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1 Preliminaries: Necessary and Sufficient Optimality Conditions
We consider optimization problems of the form
min f (x),

where x = (xy,...,x,,) is a decision variable, X C R" is a constrained set of variables (also called
a feasible set), and f : R"™ — R is an objective cost. We often assume that f is twice continuously
differentiable. If X = R", the problem is called an unconstrained problem. Otherwise, it is called
a constrained problem.

* Linear program is a special case when f (x) = ¢’x is a linear function and X is characterized
by a set of linear constraints.

* Nonlinear program refers to the case where f(x) is a nonlinear function and X C R" is a
continuous set of decision variables.

Definition 1. x* is called a local minimum if 3¢ > 0 such that f(x*) < f(x),Vx € X with
|[x — x*|| < e. If this inequality holds strictly, x* is called a strict local minimum.

Definition 2. x* is called a global minimum if f (x*) < f(x),Vx € X. If this inequality holds
strictly, x* is called a strict global minimum.

Remark 1. Local and global maximum are defined similarly by replacing f with —f .

Proposition 3 (Necessary Optimality Conditions). Let x* be a local minimum for the uncon-
strained problem min, <y f (x), where f is continuously differentiable in an open set containing
x*. Then,

Vi(x*)=0, (first order necessary condition)

V2f(x*) > 0. (second order necessary condition)



Proof: Fix a direction d € R", and consider the scalar function g(a) = f (x* + ad). Then,

0< lim fOZad)=f ) _ j—ag(o) =d'Vf(x*),

a—0+ a

where the first inequality holds because x* is a local minimum. By repeating the same argument
when d is replaced by —d, we get d'Vf(x*) < 0. Therefore, d'Vf(x*) = 0,Vd € R" =
Vf(x*)=0.

Next assume f is twice continuously differentiable, and let d be any vector in R". For all
a € R, the second order expansion yields

flxc*+ad)—f(x*)=aVf(x*)d+ %zdlvzf(x*)d +o(a?).
o(a?)

fOF+ad)—f(x") _ %d’vzf(x*)d, Vd eR" = V2f(x*)>0.

For sufficiently small @ — 0, we have

— 0. Since Vf(x*) =0, we have

0 < lim
a—0 a2

O

Proposition 4 (Sufficient Condition). Let f : R" — R be twice continuously differentiable over
an open set S. If x* € S satisfies Vf (x*) = 0 and V2f (x*) > 0, then, x* is a strict local minima
of f. In particular, 3 €,y > 0: f(x) > f(x*) + Lllx —x*[I%, Vx : [[x —x*|| < e.

Proof: Since V2f(x) is positive definite, its smallest eigenvalue denoted by A must be positive,
and in particular for any d € R", we have,

d'V*f(x*)d = d’'(AI)d = Al|d|>.

Using this relation into a second order approximation and because Vf(x*) = 0, we have
0 2
FO+d)—f () = Vf (x*)d + 3d'V2f (x*)d +o([ldII*) = §1Id |1 +o(lld 1) = (5 + L)) 12,

12
Thus, if ||d|| is sufficiently small (e.g. ||d|| < €), the term (% + Ol(ll(ljﬁlf)) is strictly bounded above

zero (e.g., greater than %), and we get:

Fec+d) = () + DI, v : ldll <e.
O

Definition 5. A subset C C R" is called convex if ax + (1—a)y € C,Vx,y € C,Ya €[0,1]. A
function f : C — R is called convex if f(ax +(1—a)y) < af(x)+(1—a)f(¥),Vx,y €eC,Va e
[0, 1]. If in addition f is continuously differentiable, one can show that f is convex if and only if

fNZ )+ VF(x)(y—x),Vx,y €C.

We say f is strictly convex if the above inequalities hold strictly. A continuously differentiable
function f is called o -strongly convex (for some o > 0) if

F) 2 £+ £ (0 (y =) + S lly —xIP. ¥x,y €C.

Finally, f is (stictly/strongly) concave if —f is (stictly/strongly) convex.



Proposition 6. Let X be a convex set and f : X — R be a convex function.

(a) If f is continuously differentiable, then Vf(x*)'(x —x*) > 0, Vx € X is necessary and
sufficient for a vector x* € X to be a global minimum of f over X.

(b) IfX isanopen set and f is continuously differentiable over X, then V f (x*) = 0 is a necessary
and sufficient condition for a vector x* € X to be a global minimum of f over X.

Proof: (a) By convexity f(x) > f(x*)+ Vf(x*)(x —x*),Vx €X = f(x) > f(x*), Vx €X.
Conversely, if x* minimizes f over x, for any x € X we have,

f(x*)/(x_x*) = lim f(x*+a(x—x*))—f(x*) >0

a—0 a

(1)

(b) If Vf(x*) =0, the optimality of x* follows as a special case of part (a). Conversely, if x*
minimizes f over X, and X is an open set. Using the necessary condition in the previous
proposition, we have Vf (x*) = 0.

O
Definition 7. Let X C R" be a closed convex set and || - || be the Euclidean norm. The projection
of an arbitrary vector x € R" on X is defined by [x]* = argmin||y — x||.
yeX

Lemma 8. The function f : R" — X defined by f(x) = [x]" is continuous and non-expansive,
ie, [Ix]"=[yI" I < llx =y, ¥x,y €R".

2 Gradient Methods

The goal is to develop an iterative scheme to solve min,.cg« f (x), or obtain a stationary point,
i.e., a point x* at which Vf(x*) = 0. Gradient method refers to a class of algorithms to achieve
this task and are generally in the form of:

1 =xk+akdk, k=0,1,2,...,

where ak > 0 is the stepsize, and d* is the update direction and often is taken such that results in
a descent in the objective value, i.e., f(x*™1) < £ (x¥). If d¥ is a descent direction, the gradient
method is called a gradient descent method. One way to ensure d* is a descent direction is as

follows:
FORY = Fxck + akdb) = F(xX) + ak V£ (xK) d* + o(ab)

If d¥ is chosen such that Vf(x*)'d* < 0 and o is sufficiently small, then f(x**1) < f(x%).
There are a large variety of choices for d* and a* in gradient methods. Following are just a few:

2.1 Descent Direction
d* = —DkV £ (x*), where D is a positive definite matrix. Then,
Vf(xkyd* = V(xR DRV F(xF) <o,

which satisfies the descent direction criterion. Some special choices for D¥ include:



* Steepest Descent: DX =1, Yk —0,1,2,.... Among all directions d* that have unit norm

k
ld¥|| = 1, the choice d* = —% attains the minimum value for V f (x*)'d*. However,
the steepest descent often suffers from slow convergence, especially if the gradient at an

iterate is orthogonal to the direction that leads to a minimum.

« Newton’s Method: D* = (V2f(x*))™, k =0,1,2,..., provided V2f(x*) is positive
definite. Newton’s method often converges fast in a neighborhood of a local minimum.
However, it requires more computation per iteration.

2.2 Stepsize Rules
There are many rules for choosing the stepsize in gradient methods. Some popular ones include:

+ Minimization Rule: Given direction d¥, choose a* that the cost is minimized along d*,
ie.,

af = argmin f (x* + ad®)
a=>0

This requires solving a scalar minimization problem that is often done by a line search, to
approximate aX. Limited minimization rule is an alternative way that limits the feasible
range for a in the above minimization to some interval, say [0, S], i.e.,

k . k k
a“ =arg min f(x“+ ad
g ae[o’s]f ( )

* Constant Stepsize: Here a fixed stepsize s > 0 is selected and ak =5, Yk =1,2,...
However, if s is chosen too large, divergence will occur, while if s is too small, the rate of
convergence may be very slow.

+ Diminishing Stepsize: Choose a such that lim;_,., a* = 0 and Z;:Z ) ak = co. The

difference between this stepsize rule and previous ones is that it does not guarantee descent
at each iteration (although it becomes more likely as ak — 0). The second condition
ensures that the stepsize does not diminish so fast that iterates stay away from a stationary
point.

3 Convergence of Gradient Methods

In order for the iterates {x*} to converge to a stationary point, we need to avoid the situation that
the direction d* become asymptotically orthogonal to the gradient direction, i.e., as x approaches
a nonstationary point, we should not have Vf(x*)'d* — 0. Otherwise, there is a chance that
{x*} will get stuck near a non-stationary point. That motivates the following definition:

Definition 9. Let {x*,d*} be a sequence generated by a given gradient method. We say the
directional sequence {d*} is gradient related to {x*} if for any subsequence {x*},cx that
converges to a nonstationary point, the corresponding subsequence {d*},cx is bounded and
satisfies im supy_, o0 xex V.f (x¥)d* <0.

Theorem 10. Let {x;} be a sequence generated by a gradient method x**' = x* + a*d*, and
assume that {d*} is gradient related and a* is chosen by the minimization rule or the limited
minimization rule. Then every limit point of {x*} is a stationary point for min, cgn f (x).



3.1 Convergence Results for L-Smooth Functions
Definition 11. A function f (x) is called L-smooth (or has L-Lipschitz gradient) if
IVFO)=VFDII<Lllx=yll Vx,y eR"

Lemma 12. [Descent Lemma] Let f : R" — R be continuously differentiable and L-smooth.
Then

L
fFOSFO+ V) (y—x)+ Elly —x[I> Vx,y.
Proof: Let t € [0, 1] be a scalar, and define g(t) = f (x + tz). Then, using the chain rule we have

d /
Eg(t) =2'Vf(x+tz).

We can write

flx +Z)—f(X)=g(1)—g(0)=f

0

1y 1
d—g(t)dt=J 2'Vf(x+tz)dt
0

1

<|| Z(Vf(x+tz)— Vf(x))dt|+J 2’V f(x)dt

0

SJ ZVf(X)dHIIZIIf IVf(x+tz)—Vf(x)lldt
0

SZ’Vf(X)+|IZIIJ Lt|lz||d¢
0

L
=2/Vf () + Sl
The result follows by choosing z = y — x. O
Theorem 13. Let {x;} be a sequence generated by a gradient method x**! = x* + a*d*, where
{d*} is gradient related. Assume f (x) is L-smooth, dX # 0, Vk, and € < a* < (2—e€)aX, where
ky gk
ak = % and e € (0,1) is a fixed scalar. Then every limit point of {x*} is a stationary
point of min, cgn f ().

Proof: Using the descent lemma 12, we have:
£ = O+ k) 2 —af (Y d = S (@I P
L
= a*(|Vf (x")d"| - EaklldKllz)
€
> akEIVf(xk)’de
&2

> SIVF(Yd

Now, if a subsequence of {x; }.cx converges to a nonstationary point ¥, we have f (x*)—f (x**1) —
0, which implies |V f (x¥)'d¥| — 0. This contradicts the assumption that {d,} is gradient related.
Hence every limit point of {x,} is stationary. O

Remark 2. In the case of steepest descent d,, = —V f (x*), the condition on the stepsize becomes

e <ak < ZL;E Thus, a constant stepsize in the middle of the interval (O,%) guarantees
convergence.



4 Optimization Over a Convex Set

In this part, we consider constrained optimization problems of the form
min f (x),
min f (x)

where X C R" is a closed convex set and f is continuously differentiable over an open set
containing X.

Proposition 14 (Necessary Optimality Condition). If x* is a Iocal minimum of f over X, then
Vi(x*)(x—x*)>0, VxeX.
If f is convex over X, then the above condition is also sufficient for x* to minimize f over X.

Proof: Fix x € X and define g(a) = f (x* + a(x —x*)) over a € [0, 1]. Note that by convexity
of X, x*+ a(x —x*) € X, so g(-) is well-defined. By using the chain rule, we have

fOE+ale—x") — f(x*) _ dg(0)

0< ali_)r& " g V£ (x*) (x —x*).
If f is convex, then f(x) > f(x*)+ Vf(x*)(x —x*)Vx €X = f(x) > f(x*),Vx € X. O

Definition 15. x* is called a stationary point for min,cy f (x) if Vf(x*)'(x —x*) >0, Vx € X.

4.1 Feasible Direction Methods

Given a feasible vector x € X, a feasible direction at x is a vector d such that x + ad € X for
all sufficiently small @ > 0. A feasible direction method starts with a feasible vector x° and
generates a sequence of feasible vectors {x*} according to x**! = x* + a¥d*, where if x* is not a
stationary point for min,y f (x), d* is a feasible direction at x*, which is also a descent direction,
i.e., Vf(x*)d* <0, and a* > 0 is chosen such that x**1 = x* 4+ akd* € X. If x* is a stationary

point, the method stops, i.e., xk+l = xk,

Remark 3. When X is a convex set, every feasible direction at x* is of the form d* = ¥ — xk,

where x* is some feasible vector in X. Thus, for a nonstationary point x*, the feasible direction
method can be written as x**' = x* + ak(xX — x*) € X, where a* € (0,1], ¥* € X, and
VF(xky (xk—=xk) <o.

As before, there could be many ways for choosing the stepsize, such as:

* Limited minimization rule: a* is chosen such that f (x* + akd*) = mingepo.17 f (x* + adh).
* Constant Stepsize: We set ak = a, Vk.

Proposition 16. Consider min,.cy f (x), where X is a closed convex set. Let {x*} be a sequence
generated by the feasible direction method x**1 = x* + a*d*. Assume that {d*} is gradient
related’ and that a* is chosen by the minimization rule or the limited minimization rule. Then
every limit point of {x*} is a stationary point.

Remark 4. To apply a feasible direction method, it is necessary to have an initial feasible point.
Finding such a point could be difficult if X is characterized by a set of nonlinear inequalities.
However, if set X is a polyhedron, one can find a feasible point by solving a linear program.

1Recall that {d*} is gradient related to {x*} if for any subsequence {x*},, that converges to a nonstationary point,
the corresponding subsequence {d*},.y is bounded and satisfies lim SUDgek koo V.S (x*yd* <o.



4.2 The Frank-Wolfe Method (a.k.a. Conditional Gradient Method)

A natural way to find a feasible direction d¥ = x* — x* that satisfies the descent condition

V£ (xk)Y (%% —x*) < 0 is to solve the optimization problem
min{Vf (x*)(x —x*) : x € X},

and use its optimal solution as x* in the feasible direction method. The corresponding feasible
direction method is called Frank-Wolfe method, also know as conditional gradient method.

Proposition 17. Every limit point of the conditional gradient method with the minimization
rule or limited minimization rule over the convex compact set X is stationary.

Proof: Using Proposition 16, we only need to show that the direction sequence of the conditional
gradient method is gradient related. Indeed, suppose that {x*},x converges to a nonstationary
point %. Since ¥, x* € X, and X is compact, the direction d* = x* — x* is bounded. Moreover,
by the definition of X¥, we can write V f (x*)’(x* — x*) < V£ (x*)(x — x*) Vx € X. Therefore,
limsup f(x*)(x* —x*) < Vf(&)(x—%) <0,
k—oo, kek
where the last inequality is obtained by taking minimum over x € X and noting that X is a
nonstationary point. O

4.2.1 Application of the Frank-Wolfe Method for Multicommodity Flows

We are given a directed graph with a set of directed arcs A and a set W of ordered origin-
destination pairs w = (i, j). For each w, we are given a scalar input traffic r,,. The goal is to
divide each r,, among the many paths from origin to destination in a way that the total arc flow
minimizes a suitable cost function.

Let P, be a given set of paths that start at the origin and end at the destination of w, and x,,
be the portion of r,, assigned to path p, also called the path flow on p. Let f, denote the total
flow on arc a € A, which is the sum of path flows traversing arc a, i.e., f; = Zp:aep x, and D,(f,)
is a convex cost function of the flow on arc a € A. The total flow cost is given by >, ., Do (fo),
where D,(-) is a convex function associated to the arc a. Therefore, the optimal routing problem
can be formulated as:

minG(f) 1= > Do(f,),

feF A
where the constraint set F is given by

F={fa= Z Xp, przrw YweW, x,=0Vpep,, WGW}.
p:acp PEDw

Note that the constraint set F is a polyhedron. Given the current flow vector f k the Frank-Wolfe
method finds f* such that f¥ = argmingcp VG(f*Y (f—f%), and updates f*+! = fkyak(fr—fh),
where a* is obtained by the line minimization as

ak e argminG(fk +a(fk —fk)).
a€g[0,1]

Note that solving for f* can be done using a shortest path problem, while the length of each

k
arc a is aGa(f ) (due to linearity of the objective cost V£ (x¥)'(f — %), the optimal solution for

fk is obtained by solving multiple shortest path problems, one for each w, to get the shortest
paths X, , and set fak = prt aep, Xp,)- Thus, the subproblems for finding a feasible direction

f*— £k can be solved efficiently using |W| shortest path problems.



4.3 Gradient Projection Methods:

The conditional gradient method uses a feasible direction obtained by solving a subproblem with
linear cost. Gradient projection methods use instead a subproblem with quadratic cost. While
this subproblem may be more difficult to solve, the resulting convergence rate is typically better.

gk =[xk —s*vf(x¥)]" = argmin {Vf(xk’)(x —xM)+ %Hx —xk||2}

xeX
k= xk 4 ok ()'ck — xk) . (2)

i) Take a step —s“V f (x*) along the negative gradient,

ii) Project the result x* —s*V £ (x*) on X to obtain a feasible vector x*,

iii) Take a step along the feasible direction x* — x* using the stepsize a*.

Remark 5. Fors > 0, we have x* = [x* +sVf(x*)]" if and only if x* is a stationary point
of min,.cx f(x). The reason is that using the projection property (x* —sVf(x*)—x*)'(x —
x*) <0 Vx € X, if and only if x* is the projection of x* —sVf(x*) on X. That means
VI (x*)(x—x*)>0, Vx € X, which implies that x* is a stationary point. Thus, the gradient
projection method stops if and only if it encounters a stationary point.

Proposition 18. Let {x*} be a sequence generated by the gradient projection method (2) with
choices of a* by the minimization rule or the limited minimization rule, and s* = s > 0 Vk.
Then, every limit point of {x*} is stationary.

Proof: Using Proposition 16, we only need to show that the direction sequence {x* — x*} is
gradient related. Suppose {x*} converges to a nonstationary point %. Then, by continuity of the
projection, we have limsupy_, oo kex Ik — x| = || [ =sVf(Z)]" = %] < oo.

Next, by the characteristic property of the projection, we have

(k= sk F () =5 (x—xF) <0, VxeX.
Choosing x = x¥ in the above relation, we get Vf (x*)' (X — x¥) < —%lek — xk||12
taking limit from the last expression, and because s > 0, we get:

. Finally, by

limsup Vf (k) (&K —xF) < —%II [x —sVf(®)]"—%|*> <0,

k—o00, keK

where the last inequality follows from Remark 5 and the fact that X is a nonstationary point. 0O

4.4 Proximal Algorithms
The proximal algorithm for minimizing a convex function f over a closed convex set X is given by

1
k+1 : k2
X = arg min X)+ X —X ,

where x© is an arbitrary starting point and c¥ is a positive scalar parameter. Note that compared
to the gradient projection method that only a linear approximation V f (x*)'(x — x¥) is used in
the optimization, here the entire function f (x) is used in the proximal iteration. This makes the
algorithm applicable even to nondifferentiable convex cost functions f .



Proposition 19. For the proximal algorithm, the following properties hold:
D R < R — e llack Tt — 12
i) f(y) = fFOM) + Z 0k =My (y — Xk, vy eX.

i) ¥ = y||2 < [k = y |2 = 2K (F (K = £ (y)), Yy €X.

k+1

Proof: (i) Using the proximal iteration x*™" = argmin, .y { flx)+ ch Il — x¥||? } the cost is

reduced at each iteration, because by selecting x = x* in the above optimization, we obtain

£ < (R = kT — .

(ii) Consider the following two convex sets: C; = {(x,w) : f(x) <w, x € X} and C, =
{(x,w) cw<yk— %Hx —xK|12, x e R”}, where y* = f(x**1) + %kaﬂ — x¥||. From the
definition of x**! via the proximal iteration, these two sets are convex and disjoint, and their
closures touch each other at the unique single point (x**1, f (x**1)). So there exists a separating

hyperplane H passing through (x**!, f (x**1)), where we have the normal vector of H is given

. . . k— k+1 . .
by the gradient of y* — L||x — x¥||? at x = x**1, which is (x - 1). Since C; must lie on
k+

the opposite side of H, we have (y, f(y))’ (i, 1) > (KL £ (kY (%, 1), for every
y € X, which after simplification gives us the desired inequality in (ii).

(iii) This part can be shown by expanding

k+1 + xk+1 _y”2 — ”Xk _xk+1”2 + ”xk+1 _y||2 —Z(Xk _xk+1)/(y _xk+1)

> ||xk+1 _y||2 —Z(Xk _Xk+1)/(y —Xk+1),

k k
[l = yII? = [Ix* —x

and using the result of part (i) to bound the last crossover term. O

Theorem 20. Let f* = inf,cx f(x) (which may be —o0) and X* be the set of minima of f
(which may be empty). Moreover, let {x*} be a sequence generated by the proximal algorithm.
Then, ilec:io ck = 0o, we have f(x*) — f*, and if X* # @, {x*} converges to some point in X*.

Proof: Using Proposition 19 (part i), {f (x*)} is monotonically nonincreasing. Thus f(x*) —
f°° > f*. Moreover, by Proposition 19 (part iii), we have

[ =y P < Il =y 1P =2 (F (M = (1)) Yk, Yy €X. (3)
By summing this inequality over k =0, 1,...,N, we get
N
2> K = F) < =y =XV =y 2, ¥y €X, N > 0.
k=0

Taking the limit as N — 0o, we have > oo c(f (x*"1) = f(3)) < 3lIx°— y|I?> Vy € X, N > 0.
To derive a contradiction, assume f°° > f* and let § € X be such that f°° > f(§) > f*. Since
{f (x*)} is monotonically nonincreasing, f(x**1)— f(§)> f°° — f(§) > 0, and we can write

00 =(f2—f()) D k<D KFEFD—F(y)) < §||x°—y||2.
k=0

k=0



This contradiction shows that f°° = f*.
Consider now the case where X* # (§ and let x* be any point in X*. Using (3) with y = x*,

ekt = x| < [l — 2 = 26K () = £ (),

which shows that {||x* — x*||?} is monotonically nonincreasing and so {x*} is bounded. If X is a
limit point of {x*}, we have ¥ € X (as X is closed) and f(x) = limy_, o0 e f(xK) = f° = f*
for any subsequence {x}:eK} — X. Hence X minimizes f over X and must belong to X*. Finally,
since the distance of {x*} to any x* € X* is monotonically nonincreasing, {x*} must converge to
a unique point X € X*. O

The role of convergence of the proximal method depends on the choice of ¢, (larger c*
results in wider parabola and typically faster convergence) as well as on the order of growth of f
near the optimal solution set (sharper minima can be achieved faster).

Theorem 21. Assume X* # () and for some scalars 3,5,y > 0, we have f*+ Bd"(x) < f(x) for
all x such that d(x) < 6, where d(x) = inf ,.cx«||x —x*||. Let Z,C:ZO ck = 00, so the proximal
sequence converges to some point in X*. Then, for all k sufficiently large and x**1 ¢ X*, we
have d(x*™1) + Bckd(x 1)1 < d(xb).

5 General Constrained Optimization

5.1 Necessary and Sufficient Optimality Conditions for Equality Constraints

In this section, we consider the general equality constrained optimization of the form
min{f(x) thi(x)=0,i= 1,...,m},

where f : R" — R, h; : R" — R, and are continuously differentiable functions. All the results
presented here related to a local minima also hold if f and h; are continuously differentiable
within just an open set containing the local minimum.

Definition 22. A feasible vector x is called regular if the constraint gradients Vhy(x), ..., Vh,(x)
are linearly independent. For a feasible vector x, welet V(x) = {y: Vh;(x)'y=0, Vi=1,...,m}
be the subspace of first order feasible variations.

Theorem 23. Let x* be a local minimum of f subject to h(x) := (hy(x),...,h,,(x)) = 0 and
ass;zlm]e; that x* is regular. Then there exists a unique Lagrange multiplier vector A* = (A7,...,A})
such that

VF(x*) + D AT VR (x*) =0.
i=1
If in addition f and h are twice continuously differentiable, then we have the second order
necessary condition y'(V2f (x*) + Yo, AT V2h(x*))y = 0 Vy € V(x*).

Proof: The main idea is to approximate the original constrained problem by an unconstrained

one that involves a penalty for violation of the constraints and then applying the unconstraint
optimality conditions. More precisely, for k =1,2,..., let

F) = £ () + S RGO + Sl = x|,

10



where x* is the local minimum of the constrained problem and a > 0. The term %llh(x)ll2
imposes a penalty for violation of the constraint h;(x) = 0 and |[x —x* ||§ is introduced to ensure
x* is a strict local minima. Since x* is a local minimum Je > 0 such that f(x*) < f(x) for all
x € B(x*) := {x : ||]x — x*|| < €}. Let x; be an optimal solution of the problem min, ¢p(,) Fi ().
Then lim;_, oo x* = x*. The reason is that F¥(x*) = f(Xk)-i-%||h(Xk)||2+%||Xk—X*”2 < Fr(x*) =
f(x*) = lim_, ||R(x¥)|| = 0, which implies that every limit point % of {x*} satisfies h(X) = 0.
Moreover, using the above relation as k — oo, we have f(X) + Z[|X —x*||2 < f(x*) < f(%),
where the last inequality holds because x € B(x*). Since a > 0 = X = x*. This shows that
lim;_, o, x* = x* and in particular, for k sufficiently large, x* is an interior point of B(x*). This
means that for sufficiently large k, x¥ is an unconstrained local minimum of F¥(x).
For sufficiently large k, using the first order unconstrained necessary conditions, we have:

0 = VFK(xX) = V£ (xF) + kVA(xR(K) + a(xk —x*). (4)

Since by regularity assumption, Vh(x*) has rank m, the same is true for Vh(x*), for sufficiently
large k because x* — x*. Therefore, Vh(x*)'Vh(x¥) is invertible, and by multiplying (4) with
(VR(x*YVh(x*)"I1Vh(xk)Y, we get:

kh(x¥) = —(Vh(x*) VR(F)IVR(EY (V£ () + a(xk — x*) = Jim kh(x) = 2*
— 00
where A* = —(Vf(x*)Vh(x*))"'Vh(x*)Vf(x*). This in view of (4) as k — oo also implies
Vf(x*)+h(x*)A* =0, completing the first part of the theorem.
The proof of the second part follows using the second order necessary condition for the

unconstrained optimization min{F*(x) : x € B(x*)} when k is sufficiently large, i.e., V2F(x*) >
0. For the sake of brievity we omit the technical details here. O

Remark 6. The existence of a Lagrange multiplier vector is not always guaranteed (e.g., in the
absence of regularity of x*). However, one can obtain some conditions under which A* exists.
For instance, for linear constraints, it is known that a Lagrange multiplier vector always exists.
5.2 The Lagrangian Function
Sometimes, it is easier to write the necessary conditions in terms of the Lagrangian function:

m

L(x, 2) = F(x)+ Y Adhi(x).

i=1

Then, if x* is a regular local minimum, the conditions of the previous theorem can be written as:
V,L(x*,A*)=0, V,L(x*,A*)=0, y'VixL(x*,A*)y >0 VyeV(x").

The first two conditions represent a system of n +m equations with n + m unknowns (x*, A*).
Every local minimum that is regular together with its associated A* will be a solution of this
system. However, a solution of this system need not correspond to a local minimum.

Example: Consider the optimization problem
1
min{E(xf +x§ +x§) XXy Xy = 3}.

The first order necessary conditions yield x] +A* =0, x;+A* =0, x;+A* =0, x] +x;+x; =3,
= x]=x;=x3; =1, A* =—1. Thus, x* = (1,1,1) is the unique candidate for a local
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minimum. Note that as the constraint gradient is (1,1, 1), all feasible vectors (and in particular
x*) are regular. Since VJZCXL(X*, A*) =1 > 0. This implies the second order necessary condition
is also satisfied. In fact, by using the convexity of the objective function and the constraint set,
we can use sufficiency conditions to argue that x* = (1,1, 1) is a global minimum.

5.3 Extensions to Inequality Constraints (ICP)

Here we consider a more general problem involving both equality and inequality constraints:

min f(x)

s.t. h;(x)=0, i=1,...,m,

g](X)SO) j:13"')r:

where f,h;,g; are continuously differentiable functions from R" to R. The main idea for
generalizing earlier results to ICP is to look at the set of active inequality constraints defined by
A(x) = {j : g;(x) = 0} and treat them as equality constraints. The inactive constraints j ¢ A(x)
don’t matter at a local minimum. In other words, if x* is a local minimum of ICP, then x* is also
a local minimum for a problem identical to ICP except that the inactive constraints j ¢ A(x*)

have been discarded. On the other hand, if x* is a local minimum of ICP, then x* is also a local
minimum for the equality constrained problem:

min f (x)
s.t. h;(x)=0, i=1,...,m,
g(x)=0, VjeAx").

Thus, if x* is a regular local minimum for this equality constrained problem, there exist Lagrange
multipliers A*, ,uj.‘, j € A(x*) such that

m
VFE)+ D AR+ D pivg(xt)=0.
i=1 JEA(x*)

Assigning ,ujf = 0 for j ¢ A(x*) we obtain an analog of the first-order optimality condition for the
equality constrained problems.

Definition 24. For any feasible point X, the set of active inequality constraints is denoted by
A(x) ={j : gj(x) = 0}. A feasible vector x is called regular if {{Vh;(x)}}_,,{Vg;(®)}jea)} are
linearly independent. Finally, we define the Lagrangian function as

LA, ) = F0)+ DL Ah(x) + > 18;(%).
i=1 j=1

Theorem 25 (Karush-Kuhn-Tucker (KKT) Conditions). Letx* be a local minimum of ICP and
assume that xX* is a regular local minimum. Then there exist unique Lagrange multiplier vectors
A* and u* such that

Vi L(x", A% u") =0, p;=0,Vj, w;=0Vj¢AX").
If in addition f,h, and g are twice continuously differentiable, we have
y'VZ L, 25, u)y 20,
Vy € V(x*), where V(x*) = {y ER": Vh;(x*)y =0Vi, Vg;j(x*)y =0, Vj EA(x*)}.

12



Remark 7. The condition ,ujf =0, Vj ¢ A(x*) can also compactly be written as u;f gi(x*) =0,
and is called complementary slackness condition (CS).

Example Consider the optimization problem

(1
mm{i(xf+x§+x§): X1+ X5+ X3 2—3}.

Then, for a local minimum x*, the first order necessary condition yields xj + u* =0, xJ+u*=
0, x3+ u*=0. One approach for solving this system is to consider separately all the possible
combinations of constraints being active or inactive. Here, there are two possibilities:

1. The constraint is inactive =— u* =0 = x] = x; = x; = 0, which contradicts
x7+x5+x3>-3

2. The constraint is active x7 + x5 + x; = —3 = x] = x; = x; =—1, u* = 1. Using the
sufficiency condition (where positive semi-definiteness is replaced by positive definiteness
in the above theorem), one can see that x* satisfies the second-order sufficient condition,
and is indeed a local minimum.
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