompleting, so is A = (R', A’).
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Proof. For r > 0 and for any n > —log, r, we have a commutative diagram

oty

A% A% Ax .00

(8.3) l l l

e Oor -~
A" — AL , — AX/,oo~

Claim 1: For r sufficiently small, both squares in (8.3) are pushout squares.

Proof of Claim 1. The first square is a pushout square for r sufficiently small by Construction 5.29 and
Proposition 5.28. For the second square, note that the top arrow 6 o ¢, factors as

ATX L) AI;:T i) A\X,oo
and similarly for the bottom arrow. The desired claim thus follows from Proposition 4.9.
Claim 2: For r sufficiently small and for all n > —log,, r, the image of the composition
~ 0 -—n ~
A" C A;(/ L) AX’,oo
lies in Ax’ n, and the resulting map 6 o o= ": A" — Ax/ , is surjective.

Proof of Claim 2. We start with a fixed sufficiently small r and consider n > —log,r. Let D, =
A" ®@px pop—n Axp and let D == Ax o @4y, Dy. Then we obtain a base change diagram

Aj\ bov AX,n AX,oo — A\X,oo
A D, D Axr oo

The map A" — D, is surjective. Moreover, since A" is finite étale over A}, the maps D,, — D and
D — A\X/,oo are injective. Thus, for every sufficiently large n, D, can be identified with the image of
A’" under the map # o ": A" — EX/m. Using the equivalence of categories between (A\X7oo)fét and
(Ax,00)pe = hﬂn (Axn)sg> We conclude that D = Ax/ o and thus D,, = Ax- ., for sufficiently large n (say
n > ng). Therefore, it suffices to shrink r so that r < p~™°. This finishes the proof of Claim 2.

Let us return to the proof of the theorem. We first check condition (a) and (b) of Definition 8.8. By Claim
2, it remains to show that for r sufficiently small and for all n > —log, 7, the image of the composition

A" C A% B (X))
lies in the subring
AX’,nﬂta ULy .- 7Ud]] C OB:R,X/ (Xéo)

Note that Ax/ ,[t, u1,...,u4] is I-adically complete with I = (¢,uq,...,uq), hence the assertion follows
from the lifting property of finite étale maps along pro-infinitesimal thickenings, as shown in the following
diagram:

L

A?\ — Axvn[[t,ul,...,ud]]vzo —‘> AX/,n[[t,ul,...,ud]]

l - ,,_3_!,,__,,__,,_,,__,,_ l

AP e fop™ " Axrn = Axrnlt,ur, ... ua] /T

Now, we check condition (c) of Definition 8.8. Assume A = (R, A ) satisfies condition (c¢) for ng and C.
We want to show that A’ = (R’, A’) satisfies condition (c) for some integer nj, > 0 and a constant C’ < p I
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Step 1. (residue norms on R’)
Pick z1,...,2q4 € R’ with |z;| < 1 such that

RA<T1,...,Td>—)R/; ﬂ'—)l’l

is surjective. Let |- |ves,z;,....s, denote the residue norm induced by this surjection. If the generators x1, ..., zq
is clear from the context, we simply write | - |[res. On the one hand, we always have |- | < |- |res. On the other
hand, since |- | and | - |,es are equivalent, there exists a constant C, > 1 such that | - |yes < Cil - |.

Notice that for any integer M > 0, oM (x1),..., oM (24) is also a set of generators of R’ over Rj; namely,
the map

RA(Ty,....,Ty) = R  Tiv— oM(x)
is surjective. This follows from the fact that since R’ is finite étale over Rj, any p-basis of Ry is also a
p-basis of R’ (|[BM90, §1.1.2(ii)]). For the rest of Step 1, we want to compare | - | with the residue norm

| : |rcs,<pM(zl),...,apM(md)~

Pick e1,...,e; € R such that we have Ry = EB§:1 @(Rp) - e; with |ej| < 1 for all j. Then we also have
on R’ defined as

£

R = @?:1 @(R') - e;. Consider the sup-norm |- ¢, e

|y‘€1,...,€g = m]ax |yj|7

where y = Z§:1 y; - e; with y; € o(R’). Since |- |¢, ... e, is equivalent to | - |, there exists D > 1 such that

"|<|"61,~~»€14<D"|'

Claim 3: For each integer M > 0, we have

2, 4 M—1 M
I : | < | ’ ‘res,LpM(:rl),...,<pM(a:d) < Ditprrtote : Cf | . |

on R'.

Proof of Claim 3: We only need to prove the second inequality. By induction, it suffices to prove for M = 1.
Let y € R'. We have y = Zﬁ:l ©(y;) - e; with y; € R'. For each 1 < j < ¢, write

. = . PRI i1 ‘e iq
Yi = E : iy ,ynias 1 Zq
11,084 €L >0

with a;,, ;.5 € Ra, such that |yjlres z,,....2q = Maxi, i {|i,,. ig]} Then

y= > (Zafl,...,id;j-ej)-@(xl)“~--<p(xd)”~

14
i17...,idEZ>0 j=1

Consequently,
[yl 2 D70 fylesoe, = D71 - max{|p(y;)[} = D7 - (max [y ])”

P
> Dil : (m]aX{C*l : |yj|rcs,zl,.,.,zd})

Pl = D' C;P . max max {|a’

=D~ .C*_P.mjax_max {|ai1,,_,7id;j Zl7~--7id;j|}

T1see052d J  1,..d

> D7 CP - [Ylres o). p(ea)-
This proves Claim 3.
For later use, let Cy := D - C. Then we have
| ) ‘ < | ’ |rcs.,gpM(m1),...,<pM(:cd) < Cf* ‘ ’ |

on R’ for every integer M > 0.

Step 2. (residue norms on A" and C'"")
Pick good lifts Z1,...,%Z4 € A’™ of z1,..., x4 as in Proposition 5.18. By shrinking ry, we assume C70 < p?
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and the surjectivity as in Lemma 5.23 holds for A’" for any 0 < r < 79. By further shrinking ro, we may
assume that 1, ...,%, generate A’" over A/ for all 0 < r < rp; namely, the map

AR<T1,...,Td> —>A/T; T, — T,
is surjective. This can be deduced from that (A’ L8 (p)) is a henselian pair (see the proof of Proposition 5.28).
Consequently, the map
e,y - T

r,r

is also surjective, for all 0 < r < rg. Consider the residue norm A, yes 7, ,....7, 01 '™ When the generators

Z1,...,2q are clear from the context, we simply write A, yes.

Claim 4: For any 0 < r < rg, we have
Ar < )‘nres,il,.“,id < C:* “Ar

on ¢/l

Proof of Claim 4: For simplicity, we just write A, ;os. The first inequality is clear; we only need to prove the
second one. For this, it suffices to prove A yes(y) < CI, - A\n(y) for all y € A'".
Let y € A" be a nonzero element. Express y as a norm-compatible expansion y = >~ p"y, as in

Proposition 5.18(2), where y, € A’™ such that

e y, is a good lift of 7, (in particular, A\s(y,) = |7,,|° for all 0 < s < rp);

o )\ (y) = max,>o{p " As(yn)} for all 0 < s < r.
Note that each 7, is an element in R’. Pick a presentation

To= D @yl ,catay
i1,eeia €750

with 61(-?))___%
i1,...,%4 € Zxo. Consider

€ Rj such that |7, |reszy,...00 = maxil’.,,,id{|al(-?,)_”’id|}. Hence, |6(n) | < Cux - [7,] for all

D1,y.50d

~ ~(n) ~ip ~iy "
Yn = Qg P10 T € A

11,-.50d

is a good lift of E(n)‘“’id to A)’. Let z(y) = E;’O:Opnﬁn € A’ and let ya) =¥y — 2a)- Note

i1,
T}

where 55 ?)
that

td

=(n)

a: .
11y-5td

Arres(2(1)) < max max {p7” Ay (55?)14)} = max max {p*" .

n=0 1,...,24 n=0 i1,...,%4

< O -max{p™"[7,["} = CL - A (y).
n=0

By the construction, y) =", 5, p" (yn - in) We have A (yn — 7,,) < max{D;, Dy, D3} where

Dy = Ar(yn = [Un)),

and

D3 = A Z [az(?,).wd] ] [za =7,

U1seeesld
Using the definition of good lifts, we have Dy < p~2 - A (y») and

—(n)
Ay ysia

r 1 _1 _ _1
=p *- |yn :es7:v17...,a:d gp 2 CI* : |yn|r =p ? CI* )\r(yn)

_1
D3 <p 2 max
11,..5%d

Moreover, an explicit computation of Witt coordinates implies

T
a <L M)

Do ép_l - max

11,.005%d
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Putting these together, we conclude that A (y(1)) < p2-Cr,- Ar(y). (Recall that p2-Cr, <pt-Clo < 1.)
Applying the same construction as above to y(1) in place of y, we obtain z() € A’ " such that

>‘f’7reS(Z(2)) < C:* : Ar(y(l)) < C:* : /\r(y)

and such that y(2) := y(1) — 2(2) satisfies A, (y(2)) < p3 -CL.-A\r(y(1)). Repeating this, we obtain a converging
sum y = Z;’il 2(j)- In particular,

/\r,reS(y) <Ol A ()

Remark 8.14. For every integer M > 1, we may consider the generators ™ (z1),..., o™ (24) in place of
T1,...,7q. Notice that oM (Z;) is also a good lift of ™ (z;) for each i. Since the surjectivity as in Lemma 5.23
holds for A’" for any 0 < r < rq, we have that o (1), ..., oM (Z,) generate A’" over A% for all 0 < r < ]%.
Thus, using Step 1, the same argument as above implies that, for any 0 < r < z%’ we have

.....

on ¢/,

Step 3. (Finish the proof)
To proceed, we choose n; > ng sufficiently large such that r,, < ro and

cim O < p.
Let €’ == C.7 - C. Consider the continuous I'-action on /el There exists ng = ng such that
Ar, (P =1)(3) <C

for all y € I'y; and all i = 1,...,d. We claim that A" = (R’, A’) satisfies condition (c) for nj and C".
Let n > ng. Consider the surjection

chrrliry, Ty — T e o ().
By Remark 8.14, we obtain

n—mniy

Tn
P _ Tnq
Ao S Ar, res,on =1 (7)o (Fa) S (C** ) Ar, = Cl A,

on C'" ) Let y € /Il We need to verify that A, ((y — 1)y) < €' A, (y) for all v € T, Indeed,
write

= Y e (@) ()

with a;, ... ;, € CK"’T"] such that A, res on—n1(3,), on—m1 (@) () = maxq, i {Ar, (@i, i) - Then

.max {>‘T‘n (ail ,,,,, id)} < CIII : )\T'n, (y)

1150052

For v € T',,, we have (v — 1)(y) = E1 + F5 where
Er= 3 (3 ia) = ir,eia) - ("7 (@) (07T (@)

and

Br= 3 van.i) - (0@ (00T @) — (0T @) (T @) )

By assumption,

)\Tn (El) < /\rn,res,cp”*"l (T1),,on— ™1 (Ed)(El) <C- max {/\T‘n (a/ily“wid)}

115ee058d

= C Ay resigpn—m (@) o1 @) (U) S C - Ciit A (y) = C' - Ar, (y),



RELATIVE (¢,T')-MODULES AND p-ADIC DIFFERENTIAL EQUATIONS 69

and

Ar, (E2) < max {/\m (ail,-u,id) “Ar, (7((4)0"*711(%1))1'1 cee ((pnfnl(zd))id) - (‘Pninl(iﬂ)il (@nim(id))icv}

115--45%d
= max (N (@i i) - A, (V@ TG — TP T}
1y--52d
e A @iy, i)} = C - A e o @) onm @) () < C-Cut = A, (y) = C"- A ().

This finishes the proof of the claim and Theorem 8.13. g

s

+
9. RELATIVE SEN THEORY OVER IB%dR’X(XOO)

We retain the notation from the previous section and consider the following (I'-equivariant) commutative
diagram of rings from §8.1.5.

AX,oo[[t7 ULy -y ud]]V:O B IB%dJrR,X()(OO)
AX,OOIIt7 Upy .- 7ud]] E— OB?{R,X(XOO)

The goal in this section is to prove the following decompletion results.

Theorem 9.1.

(1) The base change functor Mod;AXm[[t’uh__’ud]] — Mod!,

JOBY 1 (Xoo) from finite projective I'-modules
over Ax oot u1, ..., uq] to those over (’)IB%CTR < (Xoo) is an equivalence of categories.
r r . L
(2) The base change functor Moda _[us,....ug)v=0 — MOd/BdJrR,X(XOQ) from finite projective I'-modules
over Ax o[t ut, ..., uq]V=0 to those over B;RX(XOO) is an equivalence of categories.

Remark 9.2. When X has good reduction and the I'-module in question is finite free over the base, this is
essentially a result of [AB10] using inputs from [ABOS§] on relative Tate—Sen formalism. Our proof generalizes
that of [AB10, Proposition 3.19] but also relies on some enhanced techniques from [DLLZ23b|. In particular,
we do not make use of the notion of finite vectors from [AB10] (cf. Lemma 3.13 of loc. cit..).

Before the proof of Theorem 9.1, let us record a corollary that will be used in §10.

Corollary 9.3. Let 0 < s < r where r is sufficiently small, and suppose that p~™ € [s,r| for some integer

n. Let A = (Rp,Ap) be a strongly decompleting datum. Let M be a finite projective I'-module over Ck’r]
equipped with a I'-equivariant isomorphism

M Bl Bar,x (Xoo) == D ®ay _[tous,....ua] =0 Bdr,x (Xoo)

of Bar, x (Xoo)-modules, where D is a finite projective I'-module over Ax oo[t,u1, ..., uq]V=". Then f de-
scends to a I'-equivariant isomorphism

a1, 1
M ®C£f'r]ybn Axpo[[t, Uty udﬂv_o[g} — D[E]

of Ax oot w1, .., uq]V="[}]-modules.

Proof. Since M is finite projective over Ck’r], there exists a large enough integer N such that
f(tN ! M) cD ®Ax,oc[[t,u1,.4.,ud]]vzo Bg_mx(Xoo)-
Therefore, we have a I'-equivariant map
]?: (tN - M) ®C£f”'],Ln BIR,X(XOO) — D D Ax oo [tsti e ug] V=0 ]BdJrR’X(XOO)
between finite projective IB%IR (Xoo)-modules. This further descends to a I'-equivariant map

f! (tN . M) ®C£\S‘T],Ln AX,OO[[t7u17 e ,Ud]]vzo — D
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by the full faithfulness in Theorem 9.1(2). Finally, f becomes an isomorphism after inverting ¢ by faithfully
flatness of the inclusion Ax ,[¢t, u1, .. Sug)V= 0[ ] = Bar, x (Xso) (cf. Lemma 8.12). O

The rest of this section contributes to the proof of Theorem 9.1. For simplicity of exposition, we will focus
on the case d = 1 in what follows; the difference between the case of d = 1 and that of general d is entirely
notational.

9.1. Relative normalized traces. We need a theory of Tate’s normalized traces in the relative setting,
generalizing the one developed in [ABOS§]. In this section, we adopt the following notation.
Notation 9.4.
(1) Write Ljp = OBJ «(Xoo) = Bly y(Xoo)[u] and LY = B, y(Xo). This notation agrees with
that in [AB10].
(2) Following the convention of loc. cit.., we put IJz = Ax o [t,u] and l;}’{v = Ax o[t u] V0.
(3) Let I C L}, denote the ideal I = (¢,u). By a slight abuse of notation, we also denote the ideal
(t,u) C A X so[t,u] by I. Note that both L} and Ax [t,u] are I-adically complete and we have

dR/I AX co*

For each n > 1, recall that Ax , = AX®K<T)K (T» ) from Definition 4.3. Consider the subrings

Bx = ( U Ko (T7) QK (T) AX>/\

m>1
and N
Cxn = ( U Ko (T?™) @ (1) AX)
m>1
of A\X,ooa where ()" stands for the p-adic completion. Note that Bx,, = OO®K7LAX n for each n > 1 and
Cx.m = Cx.n ®k, Kn for each m > n. Also note that

for all n > 1, where the intersection is taken inside A X,00- For each m > n, the decomposition

Eu(To)y= @  Ke(T7)T7

1=0,...,pm—n—1

induces a decomposition
Bxm= @  BxaT7
i=0,...,pm =" —1
This allows us to define the geometric normalized traces

Pm,n = W TrBX,m/BX,n : BX,m — BX,n~

Note that P, , (El 0, pm-n_1 b; - Tﬁ> = bg. These maps extend to Bx ,-linear maps

Pn: AX,oo — BX,n~
We refer to P, as the geometric trace maps. On the other hand, we have the classical Tate normalized
traces Ry = [Kpm : Kn]*lTer/Kn: K,, — K, and R, : Koo = K,, which extend to Cx y-linear maps

Royn: Cxm — Cx . and R, A\Xoo — Cx n. Note that there is ng > 1 such that for any m > n > ng, we
have [K,, : K,] = p™ ™. We refer to
Rn: AX,oo — CX,n
as the arithmetic trace maps.
By construction, for each n > 1, Bx,, is stable under the action of I' (while C'x ,, is not) and the maps
P, are I'-equivariant. Moreover, we have R,, o P, = P, o R,, and this composition

Tn = Ry 0 Py AX,oo — AX,n

is I'-equivariant.
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9.2. Decompletion at stage 0. The strategy for proving Theorem 9.1 is to first prove an equivalence for
the base change along I3, /I"T" — L /I (vesp. I1;Y /t7+! — LY /t71) for each r, and then take the
inverse limit. The case for “stage 07 (i.e., r = 0) is already dealt with in [DLLZ23b].

Proposition 9.5 (Diao-Lan—Liu-Zhu). The base change functor

r r
MOd/Ax,oo — Mod/ng

from the category of finite projective I'-modules over Ax  to those over A X,00 18 an equivalence of categories.

Proof. This is [DLLZ23b, Proposition A.2.2.3] (also see [DLLZ23b, Remark A.1.3]). O

Proposition 9.6 (Diao—Lan-Liu—Zhu). Let U C X be any rational subset. Then there exists an open
subgroup I'y C T (of finite index) such that U is stable under the action of I'yy and the following holds.

(1) For all d € Zx1, the base change functor induces a natural bijection

1
Hcont

(Cu, GLa(Av,o)) = HE o (Tu, GLa(Ay,0))

(2) Let My be a finite free module over Ay o with a continuous semilinear I'y-action and let M =
Mo ®a, .. Avu,co. Then there are natural isomorphisms

(3
H cont

(Ty, My) = H

cont

(FUaM>

fort =0 and 7 = 1.
Iy, £

In particular, the base change functor Mod S Modi%’ M- from finite free I-modules over Ay, to
,00 U, oo

those over Ay~ is an equivalence of categories.

Proof. This follows from [DLLZ23b, Proposition A.2.2.1 & A.2.1.1]. O

Remark 9.7. (1) There is a typo in the argument of [DLLZ23b, Proposition A.2.2.1]: instead of us-
ing the spectral norms on Ax, and Ax ., one should work with the spectral norms on Ap,
and Ap, o in the case of the unit disk, and then take the completed tensor product norms on
Axn = Apgn @k (ry Ax and Ax oo = ADK’WQ@K(ﬂAx (cf. [KL15, Definition 2.1.10]). The proof
in [DLLZ23b] in fact refers to this product norm.

(2) Part (1) of Proposition 9.6 also follows from the relative Tate—Sen formalism of [AB0S], using [AB0S,
Theorem 2.4] (with Proposition 2.6 of loc. cit.. corrected by [AB10, Appendix II]). More precisely,
one applies the Tate-Sen formalism with

(a) A=Ax o; G'=G=T; H={1}; d=1; mg =mo(G") = 0.
(b) A’SLO) = CX,n§ Agzl) = BX,n; 7'7(10) = Ry; 7'7(11) = P, for n > n.

9.3. Decompletion at stage r. Now we analyze the base change functors along Z(TR/IT‘*1 — L(TR/IT+1

and I13Y /t7T1 — LY/t for general r.

Theorem 9.8. Let r > 0 be an integer. Recall that I = (t,u).

(1) The base change functor Mod! [y T Mod! ) from the category of finite projective

/(3R/ /(LR /Ir+t
T-modules over I3p /1™ = Ax o[t u] /(t,u)™ to those over Ly /It = OBy «(Xoo)/I™ is an

equivalence of categories.
(2) Similarly, the base change functor Modg(l:év/trﬂ) — MOd?@:ﬁf/““) from the category of finite

projective I'-modules over l:ﬁv t™+1 to those over L('i-_’{v/tr‘|r1 is an equivalence of categories.

Proof. We prove (1) by induction on r. Part (2) will follow from a similar argument. The case r = 0 is taken
care of by §9.2. Suppose that the assertions hold up to » — 1 for some r > 1. We prove the claim for r.

Step 1.
Let us first prove the full faithfulness for finite free modules. First suppose that My is a finite free ['-module
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over [ /I and let M := M, Byt Liz /1"t Let M| == I"M, and M{/ = My/M{, and similarly
define M’ and M". Consider the following commutative diagram of I'-equivariant short exact sequences

0 M} M, MY 0
0 M M M 0

Note that M} is a finite free I1; /I"-module and M” = M{/ St ipr L} /I". Similarly, M{ is finite free over

Ax oo and M' = M ®ay AX’oo.ls Taking I'-invariants, we obtain a commutative diagram

0 —— (Mg)" —— (Mo)" —— (Mg)" —— Hgy (T, Mp)

b e Tk

0— MY —os (M) —— (M"Y —— HL (T, M)

cont

with exact rows. In the diagram above, the map hgz is an isomorphism by induction hypothesis, hy and hy
are isomorphisms by Proposition 9.6. This implies that hs is also an isomorphism.

Step 2.

Now we prove full faithfulness in general. Let M be a finite projective I'-module over [J /I" ! = Ax o [t, u]/(t,u)
and let M = M, ®lIR/1T+1 L(J{R/[r—irl_ It suffices to show that there exists an open subgroup I' C T of finite
index, such that (MO)F/ = MY, Let Qo == My/IMy and @ = M/IM. Since Qo is a finite projective
I'-module over Z:{R /I = Ax o and T is topologically finitely generated, there exists a sufficiently large in-
teger N such that, after replacing I" by an open subgroup I C T of finite index, Qg is the base change
of a finite projective I'-module Ly over Ax ny (as a I'-module over Ax o). In particular, after further
shrinking I", there exists a finite covering of Xy = Spa(Ax n, A}’N) by rational subsets {U;}iex (where
each U; = Spa(Ay,, A;.) is stable under the action of I''), such that Ly becomes a finite free I'-module over
each U;. Using the toric tower pulled back from X., — Xy via U; = Xy, we obtain Ay, » and A\Ui,oo as
in Definition 4.3, where Ay, oo = Ax,00 ®ax y Av,. For each i € ¥, let

e Qou, = Qo ®Ax .. AUi,o0;
o Moy, = Moy ®ax [tul/r+1) Avioolt, u] /T7HY
o My, = My, ®(AU,i,oc|It7u]]/IT+1) OB(TRX(ULOC)/ITJFI

where U; oo = U; X x5 Xoo € Xprost is an affinoid perfectoid object. By construction, each Qo u, = Moy, /I
is finite free over Ay, oo. This in turn implies that each My p, is finite free over Ay, o [t,u]/I"", since I
is nilpotent. By Step 1, we know that (M07Ui)rl = (MU,i)F, for all . To proceed, let us write U;; for the
overlap U;; = U; NUj;, which is again a rational subset of X. We have (MO’UU)F/ = (MUU)F/7 again by Step
1. Note that ¢,u form a regular sequence in Z(TR. Also note that for each s > 1 and each rational subset
U € {U;}iex U{U;j}i jex, we have a short exact sequence

0— (IS *My/T%)y — (Mo/I%)y — (Mo /I¥ 1y — 0

when restricting to U, where I°~1My/I* = (My/I)®* by construction. Thus we have

My = Eq HM07U¢ = HMO,UU
i

4,3

18Note that we have decompositions

IR/ T = P Axeot®e’; 'L /I'MLI = @ Ax oot®u®
a+b=r a+b=r

as Ax - and g)(’(,o—modules7 respectively.
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by induction on r. This in turn implies that

(Mo)"" =Eq | [[(Mow)" = [[(Mow,)"
i .
after taking the I'"-invariants. The same assertions hold for M by faithfully flatness of ZIR — LIR. Conse-
quently, we have (MO)F' = M as desired.

Step 3.
Next we prove essential surjectivity. Let us first prove this in the finite free case. Let X be a finite free
I-module over L}, /I"*!. Let X' := I"X and X” := X/X’. Then we have a I'-equivariant short exact
sequence

(9.2) 0-X' X —->X"->0

of Lz /I"'-modules as in Step 1, where X’ is a finite free [-module over A\X’Oo of rank d(r + 1) while
X" is finite free over LIR /I" of rank d. By the induction hypothesis, we know that X’ and X" descend to

I-modules X and X{/, over Ax  and [} /I" respectively. Let B = (€1,...,€4) be a basis of X{/ over I1 /I"
(and thus a basis of X” over LI;/I"). Let e; € X be an element lifting € for each i. Then (e1,...,e4)

form a basis of X over LjR/I’"‘H. Write U: T' — GLd(LCTR/I’""‘l) for the 1-cocycle describing the action
of I on X relative to this basis. Our goal is to show that, up to a change of basis, the image of U lies in
GL4(I3z/I™"1). In other words, we want to prove that the base change functor induces a natural bijection
(of pointed sets)

Hclont (Fa GLd(L;ii_R/IT—’_l))'

First, let U: I' — GLq(L3; /I") denote the reduction mod I", which has coefficients in [J /I". Using the
isomorphism Ay oo [t, u]48<" == [T /1" of Ax s-modules, for each v € I, we can write U(7) (uniquely) as
Uly) =Py) + V()
with P(vy) € Maxa(Ax,colt,u]9<") and V(y) € Myua(I"L1s /I"T1L1L)."Y Moreover, there exists a suffi-

ciently large integer N > ng such that P(y) € Myxa(Ax n|[t, u]48<") for all v € T.

Next, for n > ng, we extend the I'-equivariant map 7, == P, o Rt Ax oo — Ax,n (cf. §9.1) to an
Ax n-linear map

cont

(T, GLy(Ijg/I"™)) = H

7ot 'L /T 'Li = P Axwt™v® = P Axat™u®
a+b=r a+b=r
by setting 7, (t*u’z) = t*u?(P, o R, (x)) for each n > ny. The extended map 7, is again I'-equivariant. For
each n > ng, let us view @a+b:T AX’nt“ub as a submodule of Ax ,[t,u]/I""!. Using the map 7n (with the
integer N chosen earlier), we can modify U into a new map U™ : T' — GL4(Ax y[t, u]/I"*") by setting

UM (3) = P(y) + 5 (V (7))
Here, 7y is defined entry-wise on the matrix V(). It is straightforward to verify that

(9-3) U (y) = U (7) - A1(UN ()
for all 7, n € T; that is, U™) is still a 1-cocycle (although 7 is not a ring homomorphism). Now, using the
same basis (1, ...,eq), the continuous 1-cocycle UN) corresponds to a finite free module X, over Z(TR/IT+1

with a I-action, such that its [-action descends to Ax y[t,u]/I"'. Moreover, if z = > aje; € X' is an
element in X’ with a; € I", then we have

(U =U) (@) = 3 Biei =0

since 8; € I*" = 0, thus U(y)(z) = UM (v)(z). This implies that I" Xy = X’ as a T-representation. In other
words, we have constructed another extension

(9.4) 0-X' -5Xo—X">0
of X" by X'.

19This notation simply means that each entry of V(v) lives in ITLIR/IT'HL&LR C LIR/IT‘HL:R.
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Let c € Ext%X (X", X') denote the extension class given by X in (9.2) and let co denote the extension

class given by (9.4). Let A(v) = U(y) — U™ () € Myxa(I"Ljz /1" L}z) denote the difference of the two
1-cocycles U and U™N). Then

A(yn) = UM () - (AMm) + Aly) -1 (TN ()

for all v,n € T'. This satisfies the cocycle relation of an extension of X” by X’ as a I'-representation as in
[AB10, Remark 3.16 & 3.18], and in fact defines the extension class ¢ — ¢g. We claim that there exists some
matrix Ne € Myxa(I"L; /1" LY,) such that

(9.5) Ue(7) = A() + UM () - y(Ne) = Ne - UM ()

has entries in I"l;{R/ITHljR. To prove the claim, we view ded(l"LgR/IT'HLCTR) as a finite free ZXX,OO—
module and consider a twisted action of I' on My q(I"L}s /1" 'L};) defined by

(9.6) v M = UM () y (M) - (UM ()"

for vy € I and M € Myya(I"Li; /I"HL3R). Since UN) defines a 1-cocycle, the twisted action (9.6) is indeed
a I'-action. Now we consider a map 6: ' — ded(ITLIR/ITHL;R) defined by

3(y) =A@ - (M) =U0) - (UM () - 1.
Using (9.3), one computes that

5(ym) =3(7) + U(y) - 4(6(m) - UM ()71 = 6(y) + UM () - 4(8(m)) - UN ()71 = 6(7) + 7% 3(n).

where the second equality uses the fact that U(y) —U™)(v) has entries in I"L{; /I"*'L3;. That is, § defines
a 1-cocycle (with respect to the action (9.6)). By Proposition 9.6(2), we know that ¢ is in fact cohomologous
to a continuous 1l-cocycle c: I' — ded(IT'lIR/ITHliR). In other words, there exists a coboundary of the
form v — v % N, — N, for some N, € ded(ITL(TR IT“L;R) such that ¢(v) = 6(y) + v * N. — Ne. A direct
computation yields

A(Y) + UM () - 4(Ne) = Ne - UM (y) = e(7) - UM (y) € MaaI"IR /I R);

hence, this N, satisfies (9.5) as desired.
Finally, we modify the basis (e1,...,eq) using the change-of-basis matrix 1 + N.. Under this new basis,
the action of I" is given by

L+ N)™ - U@) A1+ N) = (1—No)- (U(N) () + A(v)) A1+ Ne) = UM () + U (v),

whose coefficients lie in ZS'R It by construction. This finishes the proof of essential surjectivity in the finite
free case.

Step 4.

Lastly, we prove essential surjectivity in general. By Lemma 7.7, it suffices to prove the statement after
replacing I' by some open normal subgroup of finite index. Let M be a finite projective I'-module over
L(‘;'R/IT+1 and we put @ := M/I. By the induction hypothesis (cf. Proposition 9.5), there exists a (unique)
finite projective Imodule Qo over Ax o such that Q = Qo ®ay /Tx,oo. Next, as in Step 2, we pick a
sufficiently large integer N > ng, an open normal subgroup IV C T' of finite index, and a finite covering
{Ui}iex of Xy (by rational subsets) stable under the action of I, such that

o (o further descends to a finite projective I''-module Ly over Ax n, and
e L becomes finite free I'-module over each U;.

In particular, @ iy XZUWO = Ly @axn EU“OO is a finite free IV-module over gUi7m for each i. This
further implies that M becomes finite free (as a I'-module) over (’)IB%:;R’ (Ui ,oo)/I™ for each i. Let Uj;
denote the overlap U; N U; as in Step 2. For each U € {U; }ies U{Uij}ijes, let

My =M @+ /e OB§R7X(UW)/IT+1,
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By Step 1-3, My descends to a (unique) finite free I'-module My ¢y over Ay o [t, u]/(t, u)""*. Moreover, by
full faithfulness (Step 1), this descent is functorial with respect to inclusions of the form U;; — U; for each
i,7 € 3. This gives rise to a finite projective module M, defined as the equalizer

My =Eq | [[ Mov, = [[ Mo, | -
i 2]
which is stable under the I'V-action (viewed as a submodule of M), since all the maps in the diagram are

I-equivariant. This finishes the proof of part (1) of the theorem. As mentioned earlier, part (2) follows from
a similar argument. O

9.4. Decompletion over Bl (X)) and OBZ; (Xo). We are ready to prove Theorem 9.1.

Proof of Theorem 9.1. We only prove part (1), as the proof of part (2) is identical. First, the full faithfulness
is immediate from Theorem 9.8 as taking limits over r commutes with taking I'-invariants. It remains to
prove essential surjectivity. Let X be a finite projective I'-module over LIR. Let X, :== X/I"™'X and let
D, denote the unique descent of X, over Z(TR/I 71, The natural projection X,41 — X, induces a map
7y Dpy1 — D, by Theorem 9.8. The induced map

hy: Dyyq ®ZIR/IT+2 ZCTR/IT-&-I — D,

is in fact a I'-equivariant isomorphism, since it becomes an isomorphism after taking base change along
Iig/I™t — Ll /I, which is faithfully flat (cf. Lemma 8.12). In particular, 7, is surjective and D, =
D,y1/I"™"1. Finally, taking inverse limit, we obtain the desired finite projective I'-module D = ]'glr D, over

Ix- This finishes the proof of part (1). |

10. RELATIVE p-ADIC DIFFERENTIAL EQUATIONS

The goal of this section is to construct relative versions of Ngg and NdR functors (see §3.4.2 and §3.4.5).
In particular, for a de Rham local system L, the resulting relative (¢, I')-module Nggr (L) can be viewed as
a family version of p-adic differential equations.

Let h: X — D% be a toric chart and let A = (Ra, Aj) be a strongly decompleting data with associated
imperfect period rings

AL By Bl e, .

We have seen that, from any étale Z,-local system L on X, one can associate an étale (¢, I")-module Mt =
5Lg(L) over 6} (see Corollary 4.16), which uniquely descends to an étale (i, I')-module M T = D;rig(IL) over
C}L\ by Corollary 7.20 and Theorem 7.21. In particular, for all r sufficiently small and s € (0, 7], we obtain a
compatible family of 6[)‘?T]—modules M) which descend to Ck’r]—modules M7 compatible with ¢- and
I'-structures.

In §10.1 (resp. §10.2-10.4), we will construct a functor

N : Loci®(X) — Mod &}
13 /CX

(resp. Nggr: LOC%?(X) — MOd(fg?)
from de Rham local systems to finite projective (¢, I')-modules over é& (resp. over Cj\) such that ﬁdR[ﬂ =
MT[%] (resp. Nar[f] = MT[1]). The constructions are similar to the ones in §3.4.5 and §3.4.2; namely,
we modify Mls:rl (resp. M [S”"]) along the “¢ = 0” locus through Beauville-Laszlo gluing. We remark that
although Ngg (L) is a descent of Ngg (L) from 6} to C}LU we cannot construct Ngg (L) from Ngg (L) using

Corollary 7.20 because NdR(]L) is not étale in general. In §10.5, we explain how to view Ngr(L) as a
“relative p-adic differential equation”. Finaly in §10.6, we study the compatibility of Ngr functor under
certain extensions.
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10.1. Construction of NdR(L). In the rest of the section, let L be a de Rham Z,-local system on X and
let Dggr (L) be the filtered vector bundle with integrable connection on X constructed in [LZ17]. Recall
that Dqgr (L) is associated with the de Rham local system L in the sense of [Sch13, Definition 8.3]. We first

construct ﬁdR(L). The key ingredient is the following isomorphism.
Lemma 10.1. Suppose that r is sufficiently small and p~™ € [s,r] for some integer n. Then we have a
T'-equivariant isomorphism
— v=0 1
MU @, Barx(Xoo) = (Dar(L) @4 OB x(Xa0))  [5],

Proof. Fix an algebraic closure of Frac(Ax) containing Ax o. Define Ax to be the union of all finite étale
Ax-algebras contained in this algebraic closure, equipped with the spectral norm | - | extending that on
Ax. Write (Ax)" for the completion of Ax with respect to | -|. Let Gx = Gal (ZX/AX) and Hy =
Gal (ZX/AX,oc) ~ Gal ((Zx)/\/;{x,oo) so that I' = Gx/Hx. Write BdR,Y = BdR’X«ZXy\’b). Then we
have Byr x (Xoo) = (BdR,Y) fx By the construction of ﬁjig(L) (cf. [KL15, Theorem 8.5.3 & 8.5.5]), we
know that for 0 < s < r with r sufficiently small, we have I'-equivariant isomorphism

Ml ®6[§’”,Ln Birx = D™ (L) ®11§(,Ln Byrx =L ®z, Bg x-
Here, L in the last term of the above isomorphism means the finite free Z,-module associated with the
Zy-local system L, by slight abuse of notation. In the second term, D™""(L) = (L ®z, A")HxX wwhere

A = W((Ax)?).
On the other hand, by [Sch13, Theorem 7.6], we have a I'-equivariant isomorphism

_ Ab v=0
L ®z, Byrx = (DdR(L) ®ayx OBar,x ((Ax)"™ )) :

Therefore, we have a I'-equivariant isomorphism
— _ V=0
M ®e,, Barx = (DdR(L) ®Ax OBdR,X((Ax)A"’)) :

Taking H x-invariants on both sides, we obtain the desired isomorphism as claimed in the lemma. O

The rest of the construction is a direct generalization of Construction 3.47. This time, we consider the

Beauville-Laszlo datum
~[s,r ~ls,r 1
when # ([s,7] N p”) = 1. Let us write

N = (Dar(L) @4y OBIR,X (Xoo)) V™0,

} B:M(Xoo))

which is a finite projective IB%IR’X(XOO)—module by the proof of [Sch13, Theorem 7.6]. Then, by Lemma 10.1

above and Proposition 3.37, the finite projective (NL‘[;’T] [1]-module Mlsr] [1] and the finite projective ]B%IRX (Xoo)-
module N® glue to a finite projective C[;(’T]—module N7l By a similar argument as in Construction 3.38,
these N1*7] glue to a (¢, T')-module N” (resp. Nt) over C% (resp. CE() This yields the desired functor
(10.1) Nar: Locif(X) — Mod(/%’p,

X

sending L — Nt

10.2. Construction of Ngr (L), I: preparation.

The rest of the section is devoted to the construction and properties of Ngg (IL). Recall that L is a de Rham
local system on X and M := Djig(IL) is the étale (¢, I')-module over CR constructed in §7.6. In particular,

MT corresponds to a compatible system of finite projective Ck’r]—modules M5 equipped with T-actions

and compatible Frobenius isomorphisms

(10.2) =yl M @ . CRP TP =y ppls/per/el]
A P
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for all r sufficiently small and all 0 < s < 7. As in the classical setting (see §3.4.2), we will modify each
M'5"] along the “t = 0 locus” to obtain another compatible system of Ck’r]—modules N1 which glue to a
(¢, T)-module N over Cl. (When [s,7] N p? = ), we again put N[*) = M1s7] as ¢ is invertible on Ck’rl.)

We first consider the situation where # ([s,r] Np”) = 1, say p~™ € [s,r] (where r is sufficiently small).
By Corollary 8.11, Ax ,[t,u1,...,uq]V =" is precisely the t-adic completion of CES’T}. Thus

S, T S, 1 —
(clr cle ][;L Ax [t uss - . ug]V=0)

is a Beauville-Laszlo datum (see Definition 3.36).
For each n > 1, consider

NI = (Dar(L) @4y Axnlt,ur,. .. Jug])Y =0

This is an Ax ,[t, u1,. .., uq]V=-module. Recall Ax[t,u1,...,uq]V="fus, ..., ua] = Ax[t,u1,...,uq] from
Lemma 8.7. Write

pV=0 .— (DdR(L) Ray Ax [[t Uly .- ,ud]])vzo.
By the proof of [Kat70, Proposition 8.9] (applied to the Q-algebra Ax[t,us,...,us]V=" as the base ring
in place of K in loc. cit.), DV=Y is a finite projective Ax[t,u1,...,uq]V="-module, and we have a natural
isomorphism

DVZO ®Ax[[t,u1,4..,ud]]vzo Ax[[t,ul, - ,ud] = DdR(L) ®Ax Ax [[t,ul, L. ,ud]].

Thus,
NIR =~ (pV=0 ® A [tsrrnoua] V=0 Ax [t v, - ug]) V=0
= DV=0 ®Ax [tur,...;uq] V=0 AX,TL[[t7 ULye- ey ud]]v=07
which is a finite projective Ax ,[t,u1, ..., uq]V="-module of rank rkz, L. In particular, we have
IR~ prdR V=0
Npt1 E NG @y Tt ua] =0 Ax e[t ur, - oo ud]

for each n > 1. Similarly, we have

V=0
(Pan(L) @ax OB (X)) =D Dy frr, o= By x (Xeo).
The above isomorphisms immediately imply the following.

Corollary 10.2. There is a I'-equivariant isomorphism

V=0
NgR ®Ax,n[[t,u1’m,ud]]vz0 B(TR,X(XOO) = <DdR(H") ®Ax OB(TR,X(XOO)) :

10.3. Construction of Ngr(L), II: the gluing isomorphism.

Similar to the construction in §3.4.2, we would like to apply Beauville-Laszlo gluing to the Ck’r] [1/t]-module
M=7[1/t] and the Ax ,[t, w1, ..., uq]V="-module NI® over Ay ,[t, u1,...,uq]V="[%]. For this, we need an
isomorphism
—ord 1
Mls] ®C£€,T]M Ax o[t ui,. .. 7ud]]v70[¥] =~ NSR[E].
Parallel to our construction in the classical setting, we achieve the isomorphism in two steps. We first
construct an isomorphism over Ax o[t u1,...,uq]V="[+] using the relative Sen theory developed in the

t
previous section, then further descend it to Ax ,[¢t, u1, ... ,ud]]vzo[%] by studying the action of LieT.

Proposition 10.3. Suppose that r is sufficiently small and p~™ € [s,r]. There is a canonical I'-equivariant
isomorphism

(10.3)

_o. 1 _o- 1
ot M[s,r] ®C£f’”']7bn AX,oo[[ta Ul ... 7ud]]V—O[g] - NSR ®Axm,[[t,u1,...aud]]vzo AX,OOIIt7 ULy ... ,ud]]V—O[;}.
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Proof. By Corollary 9.3, it suffices to check the existence of such an isomorphism after base change along
Ax ot uny .oy ug] V=0 — B:{R’X (Xs). To this end, note that we have

s,r = 1
<M[ 7l ®C£§'T]7Ln AX,oo[[t,uh . 7ud]]v O[t]) ®Ax,oo[[t,u1 ..... uq] V=0 B(erhx(Xoo)

On the other hand, by Corollary 10.2, we have

v=0
NSR O Ax nltu,e.;ua] V=0 B(TR,X(XOO) = (DdR(L) ®ax OB(TR,X(XOO)) .
The assertion thus follows from Lemma 10.1. O

v=0[)

Next, we descend (10.3) to an isomorphism over Ax ,[t, u1, ..., uq4] :

Proposition 10.4. Let n be a sufficiently large integer and suppose that p~™ € [s,r]. Then the image of
M7 under the map ¢, in (10.3) satisfies ¢, (M) ¢ NI®[}]. Consequently, ¢, in (10.3) descends to a
T'-equivariant isomorphism

—o:l. 1
(10.4) Ln: ML) Dgtor ,, Axmlt,u, ... ,ud]]VfO[z] N NgR[E]
by faithfully flat descent along Ax ,[t,u1, ..., ua] V= [+ = Ax e[t u, ..., uqa] V=[],

The proof of Proposition 10.4 will occupy the rest of §10.3. We will follow a similar argument as in the
proof of Proposition 3.39. Fix a splitting I' = I'yeom X I'x as in §4.1 and choose topological generators
Tty .74 € geom such that

1
1 TP ifi=3
(10.5) Ti(ij ) = CP%] ) J
I otherwise.
This determines an isomorphism 7 = (171,...,74): lgeom — Zg. We consider differential operators on

]

Ck’r} and M!*"] induced from the action of Lie". More precisely, CE‘:’T is equipped with (d + 1) differential

operators Vg = —9820_ with v, € Ik sufficiently close to 1, and V; = log(r/’_ )) =p ™. log(Tpm) for

log x (o) i (7P i
1 =1,...,d, and for m sufficiently large. Note that V( (resp. V;) is independent of choice of 7y (resp.
choice of m). Similarly, M [»7] is also equipped with differential operators Vo, V1,..., V4 defined by the

same formulae, making (M!*7) {V,}o<i<q) into a differential module over (CES’T}, {Vi}togi<a)-

Note that it suffices to prove the proposition for [s,r] = [r,, r,] where 7, = p~™. By Proposition 10.3, we
have
—orl
b (M m]y € (Dar (L) @4y Axoolts uis - -, ud]]))vfo[z].
So by the definition of NI® it suffices to show that
1
Ln(M[Tan]) c DdR(L) ®Ax AX,TL [[tv Uty ... 7ud]][g]

for any large enough n. Since the map ¢, in (10.3) is I'-equivariant, it is also compatible with the differential
operators on both sides, where the right-hand side of ¢,, can be viewed as a differential module over

—orl d d
<AX,oo[[t7 U,y .- 7ud]]v*0[g], ta, t- [le]d[Tb]> .

In particular, we have ¢, o V; = V; 0, for all 0 < 7 < d. Inspired by the proof of Proposition 3.39, we
consider formal sums

0 1\m 0 _ E\™
(10.6) exp(log x(70) - Vo) = Z( . (Z (1;0))

m!
m=0 k=1
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with 79 € 'k, and

o) _1\m o0 77_;0“ k m
o) oot v = 3 E1 (Z =) )

m=0 k=1

foralli=1,...,d and for n sufficiently large.
Lemma 10.5. There exists an integer n, such that for any n > n., the formal sums (10.6) and (10.7)
converge?” as operators on M ™! and we have
Yo = exp(logx(0) - Vo), 7 =exp(p" - Vi)
for all vo € 'k, and forallt =1,...,d.
Proof. The proof is similar to that of Lemma 3.41, except that Lemma 3.40 is replaced by Condition (c) in
Definition 8.8. We sketch the proof here for completeness.
1

Let ng and C be as in Condition (c) of Definition 8.8. Since C' < p~ 7-1, for the convergence conditions

and identities in the statement of the lemma, it suffices to construct a Banach norm g on M=) which is

[Tns7n]

equivalent to the finite-module norm over Cj , such that
w((y = 1(x) < C- p(x)
[""no arng]

for all z € M™-"»] and v € T',,. Choose any finite-module norm p on the finite projective C A
MrngTnol, By continuity, there exists n, > ng such that

w((y = D(@)) < C- p(x)
for all € M=ol and v € T,,_?'. Then following the same argument as in Lemma 3.41, one sees that
this n. works. O

-module

We now return to the proof of Proposition 10.4. Let n > n, as in Lemma 10.5. Recall that Dgg(L) is
finite projective over Ax. Let {Uy = Spa(By, B+)}f€2 be a finite covering of Ax by rational subsets such
that Dgr (L) becomes free over each Uy. Note that I' acts trivially on each By. For each m > 1, write

Spa(Bf,Bf ) X]D)‘}( D,, = Spa(Bf,m;Bf,m)
and let By o = @m By m
Fix f € ¥ and choose a By-basis 1,...,2¢ of Dgr(L) ® 4, By. Let x € M!rnmm] be an arbitrary element

and write ¢,,(z) into the following (unique) expression
¢

‘
tn(x) = ch ®x; = ZZaMti ® zj,

j=1 j=1iez

where ¢; € By o[t ug,. .. ,ud]][%] and a; j € Bfoo[t1,. .., uq]-
For 79 € I', , the same argument as in the proof of Proposition 3.39 shows that

tn(0 - x) = tn(exp(log x(v0) - Vo)(x))

[e.°]

= 5 Lo ey (S N att 02,)

m=0 j=14€Z

Z x(70) t2®xj
€7

Il
i MN

On the other hand, we have

Yo - (@ _ZZ% (@i t ®%‘ZZ% (aig) - X(0)'t' ® ;.

j=14i€Z j=14i€Z

k
20Just like in Lemma 3.41, convergence of exp(logx(y0) - Vo) means that both formal sums > % and

oo ( 1)’"1,
m 0 m!

1Recall that Ty stands for the open subgroup of I' corresponding to I'geom,n % 'k, C I'geom % ', where I'geom,n =
pnrgeom C Fgeom

>, (d=70)" WO) )™ converge. Similarly for exp(p™ - V;).
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This implies that yo(a; ;) = a;; for all ¢,j. Since 7y acts trivially on each wu;, this further implies that
aij € (Bf’oo)FK" [[uh . ,ud].

Next, we consider the geometric components of I'. Without loss of generality, let us consider an element
71 € Tgeom,n such that n;(v1) = 0 for all j # 1 but n1(y1) # 0. Write 61 := n1(y1). We express each a; ; as

a formal sum a; ; = Zm _o @i jm -l With a; 5 € By oous, ..., ug] for each i, j,m. Using Lemma 10.5, we
compute
kad 1
- 2) = talexp(6r - V1)) = 1 3 15604 (V0)* (@)
k=0
=Y ?(51) (V1)*(en(2))
k=0
[e's) 4 [eS) ‘
- kzk—(&lt) (w1 —T1) dul (;% Z gm0 @ 3;)

NH

S (108 -1 ),

j=14i€Z m=0

where we have used Lemma 10.6 below for the last equality. On the other hand, observe that
() =Tr = [ 1] = ([° = 1) (w1 = Th) + wa.

Thus, we have

0 0o
Y@ = D00 ilaigm - uit ) @y

4 )
- Z ; Z M(aigm) - ([ = D(ur = Th) +ua)™ -t @ 5.

Since ¢ divides [¢]* — 1 in Ax o [t], every element in By o [t, u1,...,u4] can be uniquely expressed as
> bim(((d™ = D(wn = 1) +u)™ -
i,m>0
with b; , € Bfm[[ug, ..., ug]. Hence, the computation above yields 'Yl(ai,j,m) = a; j,m for all 4, j, m. Since 1,
acts trivially on us,. .., uq, we conclude that the coefficients of a; ; (as power series in variables uq, ..., uq)

lie in (By,o)"=!. Putting everything together (and repeating the argument above for the other geometric
components), we know that the coefficients of a; ; in fact lie in (Bf)'™ = By,,. In other words, each ¢; is
an element in By [t ui1, ..., uq][7], so

1
(M m]) € Dyr(L) @4y Byt ui,. .., ud]][;}.

Since this holds for any f € ¥ and Dgr(L) is flat over Ax, we deduce
1

Ln(M[rn,rn]) C Dar(L) ®ay AXm[[t,ul,...,ud]][?]

as desired. The following lemma is used in the proof above.

Lemma 10.6. For each m > 0, we have

o0 k
Z (6};!) ((ug — T1)dim>k(uT> = ((ur — TY)[™ +T1)™

k=0

Proof. Note that [€]°t = exp(d;t). So it suffices to show that for each k,m > 0, we have

(0 =T = G| (= Toer +1)™

dzx =0
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When k£ = 0, both sides are equal to uf®. Suppose k¥ > 1. From

m

uf' = ((m =T) +T)" =) (T) (g —=T0)" - T,

we deduce that

On the other hand, note that
m m
(w1 —Th)e" +Th) E (i>(U1 1)'e

Therefore, we have

d " . m i q m—i = . m I3 m—i
(ﬁ)k le=0 (w1 = Th)e" +T1)™ = ;Zk(Z)(”l —T)'e™ I [omo= ;Zk ( i ) (v —Ty)" - 17",
as desired. m

10.4. Construction of Ngr(L), II: Beauville-Laszlo gluing.

Now we are ready to finish the construction of Ngg(L). Given the gluing isomorphism (10.4), the rest of
the construction goes verbatim as in Construction 3.38; namely, Ngr (L) is obtained via a “modification”
procedure along the “t = 0 locus” using Beauville-Laszlo gluing.

Construction 10.7. First, when [s,7] N p? = {p™"} with r being sufficiently small, we apply Beauville—
Laszlo gluing (cf. Proposition 3.37) to M[S’T][%] and N9R along the isomorphism (10.4) to obtain a finite

projective Ck’r}—module Nlsrl As in Construction 3.38, N[*7] is equipped with a natural continuous I'-
action. Moreover, one checks that the construction above is compatible when we vary r and s, and hence
glue to Ck’r]—modules Nls7] for arbitrary [s, 7] with r sufficiently small, equipped with continuous I'-actions.
By the same argument as in Step 4 of Construction 3.38, we also have a compatible family of Frobenius
isomorphisms

¢[s,r]: N[s,r] ®Ckv"']7¢ Ck/P»T’/P] L N[s/p,r/p]

for r sufficiently small and 0 < s < r. Consequently, the collection {N [S’T]} forms a uniformly finitely
generated vector bundle over Sp C} (cf. Definition A.6), and hence induces a finite projective (¢, I')-module
N7 over C}, by Corollary A.8. Finally, taking colimit as 7 — 07, we obtain a (¢, T')-module Nt over CR.
Summing up, we obtain the desired functor

(10.8) Nar: Locg™(X) — Mod(/*gf),
A

sending L — NT.

Remark 10.8. By construction, Ngg (L) is a descent of Ngg (L) as (¢, T')-modules. But we do not know
whether it is the unique (¢,T')-descent of Nggr(L). For the same reason, one cannot use the theories of
relative B-pairs or vector bundles on the relative Fargues-Fontaine curve to construct Ngg (L) due to the
lack of such descent results.

10.5. Relative p-adic differential xequations. To end this section, we explain how to regard Nggr(LL) as a
relative version of p-adic differential equation. This will finish the proof of Theorem 2 from the introduction.
We retain the notation N*" N” and NT from §10.4. Recall the topological generators 1, ...,7q € Fgcom
satisfying (10.5), which induce an isomorphism n = (71,...,74): Igeom — ZZ as in the proof of Proposi-
tion 10.4. For r sufficiently small and s € (0,7], each NI*"] (and thus N7) is equipped with (d+1) differential
operators
o
0= M, V, = w =p . 1og(7.ipm)’

log x(70) ni(t) )
which are well-defined for vy € I'kx sufficiently close to 1 and for m sufficiently large. Passing to the limit,
we obtain differential operators Vg, V1,..., V4 on Nt = Ngg(L).
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Proposition 10.9. For any L € LOC%E(X), we have
Vi(Nar (L)) C - Nar(L)

for each 1 =0,1,...,d.

)

Proof. By the construction of Ngr(L), it suffices to show that V;(N®7) c ¢ - NIs"] for all 4, when r is
sufficiently small and [s,r] N p” = p~" for some n. For this, it suffices to show that we have the desired

inclusion after taking the t-adic completion (that is, after taking base change along the map iy, : Ck’r] —
Axnlt,ur, ..., ug]V="). In other words, we need to show ¢,,(V;(2)) = Vi(tn(z)) € t-NI® for each z € N7,
Then it suffices to show that V;(N3R) C ¢ - NIR. Note that

Ny C Dar(L) @45 OB x(Xoo)
and the action of I on Dggr (L) is trivial. Hence, we are reduced to check that
Vi((’)IBB(‘fRX(XOO)) Ct OBl x(Xoo)-

This is clear because Vo =t- (1 +7)- & = tdt, and V; =t- [Tb]d[;b] fori=1,...,d on C’)IB%(J{R’X(XOO). |

Thanks to Proposition 10.9, we can introduce the following “normalized” differential operators.

Definition 10.10.
(1) On CR, we define differential operators
do:=t"1-Vy and d;,:=t"1-V,
fori=1,...,d.
(2) On Nggr(L), we define differential operators
Dy=t"'Vy and D;,=t"1'-V,
fori=1,...,d.
These make (Nggr(LL), {D;}ogica) into a differential module over (Cj\, {d;}o<icd). From this perspective,
Nar(L) can be viewed as a relative p-adic differential equation over CR.

In other words, Proposition 10.9 tells us that, while the operators D; a priori have singularities along

t=0on Djlg( ), the modification process in our construction of Ngg (L) removes these singularities.

Remark 10.11. As we shall see in §11.3, in the case where X is a closed poly-annulus over K, we have

d d
Vo=t-(1+m)-—, Vizt'[T'b]'d[Tb]

dm !
fori = 1,...,d. Let ug = ‘ZT—WK € (C}()X from Remark 3.33. Then we have dy = (1 4 ) - ug - 7% and

dm i
di = [T°] - ﬁ where both (1 4 7) - ug and [T”] are actually units in the corresponding imperfect relative
period ring. This justifies our normalization.

Remark 10.12. In the case of CDVFs with imperfect residue field, Ohkubo proposes a construction of Ngr
in [Ohk15]. It is in fact a prototype of the relative Ngg functor as it contains both arithmetic and geometric
directions. However, in the proof of [Ohk15, Proposition 4.2.12(i)], it is unclear to us how the faithful flatness
of the inclusion B,, — ]BdR produces the required isomorphism by constructing an isomorphism after taking
base change along B,, — Bjﬁ. Hence, the construction in loc. cit. seems to be incomplete.

10.6. Compatibility of Ngg. In this subsection, we study the compatibility of Ngr under certain ex-
tensions. Let hy: X; — D% be a toric chart, and let A; = (Rj,,Ax,) be a strongly decompleting da-
tum for (X1, hq). Suppose we have a map ¢g: Xo — X; of K-affinoid spaces such that the composite
ho = h1og: Xo — DK is a toric chart. Let As = (Ra,,An,) be a strongly decompleting datum for
(X2, h2). Assume further that we have a map Ry, — Ra, of (T ))-algebras (resp. a map Ay, — Ay, of
A k-algebras) compatible with the map Ry, —> RX2 (resp. Ax, — Ax,). Note that this induces (¢,T)-

equivariant maps A}l — A}~ and C[iT — C > for all 7> 0 sufficiently small and 0 < s < r. Consider
the Ngg functor associated with A; (resp. As).
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Proposition 10.13. Let L € Loc%?(Xl) be a de Rham local system on X;. Then there is natural isomor-
phism
Nar (L) Bcy, cl, = Nar(Ll|x,)

of (¢,T)-modules.

Proof. For r > 0 sufficiently small and 0 < s < r, let Ml[s’r] (resp. Mz[s’r]) denote the finite projective CE\SI’T]—
module (resp. Ck;r]-module) given by Theorem 7.21 obtained from L and A; (resp. from L|x, and Ag).
Write Nl[s’r] (resp. NQ[S’T]) for the finite projective Ckir}-module (resp. Ck;r]—module) in Construction 10.7
obtained from L and A; (resp. from L|x, and As). It suffices to produce compatible (p,I')-equivariant
isomorphisms

N @ e OF)T = N3

for 0 < s < r with r sufficiently small. By construction, this amounts to constructing two isomorphisms
after taking base changes along CE‘:;T} — Ck;r} [%] and ¢, : CES;T} — Ax, nlt, ut, . .., ua] V=0 respectively, such
that the two isomorphisms agree over Ax, ,[t, u1,...,ua]V="[}].

Note that, by construction, D"t in Corollary 4.16 is compatible with the extension A;ﬁ — A}z. So, by
Corollary 7.20, we have

Ml[”] ®C[Asl,r] C[AS;T] & Mz‘”]
for r sufficiently small. Thus, over Ck’;ﬂ [1], we have (for r sufficiently small)
[s,7] [s,7] 1 ~ [s,7] [s,7] 1 ~ [s,7] 1 ~ ATl 1
NAl ®C[ASI’T] CA2 [?] = MA1 ®CESI’T] CA2 [;] - MA2 [Z] = NA2 [g]

On the other hand, there is a natural isomorphism
Dar(L) ®ay, Ax, = Dar(L|x,)
by the base change property of the Dgr functor. Write
DV=0 = (Dar(L) ®ay, Ax,[t,u1,. .. uq])¥=".

Recall from §10.2 the natural isomorphisms

.....

and
(Dar(L) ®ax, Axynlt v, ... L ug])V=0 = pV=0 ®Ax, [tur,....ua] V=0 Ax, nltw, ..., ug] V=0
for each n. Hence, over Ax,[t,u1,...,uq]V=", we obtain isomorphisms
(Dar (L) ®ax, Axymltsun, - ual)V =" @ay, L ftiurseuad¥=0 Axo [t un, - ua] V=0
>~ (pV=Y ® Ax, [t/ur,..ug] V=0 Ax,nlt ug, ... Lug] V=) @Ay, nltus,...ug] V=0 Ax,nlt ug, ... Lug] V=0
~ pV=0 ® A, [tur . ug] V=0 Ax,nlt ug, ... ,ud]]vzo
=~ (DY @ ay, [tour o ua] 7=0 Axo [t wr, - ug]) V"
= (Dar(L|x,) ®ax, Ax,nlt,u,. .. L ug]) V0.
It remains to show that the two isomorphisms agree over Ax, »[t, u1,. .. ,ud]]vzo[%]. Let ¢y, 1 (resp. tn2)

be the isomorphism (10.4) for X (resp. for X5). We need to prove that the following diagram commutes

tn,1

My Dk, Axywltun, - ug] V=] —=— (Dar(L) ®@ax, Ax, nlt,us,. .. ua]) V=[]

| |

Lln,2

ML Bciir.o, Axynlt,u, . ua] V=[] =% (Dar(Llx,) @4y, Axynlt s, ..., ua])V=[2].
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Consider Ax, (resp. Ax,) as in the proof of Lemma 10.1 for X = X; (resp. X = X5,). Choose a map
— — —A,b —A,b
Ax, = Ax, extending Ax, oo = Ax, 0. This induces a map A?gl — A;’Z. For ¢ =1, 2, write

~ —Ap —sA\b
Ai = W(A/)\(l ), BdR,Yi = ]BdR,Xi (A;\(I )

Denote by Hy, (for i = 1,2) the Galois group Hy in the proof of Lemma 10.1 for X = X,;. By the
construction of D"*T in Corollary 4.16, there is r > 0 sufficiently small such that

D" (L) = (L @z, A])™ @ay, Al
and that
D" H(Ly,) = (L @z, AD)"x @4y Al
Hence, by the construction of ¢y, ; and ¢y 2 in §10 and Lemma 10.1, the desired commutativity follows from
the commutativity of

(L ®z, A{)HXI s (L ®z, BdR,Yl)Hxl

| !

(L ®z, A sy (L ®z, BdR,Y2)HX27

where ¢, in top and bottom horizontal maps are given by ¢, : K; — Barx,-
Lastly, by the construction of (¢, T')-structure in Construction 10.7, it follows that the base change iso-
morphism is compatible with ¢-actions and I'-actions. O

11. EXAMPLES OF STRONGLY DECOMPLETING DATA

In this section, we provide examples of strongly decompleting data for closed annuli (§11.1), and those for
“punctured closed annuli”, that is, closed annuli of outer radii 1 with finitely many open unit disks removed
(§11.2). For simplicity, we restrict our attention to the one-dimensional situation; the higher dimensional
case of closed poly-annuli (with punctures) is similar, with differences that are purely notational. For the
two examples, we also explicitly compute the normalized differential operators in §11.3, and study the
compatibility of the Ngr functor under base field extensions in §11.4. Lastly in §11.5, we briefly discuss how
our notion of strongly decompleting data relates to the work of Andreatta—Brinon in [ABO8] and [AB10].

Throughout the section, we retain the notation in §1.6 and Notation 3.24.

11.1. Closed annuli. We first consider the case where X is a closed annulus. Let X = X[ ,, =
Ak ([o1,02]; T) with 0 < 01 < 02 < 1 (see Notation 3.24), and take the natural inclusion h: X — Dy =
Spa(K(T),Ok(T)) (sending T + T') to be the toric chart. In this case, we have I' = I'geom X I'x with
Pgeom = Zp and I'x C Z,; is an open subgroup. We shall construct a natural example of a strongly de-
completing datum for (X,h). More generally, let g: X’ — X be a finite étale morphism, and consider
W :=hog: X' = Dk. Then the strongly decompleting datum for (X, k) induces a strongly decompleting
datum for (X', h’) by Theorem 8.13.

N Note that Rx is the rational localization of EDK = IA(go«T")z%“) given by o1 < |Tb| < o09. Namely,
Rx consists of elements of the form 37,0 1 a;(T*) with a; € K’ such that for any ¢ > 0, there are
only finitely many indices j such that max{|a;|o7, |a;lo3} > €. Consider the following subrings of Rx and
Ax = W(Rx).
Definition 11.1.

e Let R, 5, be the ring of functions on the closed annulus A, ) ([o1, 02]; ") C Dy (). That is,

R[Uhtfz] = FK((?K)) ([0’1, 0'2]; Tb)

= {Z ai(T")" | a; € k(Tk)), |ailo® —= 0 as i — Foo for all o0y < o < 02} C Rx.
i€z
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e For each 0 <r < rg, let

Af = {Z bi[T°) | by € A, A\p(b)o™ — 0 as i — oo for all 07 < 0 < 02} .

i€z
There is a natural inclusion Afal 2] C :ATX
o Let
T o : r
A[Ul,oz} — hﬂ A[leffz}’

0<r<ri
T

[171 02

every element in A, ,,) can be written uniquely as ), b; [T°]" with b; € Ak.

and let A, 5, be the p-adic completion of A E Note that A, ,,) is a subring of AX, and

Step 1. We first show that Al,, 5,) = (Rjo,,04] Aloy,0,)) 18 Weakly decompleting.
We start with some preliminary facts on the A, norm. For any 0 < r < rg, consider the norm \/. on A
defined by

T
[o1,02]

AL (Z bi[Tb]i> = sup sup{A\.(b;)o""}.

el o1<o<0o2 €L

Lemma 11.2. For each 0 < r < rg, we have A, = A, on Afgl Ik

To prove this, first note that Al > A, by the definition. Let s: Ex — Ak be the section of the mod p re-
duction map in Construction 3.17, which satisfies the properties in Lemma 3.18. Foreachy = >, ., s (T")i €
Rig, 0s0; s€t 8(y) =D ;s s(y;)[T°]*. Then for any 0 < r < rg, we have

Ar(s(yi))o™ = [yil o™ =0
as ¢ = £oo for all o7 < 0 < 09, and thus s(y) € Af - This gives a section s: R, ,) — AT 2] of the

[o1,02 [o1,
mod p reduction map. In particular, A[TU1 oa] R, ,5,) 1s surjective. Note that

A(s(y)) = sup sug{AT(S(yi))U”}= sup SuZp{IinTU”}=IyV-

o1<o<og i€ oc1<o<og i€

Since A, > A, we must have
(11.1) Ar(s() = Ar(s(y)) = [yl
Lemma 11.3. Let x € A, ,,) and let T € R|,, 5, be the reduction of x mod p. Then for each k € Z>o,

we have — k+1
Wy <x—8(x)) > inf {wk+1($)7w0(m) _ = } :
p K

Proof. By Lemma 5.17, we have

wy, (fr_s(x)> > inf {wkﬂ(ff)awo(x) S 1}

P T
for all 0 < r < rg, so the statement holds. O
Now for each x € A5, 5,), We construct a sequence g, r1,... € A, o, inductively by setting zo = x and

Tpi1 = 5 (0 — 5(Tp)), where T, € Rjy, o,] stands for x, mod p. Then we have x = "7 [ p™ - 5(Ty).

Lemma 11.4. Let z € A, 5, and write z = S o™ - s(Tn) as above. Then for each n € Zs, we have

o(Fn) > inf {wi(:r) - ”_i}.

i<n TK

Proof. The proof is similar to [Col08, Lemma 7.4]. By Lemma 11.3, we have

. k+1
wi(Tp+1) = inf {wkﬂ(xn),wo(xn) — - } .

By induction on n, we deduce that

wk(xn)>inf{wk+n(az), in {wi(x)_m}}.

0<i<n—1 TK
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Taking k£ = 0 yields the statement. ([l
Proof of Lemma 11.2. For x € Aj, ., set vy () = —21log, (Ar(z)). We need to show v].(z) > vy(z). Write

z =3 ,p"s(Tn) as above. This is a norm compatible expansion by the identity (11.1), so

/\T(x) = max{p_n)\r(s(fn))}

n=0

by Proposition 5.16.
It suffices to show that v..(p™ - s(Z,)) = v, (z) for all n. By Lemma 11.4, we have

' _ n _ n . n—i
. n)) = — n 2 - f 7 -
@) = 2ot > 2 nt L) - 21

= inf L)+ -0 - )b w fw@) s L)

odien |\ T L TR ri’ |7 ogign | TN T 2
as desired. (]
Corollary 11.5.

(1) For each 0 <r <7k, Af, . is complete with respect to A,, and
A?ol,ag] = S( N A[01,02]

as subrings of Ay.
(2) For each 0 < s <1 < 7k, define BY . and C*™  as in Definition 5.3. We have

[0170 [01»02]

[o1,02] —

cle! {Z bilT°)" | b; € C[é’r]7 Ai(b)o™ — 0 as i — doo for all t € [s,7] and 07 < o < 02} .
i€z

Proof. Tt directly follows from Lemma 11.2 that AT ] is complete with respect to \,.. By the definition, we

) [o1,02 N
have Ap . C AXNA[, o, For the converse inclusion, let x € AN NA(,, ,,) and write z = > o p"s(Zy)
as above. Since each p" - 5(Zn) € AJ, . it suffices to show that v}.(p" - s(Z,)) — +00 as n — +00. Recall

from the proof of Lemma 11.2 that

) 1 1
(" s@a) > it S (wile)+ )+ (- i) - ) b
s > ot {54 -0 - o)
The last term goes to +00 as n — 400, by the same argument as in the proof of Proposition 5.18(2). This
proves (1). By the definition of CI") . part (2) also follows from Lemma 11.2. O

[o1,02]
Proposition 11.6. Al o] = (Rs,,0,], Afoy,05]) is @ weakly decompleting datum for (X, h).

Proof. Recall from Corollary 11.5(1) that A[Tghm] = 1~VX N A5, 0, for each 0 <7 < rg. We need to verify

the conditions (1)—(8) in Definition 5.6 (for some sufficiently small r, > 0). We will assume 0 < r < rg
below.

(1) Since the extension x((Tx))/k((7)) is separable, {77 | 0 < i < p — 1} gives a p-basis of k((Tx)). We
claim that Rj,, ., admits a p-basis given by {7 (T")J? | 0 <i,5 <p—1}. Indeed, it follows from
the explicit description of R, ,,) that these elements generate Lp_l(R[(,hUz]) as an R, 5,J-module.
Moreover, these elements do not have any non-trivial linear relation over R|,, 5, because they provide
a p-basis of k(T )[(T°)*'] by the proof of [DJ95, Lemma 1.1.3] and Ry, ., C x(7Tx )[(T*)*'].

(2) Note that x((Fx )P is dense in K’ . So it follows the definition that (Rioy,05])P"" is dense in

Ris),00]-
(3) It is straightforward to check that AT is stable under the I'-action. Thus, Al is stable under

[o1,02] [o1,02]
the I'-action, and so is its p-adic completion A, 5,

(4) This is noted in Corollary 11.5(1).
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(5) We already observed that A7 /p = Ry, 4, is surjective, so it suffices to show that the map is

[o1,02]
injective. Let z,y € A[TU1 a]? and write
o0 o]
=Y p's(@n), y=»_ p"s(T,)
n=0 n=0

as above. Suppose T =7 € Rjy, o,. Then s(Zo) = s(7y), so

v—y=Y p"(s(Tn) — 5(T,)) € PAT,, ),
n=1

as desired.

(6) Foranyy € Ry, ,], we have seen that s(y) € Ap,, ,  and A (s(y)) = [y[". On the other hand, let x €
A[Talm] and write x = Z;’LO:O p"s(Zy, ). Since this is a norm compatible expansion, by Proposition 5.16,
we have () = max,>o{p " \-(s(Z,))}. In particular, A\.(z) = A\ (s(Tp)) = |Z|". Thus, the quotient
norm on A[Tgl)az]/p = Ris,,5,) induced from A, on A[ralm] agrees with | - " on Ry, o,]-

(7) It is clear from the definition that R, ,,) is an affinoid (7 x ))-algebra.

(8) Let 0 < s <r < rg with s, € Q. By Proposition 3.25, there exists r, > 0 small enough such that

for any 0 < s < r < 74, we have a natural identification
[57""] ~ .
Ck _FKé([a’B]’ﬂ—K>

where a = p*p%l'i and 8 = pfp%l'i_ Thus, by Corollary 11.5(2), CE’:]@] is a reduced affinoid

K-algebra for each 0 < s < r < r,.
O

We also consider finite étale extensions of X.

Definition 11.7. Let g: X’ — X be a finite étale morphism and let A’ = hog: X’ — Dg. Let AE

01,02] =

(Rl[al,ch]’A,[ol,az]) be the pair obtained by applying Construction 5.29 to A, 4,] = (R0 ,00]s Ajoy,0.]) and

g: X' = X.

Corollary 11.8. Let (X’,h') be as in Definition 11.7. Then Af = (R] AT ) is a weakly
[o1,02] [o1,02] “Ho1,02]

decompleting datum for (X', n’).

Proof. This follows from Proposition 11.6 and Theorem 5.30. O

Step 2. We now prove that Ay, 5,] = (Rjo,,00]s Afsy,05]) 15 decompleting.
We follow a similar computation as in [Ked16, §5]. In particular, we use the following result from [Ked16]
and refer the reader to Section 3 of loc. cit. for relevant notions.

Theorem 11.9 ([Ked16, Theorem 4.1]). Let I'y be a profinite p-analytic group, and T's C T'y a pro-p
procyclic subgroup. Let M be an analytic I'1-module which is a Banach space over a non-archimedean field
of characteristic p with a non-trivial norm. If H: (Lo, M) =0 for all i > 0, then H:_ (U1, M) =0 for all

cont cont
1> 0.

Since nghoz] is finite étale over Ry, 5,), any p-basis of R[,, ,,) is also a p-basis of REUIM] by [BM90,
§1.1.2(ii)]. So we have an isomorphism
¢ (Rioy 00)/ Rioy 00 = D (L+7)#(T°)7 - Riy, o5
0<i,j<p—1, (i,7)#(0,0)
which is strict by Theorem 2.10 since m € Rf . Note that the T-action on ¢~ !(R/ )/ R is
[o1,02] ] ' [o1,02]// " o1,00]
analytic by [Ked16, Proposition 5.3]. Write 7, ; == (1 +7)5 (T°)5.

Proposition 11.10. Ay, +,) = (Ris,,04]> Aloy,05]) is a decompleting datum for (X, h).
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Proof. Let I'y C T' be an open normal subgroup. It suffices to show that the cochain complex
C(.) (FO? sp_l (Rfal,ag])/REal,ag])

is strict exact at d® for each £ > 0
We will first show the exactness. By Theorem 11.9, it suffices to consider the case where I'g is of the form

Lo = p*Zy x (14 p"Zy) C Zy ) L)

for some integers a > 0 and b >
Let v € p®Z, C T'yg be an element such that

Y1+7) =147, AT)=(1+7)P" T
for some m > 1 (e.g. we have such «y for m = a). Let A € 1+ prp C I'g be an element such that
M1+7)=Q+7)P" (1+7), MI°)=T"

for some m’ > 2.
We check that the following inequalities hold
n+7n +1

n _pn+m+1 _ n o o _
(11.2) (v =)z <p ] (W 1)z <7l p ]
for all ¥ € R, o,) and all integers n > 1. Indeed, recall that

Rioy 00 = {Z ai(T") | a; € 6(Tk)), |aslo® = 0 as i — oo for all 0y < 0 < 02} )
i€z

and forz =}, _,

inequalities (11.2) for T = a;(7")?, which follows from a direct computation: for example, we have

a;(T")" € Riy, oy], We have |Z| = SUD,, <o <o, SUPsez{lailo’}. Thus, it suffices to check the

n

(7 =) (T = ()T =) (T

and
pdm _ n+m+1
L T e

Claim 1. For each 0 < < p—1with j #0, (W? — 1) acts bljectlvely on nglm] Y, ; forallm >0
sufficiently large.
Proof of Claim 1. For each n > 1, we have (y*" 1) iy = (L +7)P P 1) -y, ;- Write

=(1+mPTT =Y -
Since 1 < j < p— 1, the term jﬁpnﬂwl dominates the other terms of a;, in the binomial expansion, and

n+m

|ajnl =p~ 77T .

- . 7pn+7n+1 . o ,

On the other hand, we have |(7? —1)-7| < =1 [T|for T € Rjg, 4, by (11.2). Let 1,...,24 € R, 5l

be generators of R[U op] AS AN Ri5, 0] module Then there exists ng > 0 such that

n,

(47" = D) (n)] < IwkI

pro+m+1

£
for all 1 < k < d. Let £ > 0 be an integer sufficiently large so that (%) <p »t . Writing 2z, == 2, for
each k, we have

07" = D] = (07" = D@ | < G anl = G ol <5~ L.
Here in the first equality, we used that Rfalm] has characteristic p. Thus,
" n+m+1
(7" = D) <p " |2
for all n > ng.
Since any finite p-basis of Rj,, ] is a p-basis of Rfohaz], z1,...,2q also generate Rfolm] as an Ry, o,

module. Consider the strict surjection @Zzl R, 6) - €1 — REUI 2] given by e +— zx. Let ¢ > 0 be a
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constant such that the residue norm on ngl o2 given by the finite-module norm on the left-hand side is
bounded above by ¢ times the norm on szn o]’ It follows from the above inequalities that

n pn+m,+1

(11.3) 0" =1)-z[<c-pm 77T |7

for all T € RE - Since
01,02
aji’rll(,ypn -1)@-7;;) =@+ a;}L(l + aj,n)(’Yp" - 1)(@)) ;55
we deduce that a;}l . ('ypn —1) acts on ngl os] Vi 8 the identity plus an operator of norm strictly less than
1, for all n > 0 sufficiently large. Thus, Claim 1 holds.

Claim 2. For each 1 <i < p—1, (A" — 1) acts bijectively on ngl os] " Ui0 for all n > 0 sufficiently large.

Proof of Claim 2. We have
W' =1) g0 = (147)" ") RSy “Yi0
for each n > 1. Since m’ > 22?2 and 1 <i < p — 1, we have

vp(i((1L+p™ )W =1)/p) =m' +n—1.

n+m’

So |((1+ f)i((l‘irpm/)p"—l)/P —-1)| = p~ 77 . Thus, Claim 2 follows from (11.2) and a similar computation
as in the proof of Claim 1, by showing that for some constant ¢ > 0, we have

o
pn+ m'+1

(11.4) W —1) 3] <eop T

forall z € Rfahgz] and n > 0.

Now by Theorem 11.9, we deduce from Claim 1 and Claim 2 that C(*)(T, nglm] “T; ;) is exact at d®
for each £ > 0 and 0 < 4,5 < p— 1 with (4,5) # (0,0). B
For strictness, we consider an affinoid k((Tx))-algebra S = nghgz](%, %> where U is an auxiliary free

variable. Note that S is equipped with the spectral norm which extends the norm |-| on REUI o.1s and R[Ul oa]

i 2
is closed in S. Furthermore, setting I' to act trivially on U, S has the induced I'-action extending that on
Ri, 5,]- Consider the cochain complex

c = ce)(ry, & S-7,).
0<4,5<p—1, (i,7)#(0,0)

By a similar computation as in the proof of Claims 1 and 2 (together with Theorem 11.9), the above complex
is exact at d®) for each £ > 0. Note that d¥) is x((U))-linear and U € S is a topologically nilpotent unit,
since |U| = |7|. Thus, by Theorem 2.10, we conclude that d*) in Cg) is strict for each ¢ > 0.
Finally, note that each REUI o] Vi is closed in S -y, ; with compatible norms, and that the differential
maps of the complex Cé') are compatible with those of CI(;;) = C(*)(Ty, w_l(Rf / Rf
lo1,02]

each £ > 0, the quotient Cg[) : / ker(d®)) is a closed subspace of Cg) / ker(d®)) with compatible norms, and
71,92

So for

01,02]) 01,02])'

image(d®)) for Cz(:f') is a closed subspace of image(d*)) for Cg) with compatible norms. Therefore, the
[o1,02]
strictness of Cg) implies the strictness of Cg,) at d¥) for each ¢ > 0. O
[o1,02]

Step 3. Lastly, we prove that Ajg, o] = (R[s, .04, Alo,,0.]) is strongly decompleting.

Proposition 11.11. Ay, +,] = (Rjs,,04] Aloy,0,]) is a strongly decompleting datum for (X, h).

22This condition is for the case p=2. When p > 3, we can take m’ > 1.
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Proof. We need to check the conditions (a)-(c) of Definition 8.8 for A, 5] = (Risy,04]> Aor,02])- By Propo-

sition 3.20 and the definition of A{Ul o] W have
r _ A Y I B e . .
[o1,00] = ZCZJWK[T] | cij € Oky, leijl-p ?77ex 0™ — 0 as [i| + |j| — oo for all oy <o < o2y

i,j€EZ
We first check the condition (a), i.e., the image of the composition

Troa] C A% 5 Big x(Xoo)

[o01,02
lies in Ax,n[t,u] V=" where u := T — [T”], for all n > —log,r. It suffices to show that the image lies in
Ax n[t,u]. To this end, we compute ¢, ([T°]*!) and ¢, (7%"). Indeed, we have

—-n —n - u
([P =[] = (T =y =17 (1= 2y

n —-n

n

If we write v/ = 1, ([T°]) — TP

TP " 4+ with Ax p[u"] € Ax n[u]. To compute ¢, (7 ), recall from Construction 3.8 that the polynomial

Pr € AT, [X] lifts the defining polynomial Py € Ex; [X] of T, and that 7 is a simple root of Pk
0

, then Ax,[u'] C Ax,[u]. Taking inverse, we can write ¢,([7°]7!) =

lifting 7. By [Col08, Proposition 6.6], § o ¢~ "(7k) is a uniformizer w,, of K,, and it is a simple root of
0 o o~ "(Pg). By Hensel’s Lemma, ¢~ "(Pk) has a unique root in K, [t] lifting 6 o ¢~ (wx). Thus, we have
tn(TK) = @y, +1' such that Ay ,[t'] C Ax.n[t]. Taking the inverse, we obtain ¢, (7") = @, '+t satisfying
Axyn[[t"}] - Axyn[[t]].

Now, let z = 37, ey ci T [T € Al .- We need to show that 1n(2) € Axn[t,u]. We may assume
r=p " Writex =24  +24 _ +2_  +x_ _, where
o o
vig= Y ek TV, o= Y e mk(TV,
4,520 120,5<0
o o
eop= ) cgng[TV, and oo =Y cigmi (TP
1<0,520 ,5<0

It suffices to show that ¢,(x4 +) € Ax o[t/ ,u'] (resp. tn(z4 ) € Ax, [t u"], tn(z— 1) € Ax,[t", o],
tin(z= —) € Axn[t",u"]). We will only compute for = , as the other terms follow from similar computa-
tions. We have

i —n J
(@4 4) = D tnleiy) (@n + 1) (Tp JruI)
0,j>0
For integers a,b > 0, the (¢')%(u/)’-term has coefficient

Wa,b = Z tn(ci )o@ TP "0 (;) (é)

4,520

¢ = ; AR <;> <é>

Then w,p = w,*- TP . 3506 TP "J. To show w,, € Ax ,, it remains to check that |c;| - o? "7 — 0
as j — oo, for all o € [01,02]. Indeed,

For each j > 0, let

. _ i
el < madlen (eig)] - o[y = max{lei ;| - p e Hom0
By the assumption, we have
D R R P B e i e A
as || + |j| — 400, as desired.

The condition (b) of Definition 8.8 follows directly from the explicit description.
Lastly, we check the condition (c). It suffices to check that there exists an integer ng > 0 such that for

any n = ng, b € C[]Tg“r”] and i € Z, we have

p+1

A (P =)0 [T°)) <p™ 7 - A (b-[T°])
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for all v € T',,.
Since I' = I'geom * I'k with I'geom acting trivially on CE;,”’T"], by Lemma 3.40, there exists an integer

ng = 0 such that
_ptl
Ar (v =1)(®) <p~ # - A (D)
for any b € C¥/ and vy € T,, with n > ng. On the other hand, ' acts trivially on [7°], and for any
v € T'geom and i € 7, we have

(v =D(T)) = (") = 1) - [T°) = (1 + 7)) — 1) - [T°)
where 7: Tgeom — Zj, is as in the proof of Proposition 10.4. So for any 7 € geom with 7(y) € p"Z,,
A (v = D(T"T)) = A, (L4 1)) = 1)) - A ([T°)) <7701 - A, ([T7]),

Here, we used in the first equality that A, (b-[T°]") = A, (b) - A, ([T°]?) for any b € C[;;"’T"]. The second
inequality follows from the computation of X, ((1 + m)*7() — 1)) in the proof of Lemma 3.40, using that
i-n(y) € p"Z,. Therefore, for any n > ng, we deduce from the equality

(v =1 [T°]) = (v = 1)(O) - [T°]" +7(b) - (v = (L))

[Tﬂ Tn ]

that for all v € T',,,
A (P =D [T)) <p™ 7 Ay (0) - A ((T7) = p~ 5 - A (b- [T7F).
This concludes the proof. O
As an immediate consequence, we obtain a strongly decompleting datum for (X', h’) as well.

Corollary 11.12. Let (X’,h’) be as in Definition 11.7. Then Af = (R]

o1.00] = (Boy, Uz],AEUhUQ]) is a strongly

decompleting datum for (X', n’).
Proof. This follows from Proposition 11.11 and Theorem 8.13. O

11.2. Closed annuli with punctures. In this subsection, we consider closed annuli Ag([d, 1];T) for some
§ € (0,1] N p@ with finitely many open unit disks removed from the boundary circle {|T| = 1}; they are
“closed annuli with punctures”. The goal is to explicitly construct natural strongly decompleting data for
these objects.

Let ¢(T) € Ok, [T] be a monic polynomial of degree h > 1 of the form

oT) = [T~ 15:])

i=1
for some fBi,..., 8, € k. In particular, ¢(0) € OIXQ)' For any § € (0,1] N p?, let Xi5,1] denote the closed
annulus Ak ([d,1]; T) as before, and consider the rational subset
X = Xsq = Xpsy N {la(T)] = 1},
equipped with the toric chart h: X < D sending T+ T'. Roughly speaking, X is the closed annulus X(s y
minus open unit disks centered at [5;]’s
Let § € kx[T] denote the reduction of ¢ modulo p. Then R x is the rational localization of ]TZ[M] given by
[g(T")| = 1. Consider the following subrings of Rx and Ay = W (Rx).

Definition 11.13.
e Let Rs4 be a subring of Ry defined by
h—1

Z(h T ’—ﬁ-iib

i€Z j=1k=0

a;,bjr € K(TKk)), |bjr| = 0 as j — +o0,

lailo" = 0asi— dooforall § <o <1

e For each 0 <r <7k, let Aj  be a subring of AX given by

A, = Zaz [T°]° +

1€Z j=1k=0

0o —1

ai,bjk € A}A{, AT’(b]k‘) — 0 as j — +00,

Ar(a;)o™ — 0asi— dooforall § <o <1
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o Let
T r
A‘67q = h_r}n A57q,
O<r<ri

and let As, be the p-adic completion of AZ;} . Note that As, is a subring of A X-

Step 1. We first show that As, == (Rs,4, Asq) is weakly decompleting.
We will follow a similar argument as in Step 1 of §11.1. For any 0 < r < rk, consider the norm X/ on Af,
given by

oo h—1
Za’ AdK +ZZ ik T = max{ sup sup{Ar(a;)o"'}, sup sup {Ar(bjk)}}~

ez = o §<o<1 i€ j>10<k<h—1

Lemma 11.14. For each 0 <7 <7k, we have A} = A, on A}

Proof. We have Al. > A, by the definition. Let s: Ex — A be the section of the mod p reduction map in
Construction 3.17, which satisfies the properties in Lemma 3.18. For each

co h—1
y—Zal (T°)! —|—22ka €R57q,
i€l j=1 k=0
set
oo h—1 Tb]k
s(y) = D_s(@)[T°T+ 323 (b O
€L j=1k=0

Then for any 0 < r < rg, we have
A (s(a;))o™ = |a;|"o™ — 0
as 1 — Foo for all § <o <1, and
Ar(s(bjk)) = [bjk|" — 0
asj — +00. So s(y) € A’" . This yields a section s: Rs ,; — Aqu of the mod p reduction map. In particular,
54 — Rsq Is surjective. Note that

M(s(y»:max{ sup sup{A(s(ai))o™}, sup  sup ws(bjk))}}

§<o<1 i€Z j>10<k<h—1
zmax{ sup sup{|a;|"o""}, sup sup {bjkr}} = |y|".
6<o<1 i€Z j>10<k<h—1
Since A, > A, this implies X, (s(y)) = A (s(y)) = |y|"-

Now for each © € As,, we construct a sequence xg,1,... € Aj, inductively by setting 29 = x and
Tpal = %(xn — 5(Zy)), where Z,, € Rs 4 stands for z,, mod p. Then we have z = Zf:;o p" - s(Ty), and the
statements analogous to Lemmas 11.3 and 11.4 hold. Consequently, we can proceed in the same way as in
the proof of Lemma 11.2 to conclude. O

Corollary 11.15.
(1) For each 0 <r <rk, A} is complete with respect to A, and
A P AT)’( n A57q

as subrings of Ay.
(2) For each 0 < s <7 < 1, define By, and C[s ") as in Definition 5.3. Then C[S " consists of elements
of the form

oo h—1 Tbk
St + 3 T e
1EZL j=1k=0

satisfying the convergence conditions )\t(ai)o*“ —0asi— too forallt € [s,r] and § < o < 1, and
Ae(bjr) = 0as j — 4oo forall t € [s,r].

Proof. Given Lemma 11.14, this follows from a similar argument as in the proof of Corollary 11.5. ]

Proposition 11.16. A5, = (Rs 4, As,q) is a weakly decompleting datum for (X, k).
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Proof. Note first that Rs, has a p-basis given by {ﬁi (Tb)% | 0 < 4,5 < p—1}: it follows from direct
computation that these elements generate ¢ ~!(Rs,,) as an Rs ,-module. Furthermore, these elements do not
have any non-trivial linear relation over R, since they provide a p-basis of #((7Tx))[(T°)*'] by the proof of
[DJ95, Lemma 1.1.3] and Rs,, C x(7x)[(T°)*].

Now, given Corollary 11.15, the statement follows from the same argument as in the proof of Proposi-
tion 11.6. O

We also consider finite étale extensions of X.

Definition 11.17. Let g: X’ — X be a finite étale morphism and let A’ = hog : X' — Dg. Let
A, = (R ., Aj ) be the pair obtained by applying Construction 5.29 to A5y = (Rs,q, Asq) and g: X' — X.

Step 2. We now prove that As, = (Rs,4, As,q) is decompleting.
We will follow a similar argument as in Step 2 of §11.1. Since R:i , 1s finite étale over Rj 4, any p-basis of
Rs,q is also a p-basis of Ry by [BM90, §1.1.2(ii)]. So we have an isomorphism

— ~ .\ i by L
1(R:§,q)/R:§,q = @ (1+7T)P(T )p 'Rg,qv
0<i,j<p—1, (4,5)#(0,0)
. . . . . — A
which is strict by Theorem 2.10 since 7 € R . Write g, ; = (1 + )" (Tb)P.
Proposition 11.18. A5, = (Rs 4, As,q) is a decompleting datum for (X, h).

Proof. We follow a similar argument as in the proof of Proposition 11.10. Let I’y C I' be an open normal
subgroup. It suffices to show that the cochain complex

C(.) (F07 @71(R:5,q)/R:5,q)
is strict exact at d® for each £ > 0.
We first show the exactness. By Theorem 11.9, it suffices to consider the case where I'g is of the form
Ty & p*Zy x (14 p"Zy) C Zy x L)

for some integers a > 0 and b > 1. Let v, A € I'y as in the proof of Proposition 11.10, so that

Y147 =147, ~T°)=@0+7)P" -T°
and )

M1+7) =0+7)P (1+7), MT°)=T"
for some m,m’ > 1. Applying a similar argument as in the proof of Proposition 11.10 (based on Theo-
rem 11.9), we reduce to showing that there is a constant ¢ > 0 satisfying

n n+7n+1 n _ pn+7n'+1

(11.5) (0" 1) -7 <e-p” [z, | —1-z[<cpm 77
for all ¥ € Rs,4 and all integers n > 1. Recall that

oo h—1 a;, b € K(TK)), |bjr| = 0as j — +oo,

P D OTTCUINS ) B el iy J
lailo — 0 asi — +ooforall d <o <1
i€EL 7=1 k=0

and for T =Y, , ai(T") + 372 Shab; ((TTb))J € Rs 4, we have

|Z| :max{ sup sup{\ai|ai}, sup sup {|bj;€}}.
§<o<1 i€z i>10<k<h—1

Thus, it suffices to check the inequalities (11.5) for a;(7%)" and bj
already checked in the proof of Proposition 11.10.
Note that for any g € I, we have

(9-D@1T")™") = (g9 - Da(T) - g@™)™") - (1),

*(Tb)kz' The inequalities for a;(7”) is

SO

(9 = D@T") "I < (g - Da(T”)]-
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Using the identity
(g-1D@-y)=(g-1)@) v+9@) (g —1)7

for any T,y € Rs 4, we deduce that the inequalities (11.5) hold for b] as well.

k b
(T )J
The strictness at d*) of the complex C(*)(Tg, o~ (R} )/ B ;) also follows from a similar argument as in

the proof of Proposition 11.10, by considering Ré’q<g, %) |
Step 3. Lastly, we show that Asq = (Rjs,4, Asq) is strongly decompleting.

Proposition 11.19. A5, = (Rs 4, As,q) is a strongly decompleting datum for (X, h).

Proof. We check the conditions (a)-(c) of Definition 8.8 for A5, = (Rs,q, As,q). Recall that

. __PT_. _i_ .
}(:{E CiTx ‘ ci € Oy, |cil -p 777 ex —>Oasz—>—oo}

=
and
Za e +ihzl bik[T") az,bjkeAK, Ar(bjr) = 0 as j — +o0,
zezl el Ar(a;)o”™ = 0asi— too forall § <o <1

Condition (a). We need to check that the image of the composite
54 CAX - BIR,X(XOO)

lies in Ax ,[t,u]V=" where u := T'— [T"], for all n > —log, r. As in the proof of Proposition 11.11, write

1 ([T°]) = TP " +4/. By loc. cit., it suffices to show that
tn(a([T7)77) € Axullt, u'] (C Ax,nlt, ul)

for each j > 1, and that the norms of its coefficients in Ax ,, are bounded uniformly in j.
Let ¢,(T) € Ok,[T] be the monic polynomial whose coefficients are given by applying ¢~
coefficients of ¢(7"). Then

(11.6) (g (T7 ")) = q(T) mod pOr, [T "].
Thus, by considering the Taylor expansion, we have
(11.7) (g([T°)77) = qu(TP " + ') € Axulu]

whose coefficients in Ax , have norm at most 1 for any j. This shows condition (a).
Condition (b). We need to check that the composite

ha S Axaltu]V=0 = Ax

"™ on the

is surjective for all n > —log,, r.

Note that for the closed annulus X5 1) given by 6 < o < 1, the composite
AT(; [6,1] ﬁ)AX n[[t u]]v:O —)Ax(m]’n

is surjective for any n > —log,, 7 by Proposition 11.11. So condition (b) follows from the above computations
(11.6) and (11.7).

Condition (c). Let r, = p~™. It suffices to show the claim that there is an integer ng > 0 such that for
any n > ng, we have

A, (= 1)(@) <p71 A, (2)

[""n Tn]

for all x € C; and v eT',.
Take ng to be an integer ny as in Lemma 3.40. Using the identity

(y=D-y) = -D@)-y+(@) - (v=1y

for any z,y € C[T"’T" and v € I', we deduce from the proof of Proposition 11.11 that it suffices to show

p+1

A, (= D(a([T]) ) <p~ 7



RELATIVE (¢,T')-MODULES AND p-ADIC DIFFERENTIAL EQUATIONS 95

for any n > ng, v € I'y,, and j > 1. Note that

(v = D((T°]) ™) = (v = D(@(T"D)?) - v(a([T°]) ) - ¢([T°]))
Thus, we have

A (= D)) ) < A (6 = DT DY) <=5 A (q([T°DY)) = p~ %

where the second inequality follows from the proof of Proposition 11.11. This concludes the proof. O

11.3. Normalized differential operators for closed annuli (with punctures). Keep the notation as

in §11.1 and §11.2. We explicitly compute the normalized differential operators dy and d; on C[ ] and

01,02
CJ; q defined in Definition 10.10. Again, although we only compute in the one-dimensional situation, the
general case for poly-annuli (with punctures) is similar.

Lemma 11.20. On CE[UI 2] and C;,q, we have

d d
—t.(1 Rl —¢. [T ——
V() t ( + 7T) dn’ V1 t [ ] ]
Consequently, we have dy = (147)-ug- 7% —andd; = [T °]- d[%,,], where ug = 9K (CJr )* from Remark 3.33.

Recall that elements in C!

Proof. We first consider the case of c! [01,03]
series subject to certain convergence conditions. Since I'x acts trivially on [T”], the computation of Vg
follows from [Ber02, Lemme 4.2]. To compute V1, since I'geom acts trivially on C i it suffices to show
Vi([T°]") = nt - [T°]" for all n € Z. Consider the topological generator 7 = 71 of I'yeom as in the proof of

Proposition 10.4 so that 7([T°]) = [¢] - [T"]. A direct computation yields (for any integer m > 0)

[o1,02]" are two-variable formal power

Vi([T']") =p ™ - log(r?")([1°]") = —p™ Z (1= ("))

e (Zi (1- Mp"‘")k> () = dog((EP) - [ = mt - (1)

k=1

For CJ; o e need to compute the effect of V1 on terms of the form But this follows from previous

[1°1*
, . q([T*)7
computation and the Leibniz rule. O

11.4. Compatibility of Nggr for closed annuli (with punctures) under base field extensions. Keep
the notation as in §11.1 and §11.2. In both the cases of closed annuli and closed annuli with punctures, we
study the compatibility of the Ngr functor (see Construction 10.7) under base field extensions.

Let L/K be a finite field extension and let 0 < oy < 03 < 1. Consider the closed annulus

Xk = Xk [oy,00] = A ([01,02]; T)
with the toric chart hx: X — Dk sending T+ T, and consider its base change along K — L
X1 = X1 [01,00) = AL([01,02]; T),
with the toric chart hr: X <— Dy. Let
Iy ZTgeom X T'g
be the Galois group for the toric tower of Dy,.

By Proposition 11.11, we have a strongly decompleting datum Ag (s, 0,] = (Ri [01,00]s AK,[01,00]) (TESD.
AL 1,00 = (RL 01,00 AL [o1,00]) fOr (XK [0),00], i) (vesp. for (X[ [, 5,], L)) given by Definition 11.1.
By construction, there is a natural (o, I'(1))-equivariant injection

Kfo1,02] 7 AL o 03]

for all » > 0 sufficiently small, which induces a natural (¢, F( 1))-equivariant injection

clrl ol

K,[o1,02] L [01702]

forO0<s<r
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Proposition 11.21. Let L € Loc%?(XK) be a de Rham local system on Xk (5, 5,)- Then there is natural
isomorphism
NdR(]L) ®CT CT - NdR(]L|XL)

Koy ,00] L,[o1,02]

of (¢,T'(1))-modules.

Proof. This follows from a similar argument as in the proof of Proposition 3.44 and 10.13. For completeness,

we explain some details. Let N I[?[T(]n o2 (resp. N f’[z]l 02]) denote the finite projective C[Is(’gl Uz]—module (resp.
C[L'““”[Ta]1 02]_module) in Construction 10.7 obtained from L (resp. from LL|x, ). It suffices to produce compatible

(¢,T'(1y)-equivariant isomorphisms

[s.7] [s,7] ~ [s,7]
NK,[Ul,O'z] ®C[Ii1{ll,02] CL7[01,02] — NL,[Ul,Ug]

for 0 < s < r with r sufficiently small. By construction, this amounts to constructing two isomorphisms
] — C[LS’T] [1] and ¢,,: C[If’r] — Ax, n[t, u] V=0 respectively,

Jo1,02] o102l e J[o1,02]
such that the two isomorphisms agree over Ax, ,[t,u]V=°[}]. Here, u =T — [T°].

after taking base changes along C[LS

By construction, Dintt i Corollary 4.16 is compatible with extensions of base field. Therefore, by
Corollary 7.20, we have

[s,7]

C[sv"'] ~ M[Sar]

K love2] Oclerl  CLlonea] T MLoy0]
for r sufficiently small. Inverting ¢, we obtain
[5.7] sl 11y o agler] I S N PR AL RS |
Nicoroal @oil, oy Criloronlf] = Miclor o0 Coi) | Lot = Mijor 7] = Nejoy aul3)

for r sufficiently small. On the other hand, there is a natural isomorphism
Dar(L) ®ay, Ax, = Dar(L|x,.)

by the base change property of the Dyr functor. By a similar argument as in the proof of Proposition 10.13,
we obtain a natural isomorphism

(DdR(]L) ®AXK AXK,H[[t7u]])v=O ®AXK,n[[t7u]]VZO AXL;”[[t7u]]v=O = (DdR<]L|XL> ®AXL AXL;”IIt’ u]])V:O.

It remains to show that the two isomorphisms agree over Ax, ,[t,u]V=°[1]. Let t, x (resp. tn,1) be the
isomorphism (10.4) for X (resp. for X). We need to prove that the following diagram commutes

Ml o ©clen o Axicanlt ] VO] = (Dan(L) @ax, Axenlt, u]) VL]
ME’[Z]hUz] ®C[Ii’[rg]1_’g2]abn AXL,H[[t7 u]]V:O[%] % (DdR(]LlXL) ®AXL AXLm[[t’uﬂ)v:O[%]'

Consider Ay as in the proof of Lemma 10.1 for X = Xg, and let
~ —A,b —A,b
A = W(AX ), BdR,Y = BdR,XK(AX )
Denote by Hx, (resp. Hx,) the Galois group Hx in the proof of Lemma 10.1 for X = X (resp. for
X = X1). By the construction of D" in Corollary 4.16, there is r > 0 sufficiently small such that
myint, T _ ArVH ) T
D™ L) = (L ®z, A")" ¥« DAy Al
and that _ B
DintH(Ly, ) = (L ®z, AT)TxL ®ag, AE{L'

Hence, by the construction of ¢, x and ¢, 1, in §10 and Lemma 10.1, the desired commutativity follows from
the commutativity of

(L ®z, A")xc —" (L ®g, By x) 1«

| !

(L ®z, Ar)ix, s (L ®z, BdRy)HXL,
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where ¢,, in both top and bottom horizontal maps are given by ¢, : A" 5B dR.X-
Lastly, by the construction of (¢,I'(z))-structure in Construction 10.7, it follows that the base change
isomorphism is compatible with (p-actions and I'(z)-actions. O

Similarly, let 0 < § < 1 with § € p@, and let ¢(T) € Og,[T] be a monic polynomial of the form
q(T) =TI~ (T — [B;]) with B; € kj.. Consider the rational subset
Xrsq =X N {lg(T)] =1} C Xk 51
with the toric chart hr: Xk 54 < Dg sending T+ T. Let X154 = Xk 54 xx L = X 51N {lq(T)| =1}
with the toric chart hr: X1 5, — Dz. By Proposition 11.16, we have a strongly decompleting datum
Ak sq = (Ris5,4 AKksq) (tesp. Apsq = (Rrsq ALsyg)) for (Xk 5,4, hi) (resp. for (Xp s54,h5)) given by
Definition 11.13.

Proposition 11.22. Let L ¢ Loc%i(XK’g,q) be a de Rham local system on Xg s5,. Then there is natural
isomorphism

Nar(L) ©ct Cl s, = Nar(Llx,;,)
of (¢,T'(z))-modules.

Proof. This follows from essentially the same argument as in the proof of Proposition 11.21. |

11.5. Relation with the work of Andreatta—Brinon. In this subsection, we briefly explain the relation
between the notion of strongly decompleting data and the imperfect period rings studied in [AB08] and
[AB10]. Let Ay be an integral domain obtained from W (k)(Ti, ..., TF') by a finite number of iterations
of the following operations:

(FEt) the p-adic completion of a finite étale extension;

(Loc) the p-adic completion of a localization.
Consider the situation where X has an integral model given by A := Ag @w ) Ok. In this case, there is a
toric chart h: X — D% given by the natural map O (Ty,...,Ty) — A.

Remark 11.23. In [ABO08] and [AB10], a larger class of rings for Ay is studied; the operations also include
the p-adic completion of any étale (not necessarily finite) extension and the completion with respect to any
ideal including p (see [AB10, §2.1] and [DLMS24, Remark 2.4]). To be compatible with our definition of
toric charts and for simplicity of exposition, we restrict our attention to the setup above.

Consider Ry C Ry given by the ring denoted as Eg in [ABOS8, §4.1]. By Lemma 4.1 and its proof in
loc. cit., we have Ry = s(@x)((T)F, ..., (T)*) when A = Ox(TE, ..., TF), and in general, Ry is
obtained from k(7 ))((T7)*,...,(T5)*") by a finite number of operations of finite étale extensions and
T-adic completions of localizations. In particular, Ry is an affinoid x((7k ))-algebra, and

_a by AL by id . .
W}?(Tl)l’ "'(Td)P, 0<%9,...,1%q Sp—l}
gives a p-basis of Ry.

Let Ay C Ay be the ring denoted by Ag in [AB0S, §4.3]. Note that K’X (resp. AY) is denoted therein by
Kg?’r] (resp. Ago,r]). Then one can check using the results in §4 of loc. cit. that A = (Rx, Ay) is a weakly
decompleting datum for (X, h); for example, Rﬁerf is dense in Ry by [ABO8, Proposition 4.9(iii)], and the
map A’y /p — Rp is an isomorphism for r sufficiently small by [AB08, Proposition 4.28(e)]. Furthermore,
using the explicit description of A, in the proof of Proposition 4.42 of loc. cit. and a similar argument as
in Step 1 of §11.1, one can deduce that the map A} /p — Ry is strict for r sufficiently small. We leave the
details to the reader.

Next, one can check that A = (Ra, A,) is a decompleting datum by applying a similar argument as in
Step 2 of §11.1. Indeed, since Ry has a p-basis

{A+m) 7 ()7 - (THF, 0<o,...,ig <p—1},
it reduces to showing the inequalities as in (11.3) and (11.4) for some constant ¢ > 0. These hold when

Ra = w(Tr)(TH)F, ..., (T5)*) by direct computation, and are preserved under (FEt) (after enlarging ¢
if necessary). For (Loc), note that if f € Ry is invertible, we have

(=D ==(r=1f ("
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for all v € I'. Using the identity
(y-DE-y=0-1E y+1@) - -(v- 1y

for any T, € R, one can deduce that the inequalities are also preserved under (Loc) (after enlarging c).
Again, we leave the details to the reader.

Finally, one can check that the conditions (a)-(c) of Definition 8.8 hold for A = (Ra, Ap), so that it is a
strongly decompleting datum. Indeed, Condition (a) holds by [AB10, Proposition 8.6]. Condition (b) can be
verified using the computation in the proof of [AB10, Lemme 8.2]. When A = OK<T1i, e ,Tdi>, Condition
(c) can be verified by a direct computation. In general, Condition (c) is stable under (FEt) by Theorem 8.13,
and the stability under (Loc) also follows from a similar argument as in the proof of Theorem 8.13.

APPENDIX A. FINITELY GENERATED MODULES OVER CJ

The goal of this appendix is to study finitely generated (resp. finite projective) modules over certain
imperfect period rings associated to a weakly decompleting data and investigate their relations with coherent
sheaves (resp. vector bundles) on the associated quasi-Stein spaces. This is used in the discussion of ¢-
modules over imperfect period rings of type C (for example, C}) in §7.

A.l. Setup. Let h: X — D% be a toric chart and let A = (Ra, A,) be a weakly decompleting datum for
(X, h) as define in §5. Let

r AL B, BL,CL oL C)
be the associated imperfect period rings considered in §5.1. Let rg be as in Proposition 5.18. We may assume
ro € Q. Recall from Notation 5.8 that in practice, we require that all superscripts in the period rings are in

Q. We also recall that C}, — 1'&10<S<T Ck""ﬂ is an isomorphism of topological rings by Lemma 5.11(1).

A.2. Coherent sheaves on Sp CE\S’T]. We first show that, for 0 < s < ¢/ <7 < ro (resp. for 0 < s <
r’ < r < rg), the inclusions Ck’r] — CE\S ] (resp. CE\S’T} — Ck’r ]) are rational localizations of affinoid
K-algebras (see Conditions (7), (8) in Definition 5.6 and Remark 5.10).

Proposition A.1.

(1) Let 0 < s < ¢ < r < rp with s,¢',7 € Q. Choose a positive integer d > 1 such that d’' :=
P . L .¢'dec 7. Thereis a natural isomorphism >3

p—1 ek
8/ T S,Tr ﬂ-d
(![,’]_—C[~}<Kl,>

]

[s",r]

identifying C}, "’ as a rational localization of Ck’r , where the convergence condition is with respect

to the max{\,, \s }-norm on Ck’ﬂ.
(2) Let 0 < s < 1 < r < rp with s,7/,7 € Q. Choose a positive integer d > 1 such that d’' :=
P . L .p/d e 7. There is a natural isomorphism 2*

p—1 eK
/ d/
i =g ()
e

identifying Cgf’r] as a rational localization of Ck’r], where the convergence is with respect to the

max{\,, \s }-norm on Cgf’r] :

PSS

™

23Note that the rational localization CE\S’T] < L > is independent of the choice of d.

;L\"d

24Likewise, the rational localization Ck’r] <

"E

™

> is independent of the choice of d.

b
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d
Proof. We only prove (1), as the proof of (2) is similar. By definition, Cgfﬂ <;§$> consists of sums = =
aNd
Yoo T (:TK,) with z; € Ck’r] such that, for each t € [s,7], Ai(z;) — 0 as i — +oo. For such an z, note

d
that (;;s

) < 1forall t € [¢/,r]. So we have

72\

as i — +o0, for any ¢ € [¢/,r]. Thus, x defines an element of CE\SI’T]. This implies

d ’
cly! <Z§> cchm.

d 7
S ,T o0 .
To show the converse inclusion, we need to express each x € C[ Jas asum z = > ioTi (—;f, ) with

x; € CA’ such that, for any ¢ € [s, ], Ae(x;) = 0 as i = +o0.
By definition, we can write z = > y,, with y,, € B such that for some 0 < ¢ < 1, we have M\ (y,,) < &"

for all n > 0 and for all ¢ € [¢/,r]. The idea is to write each y,, in terms of a norm compatible expansion (cf.

Definition 5.12). By Proposition 5.18(2), for each n > 0, we can write y, = >, -, pmy%m) where

o yﬁl’w € AP for all m;

e for some i,, € Z, y,(L ):Ofor all m < ip;

o Ay (™) ‘y(m)‘ for all m (by Remark 5.13, this is equivalent to

Ay ‘y(m)‘
for all t € (0,79]);
® \i(yn) = maxyez{p™" /\t( )} for all ¢ € (0,r].
By scaling = by some p-power, we may assume ig = 0. We put 2o == Y o2 ;> >, p™y™ | and for each
j=1,set zj=p Iy Oyﬁl D

Claim 1: z; € B} for all j > 0.

Proof of Claim 1. For zy, we have »_ ~_, pmy( ™) ¢ A’ for all n and

Ar (Zp%ﬁ:"ﬁ < Aelyn) 0
m=0

as n — +oo. For j > 1, it suffices to show > 7 Oy% D e A’\. Again, we have y%_j) € A} and
Ar (yﬁfj)> < Ar(yn) = 0 as n — +oo. This proves Claim 1.

Claim 2: The sum Z;io z; converges to x with respect to maxe(y ,j{A¢}

Proof of Claim 2. Pick an unbounded increasing sequence 0 < ny < no < -+ of integers such that, for each
J =1, we have ig,i1,...,0,, > —4.2> Then
(o]
=pJ Z %(;J) =pJ Z yg*])
n=0 n>n;

So for any ¢ € [¢',7], we have
)‘t(zj) < MaXp>n, {Me(yn)} =0

25Such a sequence exists. If the sequence {iy} is bounded below, say i, > —M for all n, then we simply pick n; = no =
-=mnp—1 =0and n; =j for all j > M. Otherwise, we have i, — —oo as n — +oo. Then we take n; to be the largest
integer such that i, 41, ... ying > —J.
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as j — +oo. This proves Claim 2.

It remains to show that each z; can be written as z} . (;:, )a'] for some «; € Z>¢ satisfying
e a; — +00 as j — +00;
e M\i(zj) > 0asj— +ooforall t €[s,r]
To this end, let n1 < ng < --- be the unbounded increasing sequence of integers as in Claim 2, so that
z; = Zn>n pI yn =7 For each 7, by the assumption of norm compatible expansions, we have

Nelh - »
yn )) = () <pen

y;—j)

N
for all n > n; and all t € [¢,r]. In particular, < (p’fs") " for all n > n;. Take

J J p—1
@ = LJJ = L@'BK'TL

and let
/. —doyj d’ o d o —j —3 da
Zj' Zj Tk ]'p ’ p i E yéj)zk

n>ng;
We need to check that A\;(zj) — 0 as j — +oo for all ¢ € [s,7]. We estimate ), (y,(fj)ﬂl_{daj) when n > n;.

By assumption, both yr(l D and 73, ® ! satisfy the condition in Lemma 5.15; namely,

b () -
Applying Lemma 5.15, we obtain

At (yv(z 7. > =

for any t € [s,r] and n > n;. Consequently,

)\t(z;) < max {p_(d/aj_j) . (p 75”)% .pp’%re} eyt } — max{ (G—d'a;)(1-%) .€n~;—‘,}.

n>n; n>n;

Y9 ,ﬁ;’ _ y%—j)‘ JER.

, )\ro(’/TK 7| K| and

— 1t
yff”’ Eg Tt (pIen) T prty e et

Note that 0 < j — d'a; < d' —Land 1 — % <1— %, and that & < ™' < ™' — 0 as j — +oc.
Hence, for any t € [s, 7], )\t(z;) —0as j — +oo. 0

Corollary A.2.

(1) Let I' € I C (0,7¢) be two closed intervals with all endpoints in Q. Then the inclusion C§ — C¥
is flat.
(2) Let 0 < s <7 <rg with s,7 € Q. Then the map C} — Ck’r} is flat.

Proof. For (1), write I = [s,7] and I’ = [s',7']. The map Ci — CY factors as Ck’"ﬂ — Ck’rl] — Ck/’ﬂ.
Both maps are flat by Proposition A.1 and [BGR84, §7.3.2, Corollary 6]. Part (2) follows from part (1),
Lemma 5.11(1), and [ST03, Remark 3.2]. O

C

Next, we put everything in the language of rigid analytic geometry. For any closed interval T = [s, 7]
(0,79) with s, € Q, we consider the rigid analytic variety Sp Cf\ over K|,. For any two such intervals I, I’
with I N1 # 0, we have

SpCAﬂSpCA = SpCIﬂI
and

SpCiuspCl =spciVr.
Furthermore, if I = U;n:l I; where Iy, ..., I,, are closed intervals with all endpoints in @, then {Sp CII\’}

m

j=1
is an admissible covering of Sp C4.

Lemma A.3. Let I = J;-, I; be as above. Then the map C} — @], CY is faithfully flat.
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Proof. The map is flat by Corollary A.2, so it suffices to check that the image of
m
Spec @ Cf{ — Spec Cf\
j=1

contains MaxSpec Ci = Sp C{. This is clear since the image contains U;"Zl Sp C[I{ =SpCi. O
By Kiehl’s result on coherent sheaves (cf. [BGR84, §9.4]), there is an equivalence of categories
{finitely generated C4-modules} =+ {coherent sheaves on Sp Ch}

sending M to M:=M D¢t Ogp cr - It restricts to an equivalence of categories
{finite projective C-modules} = {vector bundles on Sp C4}.

A.3. Quasi-Stein spaces. Let r € (0,79) and pick a decreasing sequence sg > s1 > -+ of rational numbers
in (0, 7] such that s; — 0 as ¢ — co. This gives an increasing sequence of closed intervals Iy = [sg, 7] C Iy =
[$1,7] C -+ whose union is (0,7]. Consider the rigid analytic space obtained as the union of the increasing
sequence of rigid analytic spaces
SpCl cspch c---

which is a quasi-Stein space in the sense of [Bell5, Definition 2.1.4]. By abusing the notation, we denote this
union rigid analytic space as Sp C;. Note that Sp C; does not depend on the choice of the s;’s.

In what follows, we consider coherent sheaves on the quasi-Stein space Sp C;. By Kiehl’s result, giving
a coherent sheaf (resp. vector bundle) M on Sp C} is equivalent to giving a collection of finitely generated
(resp. finite projective) Ck—modules M; together with isomorphisms

I, ~
M; ®Cj\j Cy — M;

for each i < j, satisfying the cocycle conditions. We refer to {M; }i>0 as a presentation of the coherent sheaf
(resp. vector bundle) M. Note that the module of global sections M = I'(Sp C}, M) coincides with the

C’{-module @i>0 M;. We equip M with the inverse limit topology from the isomorphism M =2 imi> 0 M;,

where each finitely generated Cf{—module M; is equipped with the finite-module topology. This topology on
M is independent of the presentation {M;}i>o.

Remark A.4. Since Cf\j — CII\"’ is flat with dense image for each 7 < j, the inverse limit C) = @l CII{ isa
Fréchet-Stein algebra in the sense of [ST03, §3]. In the language of loc. cit., the collection {M;};>0 as above
is called a “coherent sheaf” over C}, and the C-module M = l'gli2 o Mi is called the “module of global
sections” of {M;};>0. Moreover, a C-module that arises in this way is called coadmissible; we will adopt
this terminology in the statement of Proposition A.7 below.

The following facts are proved in [ST03, §3].

Lemma A.5. Let M be a coherent sheaf over SpC}. Let {M;};>0 be a presentation of M, and let
M =lim,, M.
(1) For each 14, if we equip the finitely generated C/I\f—module M; with the finite-module topology, then

the map M — M; has dense image.

(2) R'lim,_ M, =0.

3) For each i, the map M ®c» CL — M; is an isomorphism of CL-modules.
( A “A A
Proof. See [ST03, §3 Theorem, Corollary 3.1]. O

A 4. Uniform finite generation. In general, the module of global sections is not necessarily finitely gen-
erated. We establish a criterion that ensures finite generation.

Definition A.6. A coherent sheaf M over Sp C} is called uniformly finitely generated if there exists a
positive integer N and a covering (0,r] = ;= J: by closed intervals J; (with rational endpoints) such that
each Cit—module I'(Sp Cif,./\/l) is generated by at most N elements.
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Proposition A.7. Taking the module of global sections induces an equivalence of categories
{uniformly finitely generated coherent sheaves over Sp C}} — {finitely generated coadmissible C’-modules}
with the inverse functor given by M — M R®cr, Osp cr-

Proof. Our argument is partially inspired by the proof of [KPX14, Proposition 2.1.13]. Let M be a uniformly
finitely generated coherent sheaf over Sp C} with module of global sections M. By Lemma A.5(3), it suffices
to show that M is a finitely generated C\-module. By re-ordering and shrinking the closed intervals J;’s if
necessary, we may assume there is a positive integer N and a covering (0,7] = (J,~, J: where

Jp = [st, 7] with 0 < s; <7 <7 and s, 7 € Q;

=T

St+1 < Teg2 < 8¢ < Tegl for all t > 1;

re, 8¢ — 0 as t — oo;

each C2*-module My = T'(Sp Ct, M) is generated by at most N elements (by Lemma A.5(3), we
have M) =2 M ®cr, Ccl).

In particular, the intervals Ji, Js, Js, ... (vesp., Ja, Ju, Jg, .. .) are pairwise disjoint.

We claim that there exist global sections ff¥e", ..., fo*" € M (resp., fead f%dd € M) which generate
M) for all even t (resp., odd t).

For each ¢, fix a finite-module norm | - |; on M. Since C! is noetherian, | - |; is a Banach norm. By
assumption, for each ¢, the C/‘(‘—module My is generated by some f1,..., fi, v € M(). Since M is dense in
M) by Lemma A.5(1), applying [KPX14, Lemma 2.1.12|, we may assume that f;1,..., fr v € M for all ¢.
Also by loc. cit., for each ¢, there exists e; > 0 such that the following holds: for any fi,..., fy € M(y), if
|fr = femle <eiforalln=1,... N, then f],..., f also generate M.

We prove the claim in the even case; the proof for the odd case is identical. We will inductively construct

g1, .., 00N € Qp and moy1,. .., Moy N € Zxo such that
(oo}
Mot n .
e foreachn=1,..., N, the sum fV" = E ot g™ fot,n converges in M;
t=1
o fIVeN, L., fN" generate Mgy for all t > 1.
Fort =1, weput ag; = ... = ag v = 1 and ma1 = ...,mgony = 0. Then choose oy ,’s and ma; s
satisfying
(1) mayp = Mmooy foralln=1,...,N;
Qo ﬂ_m2t,n
. t,
(ii) 2 f,izt, — - forn| <egp forallt’ <tandn=1,...,N;
a ,
2t' n Mg 2t/
a ﬂ_mQt/,n
2t
(iii) nifq{mn “forrm| <egpforallt! <tandn=1,...,N;
Qo n T '

2
<ptforallt” <2t—1landn=1,...,N.

(iv) |o2enre " fat,nl o

1
Indeed, these conditions can be achieved simultaneously. Let w := p_ﬁ'a. We need
e forallt! <tand 1< n <N,

-1

, f2t,n
|042t,n| L2t M2tn o ySar Moyl i | 2207 - Eo4r}
Q2! p 2/
’
e forallt/ <tand1<n <N,
Tt M Torm -1,
|a2t,n| LTt s T2t ztl’"‘OéQt’,ant’,n 2 Eqp

e forallt" <2t—1land 1< n <N,

|a2t,n| WSt M2t < |f2t,n|t_~1 _p—t-

Note that ro; < sop for all t' < ¢t and ro, < sy for all ¢ < 2t —1. Hence, by making mg; , —may p, sufficiently
large, we can always find oy, € Q, satisfying all the conditions above.
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The conditions (ii)-(iv) guarantee that foVen = 3"7° gy 7w """ farn converges in M, and that

1
f2t7n - mat,n : f’felven < €2t
Q2t,nT g 2t
for all n =1,...,N. Thus, f{¥",..., f{¥°" generate My for all ¢, and the claim holds.
Now, the 2N global sections ff¥en, ..., fgren, fodd . #3949 generate My for all t > 1. For each i > 1, let
I = ;_y Ji: = [si,r] and M; :=T(Sp CII\ZM). By Lemma A.3, feven ... fsven, fedd o #2949 also generate

the Cf\"’—module M;. Let K; be the kernel of the induced surjection (CII{)QN — M;. Then {K;};>1 gives a
coherent sheaf K over Sp C’. Applying Lemma A.5(2) to K, we deduce that the induced map (C})?N — M
is surjective. O

Corollary A.8. Taking the module of global sections induces an equivalence of categories

{uniformly finitely generated

vector bundles over Sp C’, } — {finite projective C}j-modules}

with the inverse functor given by M — M ®@cy Ospcr, -

Proof. We follow a similar argument as in the proof of [KL19, Corollary 2.6.8], and provide here more details.
One can see easily that any finite projective C-module is coadmissible (by considering an idempotent
matrix). So it suffices to show that, for any uniformly finitely generated vector bundle M over Sp Cj}, its
module of global sections M is a finite projective C\-module. We already know from Proposition A.7 that
M is finitely generated.

To show projectivity, pick a surjection §: F = (C})®™ — M of C}-modules, which gives rise to a
morphism of vector bundles 6: F — M over Sp C}. Choose an admissible covering Sp C} = ;= Sp C/I\i as
before, and let {F;};>0 and {M;};>0 be the corresponding presentations of 7 and M. By Lemma A.5(3),
5(Sp Ck): F; — M; is surjective, and so §: F — M is surjective. Let N (resp. N, N;) be the kernel of
F —» M (resp. F — M, F; - M;). Since M;’s are finite projective by assumption, each exact sequence
0 — N; — F; — M; — 0 splits. In particular, N is a vector bundle over Sp C’y with presentation {N;};>o,

and its module of global sections is equal to N =2 &an} 0 N;.

We want to show that the exact sequence 0 - N — F -+ M — 0issplit (so 0 > N - F - M — 0
splits). The splittings of 0 — N; — F; — M; — 0 define a class in H'(Sp C}, M"Y @ N), and it suffices to
show H(Sp Ch, MV @ N) = 0.

In fact, we claim that H'(SpC},G) = 0 for all coherent sheaves G over Sp C. Write 4 for the ad-
missible covering SpC} = J;, Sp CJI\", and let G; = G(Sp CJI\) Since G is acyclic on each Sp C/I\i, the
cohomology H'(Sp C’,G) is computed by the Cech cohomology group H'(4,G). We have H'(4,G) = 0, as
R! @1@0 G; = 0 by Lemma A.5(2). O
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